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INTRODUCTION

Olive Chapmari President, CMESG/GCEDM
University ofCalgary

The 38" annual meeting of the Canadian Mathematics Education Study Grauwpe
Canadien do6o®tude en di[CGMESG/GCEDM 20Meveas anathterh ® ma t i
memorable learning and social event!

Our hosts at the University of Alberta made sure weeweell fed, entertained, and
accommodated. The excursion to Fort Edmonton Park (which allowed some of us to also
enjoy a nature hike to the venue) with dinnei
dinner at the Faculty Club were beyond my expeatati Thanks to our colleagues, faculty

me mber s, Dr s. Yvette dO6Entremont, FIl orence GI
Elaine Simmt for their thoughtful planning and hosting of the meeting. Also thanks to the

other members of the organizing team foeit valuable contribution to the planning and

smooth running of the meeting: the sessional instructors, Robert Bechtel, Janelle McFeetors,

and Carrie Watt and the undergraduate and graduate students, Shelley Barton, Priscila Dias
Correa, Trina Ertman, Baelz Herbst, Dakota Jesse, Lixin Luo, Bilie Dawn McDonald,

Marina Spreen, Jayne Powell, and Christine Wiebe Buchanan. Finally thanks for the financial

support of the Faculty of Education conference fund, the Faculty of Education Centre for
Mathematics Sciece Technology Education, the Dean of the Faculty of Education, the
Departments of Elementary and Secondary Educatiéaculty of Education, and the Faculté

St Jean.

| also acknowledge the CMESG/GCEDM executive for organizing another stimulating
program vith topics relevant to our membership of mathematicians, mathematics teacher
educators and mathematics education researchers. On behalf of the executive, thanks to the
two plenary speakers, Dr. Dave Hewitt for engaging us in the economic use of timéoaind ef

in mathematics classrooms and Dr. Nilima Nigam for the meaningful examples of
mathematical probleraolving as applied to real problems from industry and thepmofit

sectors. Thanks to Dr. Tom Kieren whose Elder Talk offered insights of the vavayss
interaction affects mathematics knowing and of mathematics knewiagtion in
mathematics classrooms. Thanks also to the leaders of the five Working Groups; the
presenters of the three Topic Sessions; the ten new PhDs; the Ad Hoc and Math GdKery Wa
presenters; the presenters of the Panel for tackling the issue of what we have not been hearing
about PISA in the reporting and interpretation of the results for Canada; and all the
participants for making the 2014 meeting a stimulating and worthwkjllerznce.

This fAProceedingso of the meeting offers the
the mathematics education research and interests of our community. The variety of topics
covered from the early grades to pestondary mathematics edtion will definitely

provide a meaningful way for participants to further reflect on and build on their experiences

at the meeting and for others to share in and be inspired by the work of the mathematics
education community in Canada.

Vii






Down from Gande Prairie
a contingent of thirteen
descended upon

CMESG (GCEDM)
meeting here in Edmonton
changing the climate

by being present
thus enriching discussion.
Transforming the place

in multiple ways
affecting interactions
expanding circles

changing percptions
nudging boundaries moving
forth inclusiveness.

More teachers welcomed
whether elementary
or secondary.

Adding dimensions,
understandings, perspectives
widening the lens.

Viewing with fresh eyes.
Ears hearing differently.
Voicing new questions.

Verses expressing
gratitude today for your
participation.

John McLoughlin
June 2, 2014
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THE ECONOMIC USE OF TIME AND EFFORT IN THE TEACHING
AND LEARNING OF MATHEMATICS

Dave Hewitt
LoughborougHhJniversity, (previouslyYniversity ofBirmingham
United Kingdom

INTRODUCTION
| start with two steements:

1. The learning of very young children before they enter school is impressive.
2. The learning of those same children, later on when they are in secondary school, is less

impressive.
With respect to the first, newly born children cannot walk, spealeir first language,
contr ol their bowel movement s, feed themsel ve
on.

For the second, | look at the mathematics curriculum at the end of primary school and
compare this with the end of high school and théedihce does not seem so profound. Of

course, there are many other subjects as well, but overall | find myself far more impressed
with the | earning which takes place in a chi
observation of this has helped m&flect upon my practice).

| also note that:

1. Children are not taught formally how to do the things they achieve in thegchosl
years.
2. The students in secondary school are formally taught in their subject lessons in school.

These statements raise thstie of how we are asking students to work in school and how this
relates to the way they worked as younger children before entering school.

During my talk | showed two videos, each availableYauTube which use Cuisenaire rods
to help teach the additiaf fractions. The first is a clfpwhich lasts for 5 minutes 48 seconds

where there is a lot of verbal explanation. It uses the rods to explain how to werk eut

The secontllasts for 1 minute 32 seconds and has no spoken words as it works -on
What explanation there is comes mainly from the way the rods are arranged and some

L http://www.youtube.com/watch?v=QuJaygMsXE&cessed 3 November 2014]
2 http://www.youtube.com/watch?v=1_E_SrpyPvU&Ilist=UUOE7NqEwWBSMN7Sh77_AdAccessed
3@ November 201§


http://www.youtube.com/watch?v=QuJayqMsXE0
http://www.youtube.com/watch?v=1_E_SrpyPvU&list=UUOE7NqEwBhF-bhN7Sh77_Ag
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pointing gestures. The dynamics in what might be learned through watching each of these is
complex but an oversimplified impression | have is that with thet firam listening to
explanations and with the second | am trying to generate explanations. These are examples of
two quite different ways in which a learner is being asked to work. There is a temptation here
to offer a constructivist perspective, howevierpoth cases students have to construct their
own knowledge, from a radial constructivist viewpoint (von Glasersfeld, 1987). So, for me the
language of construction does not help me to work on the difference | experience when
viewing these two videos. $tead | turn to what Gattegno (1971) caltsvers of the mind

For eachpower of the mind will offer an activity to try to help a reader gain a sense of that

power from within. Mason (1987) makes reference toRfgeVedawhich talks of two birds,

one eéing the sweet fruit whilst the other looks on without eating. In this spirit, | ask for you

to engage in each activity, and to also observe yourself whilst doing so. There are nine powers

| will introduce within three separate headings: Guiding; Workingtwh &6 mat er i al 6 ;
Holding information.

POWERS OF THE MIND

I would like to start by asking you to remember the wairdolitel.

The powers of the mind are exactly that. This means, since we all have minds, that we all
have these powers of the mind. As sutlere is nothing profound about these activities. They
are designed just to help get in touch with those things which are ordinary and which we use
moment by moment, every day of our lives.

GUIDING

Activity 1:
Read the following and do as it says:

I If you canread this please put your left hand on your head.

ﬂ If you can read this the please use your right hand to point to your nose.

9 If you can read this then say Al am sorry but | cannot read this.o

As you try to read the above note the effort ehhyou are putting into your eyes and the

straining involved. The wanting to read is an act of will, andtfileplaces energy to where it

is needed in order to try to do what you want
exercise of willis manifas i n t he direction of attentiono. (
this presence of the/ill if you really tried to read the above. Instead you may have taken one

look and decided either not to engage in the activity or started engaging and then quickly
decided that the text was too small and so not bothered trying to read it. In such circumstances

your Will did not place energy into the act of reading and you are unlikely to have noticed
anything. If you go back and try to read each line, then notethewenergy placed in your

sight increases. You may also note the moving of your head forwardaNillhis the first

power of the mindand one which controls the placement of energy within your internal

system. It is at the heart of everything we do. Ashstiis also an indicator of the nature of all

the powers of the mindhey are within us, no matter what gender, race, secdmomic class
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or disability we may have. It is an attribute of the mind (Gattegno, 1971) no matter what our
circumstances.

A consequence of th&Vill is that energy is channelled somewhere in particular and this
results in some things being stressed whilst others, as a consequence, are ignored. Stressing
and ignoring is the result of an act of thall.

Activity 2:

Take out a pen and a pencil and hold them both in one hand.
Close your eyes and keep them closed.

Drop both the pen and the pencil so that they fall on the floor.

With your eyes remaining closed, bend down and pick up the pen, not the penci

As you bent down, thre is an issue about how much you have to bend. This will be judged
partly from a bodily 6émemorydé of bending dowl
sense of touch you experience when your hand touches the floor. You may well have found

that you bentlown a certain amount but your hand had not touched the floor yet and so more
bending was needed. Alternatively, you may have bent down too much and found that your
hand 6hité the floor and so you camesuthack up
that the height of your shoulder above the floor was just a little less than the length of your

arm. So the amount of bending was informed by the sensations gained from your hand being

in contact with the floor. Following this, you may have moved ywamd over an area until

you felt it touch something. You may then have moved your hand so that your fingertips

could come in contact with the object and you had to decide whether this was the shape of
something which might be a pen and judge whether sttiva pen or the pencil. If that tactile
sensation did not 6f eel rightdéd you would have
the floor. It might have been the case that your body position needed to change as only a
certain area of the floor could mvered from one body position and the pen may have

bounced further away. Eventually, you felt that the touch sensations from your fingers were
consistent with that of feeling a pen, rather than a pencil, and that was when you picked it up

with a degree ofonfidence that you had the pen in your hand.

During this activity, it is possible to gain a sense of how your body position changed so that

the height of your shoulder oOfelt righto i n <
your hand. You thermade use of the tactile sensations in your fingertips until those
sensations were consistent with what you would expect from feeling a pen. Your actions are

guided by what feels right and consistent with your expectations. sEnise of truthis a

power d the mind which guides your actions.

So there are two powers of the mind which are concerned with guiding:

T Wil
1 A sense of truth
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WORKI NG WI THABMATERI

Let me first address the word ématerial d (Hew
to the substance with which we might work in order to create something. For example,
curtains are made from material, or the materials with which a shelf is made might include

wood, metal brackets and screws. Materials are the things with which we work in @rder t
produce or make something. In a similar way, | can work with ideas in order to produce
something, which may or may not be physical. For example, within the sphere of history there

are scripts which contain written comments and ideas which a historianseadg argue for a
particular perspective upon someoned6s | ife or
past. Although the scripts may be physical, it is the ideas and information which come from

the written texts whihecwhichasuch a hidtoedan mayavork. A mat er i
mathematician works with certain ideas, theorems and images in order to create a line or
argument which can result in a proof. The material with which they work are the awarnesses

they have of certain mathematical prafs and relationships. A politician may work with

statistical information on a particular issue and data on popular opinion about that issue, in

order to offer an argument for why a particular policy should be adopted. All of these use

ideas, informationimages from our senses, etc. We work with those things in order to make

our actions and decisions. It is these things with which we work, that | descritstetal

Activity 3:
Writ e down a 6-42whiéh ineodvesall of thesegperations:

Add
Subtract
Square
Cube root

= =) =] =]

| have provided some material within the box above and you have providednuitenial

from your own knowledge and awareness. However, you have not been told how to use that
material in order to succeed with the challenge. You have tried this and tried that, perhaps
finding that a little adjustment needs to be made to your inidteds. You may have used an
awareness that certain numbers might be helpful within your calculation, such as cube
numbers, and you have made decisions about what to try out through the knowledge and
awareness you have and worked within the constraintsdstéthin the task. You had to

come up with numbers and ideas of how you might-@i2twhilst meeting the constraints
stated. Another power of the mind éseativity. | am not talking here about exceptional
creative talent, but about the everyday abilitygemerate ideas and ways to proceed with the
material at hand given certain constraints. Indeed, the constraints are part of the material with
which one works. As such constraints are a necessary aspect of creativity. Whether someone
else gets the same ergsion or not does not change the fact that someone has been creative
in order to produce their expression. Creativity, in this sense, has nothing to do with the
uni queness of the final product . The creatior
will inevitably have involved unique ways in which each person used their creativity to arrive

at what looks the same in terms of an expression on paper. The final articulation can never
reflect all that has been involved in producing it.



Dave Hewitt - Economic Use of Time and Effort

Activity 4:

Look at this and say something that you can see.

This image is one for which there is no common name. As such it is difficult to express the
whole in words. Instead it is likely that you are driven to attend to the parts which make the
whole. There are many things which can be noticed, of which a few are:

1 Thereare squares/triangles.

9 There is a triangle in the centreé or is

1 If I move out horizontally from the centre, then | see a collection of one, three and
then five triangles.

1 | see squares with a triangle on each side (but not egergre has this).

1 | see atriangle with a square on each side (are there more like this?).

Another power of the mind is that ektraction We can extract parts from a whole. Indeed to

do otherwise would make our lives almost impossible. There is so putehtial within our

field of vision alone that to act in any way will require stressing part of what is available.

Those people who suffer from a little deafness and wear a hearing aid talk about finding it

difficult to hear in crowded, noisy, situatiorisis not because they cannot hear; it is because

the hearing aid magnifies all the sounds and is not discriminating. What we use in hearing

something is not only the volume level but the ability to stress one particular set of sounds

over all the sound awes which enter our ears. Indeed, there are times when you might not

have heard something because your attention was elsewhere. The sound may well have been

loud enough, it was because yMiill directed your attention elsewhere. Ri@aris not about

sourds being loud enough but about an ability to stress and ignore.

To attend to something has a consequence that some things are stressed whilst others are
ignored. This can result in us becoming aware of something in particular. This is the power of
extracton and something which we all possess. We can, do, and must, extract parts from the
whole.

Activity 5:

(a) Say the following out loud: 1, 2, 3, 4,5,6,7,8,9
(b) What does this gh mean?
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The symbols 1, 2, 3, etc. are just squiggles on paper. You have associated a sound with each
particular squiggle.
Indeed, you may well have sagtbux For someone new to this squiggle, there is nothing
about it which someone can o6work outd as
associating a sound with a squiggle. Likewise figa $s representing a gesture of a finger
being placed vertically by the lips, a gesture which we associate with being quiet or not
talking. However, there is no reason why such a gesture must mean this. We make
associations with signs happening at the esaime as the context in which they appear.
Associationis another power of the mind. We have been exposed to two pieces of niaterial
the squiggl e 02 @ndavaate abldte assecatedne dvithihe éther.

The next activity | offer is sligy different to the one | used in the talk. This is because the
original activity made use of time in the way which cannot be done within just this text.

Activity 6: What sort of thumb or face should be in each of the three remai
shapes?

S
R

R
R
R

R

T
S
S
b

N

| have not told you any rules behind which symbol appears within which shexymept

saying that it will be a thumb or a face. Instead | offer examples and a question which implies
that there are particular symbols whishould be in the remaining three shapes. You are
likely to have looked at what is the same and what is différethe given shapes, such as

there are a number of squares, there are different shadings and some have a bold boundary
whilst others do not. Each of these awarenesses come from extracting some things from the
whole. | suggest you began to see whethergaruassociate a face, for example, with some
attributes of the shapes. When is there a face and when is there a thumb? You also need to
consider the range of different possibilities, there are thumbs and faces, but what kind of
thumb and what kind of faBeSome are larger than others, some have thumb up and a smiley
face, and others have thumb down and a sad face. Within all these variations | suggest that
you were looking for what attributes within the shapes are associated with which of these
variations.A consistent association can then lead to a sense of spotting rules and from there
you might apply those rules to the three remaining shajestractionof patterns and rules

from examples is another power of the mind and, as with all powers of theisnguaiething

which we use on a daily basis.

We have not run our lives by only those things which we are told to do. | can say this as it is
not possible for other people to tell us everything that is involved in speaking our first
language or knowing hotwo manage our way around a city we have not visited before. The
shear variety of what is involved in such activities means that there is simply too much for us

T her e hmeansiyauthdve tospowi t hi n

t

(o]

I
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to be told everything. The amount we are told is minute in comparison to the amount we have
worked out for ourselves. In our first language, we looked for patterns and rules in how the
language seemed to behave and we applied those patterns to similar situations. An example in
English is how verbs tend to change when shifting from present to past testead of

having to be told how each separate verb behaves, we apply an observed pattern deddding

on the end. The evidence is seen eblvgeadyo day wi
the park yesterdayd0 They have nosandseiccomdsddmdheit abilitystay t hi
abstract a rule from the examples they have heard and apply the perceived rule with other
verbs (Ginsburg, 1977). Most often, this results in them saying the verbs correctly, but they

then learn that there are exdeps, and these do have to be learned on a more individual

basis. Abstraction allows us to deal with new situations based upon what we have noticed and
learned from the experiences we have had up to this point in time.

The powers of the mind which relateworking with material are:

1 Creativity
1 Extraction
1 Association
1 Abstraction

These are ways in which we work with material to select, link and take forward what we have
noticed, into new situations.
HOLDING INFORMATION

As well as working with material, wesa need to retain information which is of significance
to us.

Activity 7:
Several pages ago, | asked you to remember a word.

Without looking back, say that word and write it down.

| have asked people to do some something equivalent to this on many occasions. On each
occasion, only about half the people managed to write down the word correctly spelt. This is
just oneword and, within a relatively short space of time, so many failed to remember it
correctly. We all have the power ahemory but sometimes as educators, we do not
acknowledge the inefficiency of this power. | do not know whether you, the reader, did try t
remember this word when | asked you to do so several pages back. If so, | suggest that you
spent a certain amount of energy trying to memorise it at the time of reading. You may have
used association to try to link it with another word or words thatkyew already. Those that

were successful at remembering the word reported shifting attention back to that word on
several occasions whilst engaged in the rest of the tasks and talk (or text, in the case of you
reading this now).

Remembering and forgettingxist alongside each other. To remember successfully requires
significant effort, both at the time of being asked to memorise, and also at intervals thereafter.
That is whypractice has played such a significant role in many classrooms, because it is
memoy which is called upon so often. Thesiee times when we need to memorise but as
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Gattegno (1986, p.126) saidme mory shoul d be rel egatthad to a |
it should be used only for that which we canni

The next activity is aga slightly adapted fronthat which | gave in the talk.

Activity 8:

Conside somewhere you have visited in the last month which is not a placg
spend a lot of time on a frequent basis.

Imagine that place now and say out loud two things about the surroundings ther

When you visited that place you did not try to memorise the surroundings just in case you
were going to be asked about it when you came to read this article. You have not spent your
time in betveen time to check whether you still remembered it. Indeed, this is something quite
different to memorisation. Here, you put no effort at all whilst you were at that particular
place and you have not needed to do so since either. It is only now, wherncast@all some

things about the surroundings, that you have used a little energy to do so. Another way we
hold information is throughmageryand this is very different in nature to memory.

Activity 9:

1 Geta pen or pencil.

! Hold out your hand, palm umsds and place the pen so that the nik
pointing away from you.

1 Throw it from one hand to another so that it rotates 360° with nib of thg

ending up pointing in the same direction as it did at the start.

Do this again, going back to the original hand.

Continue.

Now stop. Do not throw it again.

= = =l

Whether you were successful with this is not importhatn about to ask you a question but
before doing so | would like you to put any free hand you have (you can continue to hold this
book with one or both hands) on your lap, palm down. Now, without moving your hands,
what provided the twist of the pen: fiaig, wrist, or something else?

Without the freedom to repeat the physical movements, you are likely to use your imagery in
trying to answer this question. What is of significance is that | suggest you were not able to
answer this question immediately witliaecall to some imagery to try to run through doing
this movement again. Yet, at the time of doing the activity, | conjecture that you did manage
to make the pen twist and so within you, at some level, you knew what to do. Yet now, when
asked about ithe answer is not immediately available despite you doing this only a matter of
seconds previously. We hold a lot of information at a deeper level than that of which we are
consciously aware. Here the information is of a functional nature, it is avaisbledawhen

we need it with no or little cost in terms of energy. Knowing how to walk, or scratching an
itch, are other examples. We have not always been able to do these things, so they are learned
activities. | suggest that there was a time in our livaemwwe were very conscious of what
was involved with such things. However, now we are so skilled that we often do not even

10
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notice what we are doing. The same can be said about counting. Watching young children

learn the complexities of counting (and congtis a complex activity) can help us realise

how much we can do this with such little attention; so much so that we might find it difficult

to answer the question fihow did you manage to
di do. T h enaka $omé thingy seemingly automatic frees us to give our attention to

new things and learn more. Wood (1988) expressed the significance of automaticity:

devel oping 6automaticityd6 means attehdat the chil d
to the practisedlements of her task agtii tAytomatédactions may be performed

without the need for catant monitoring or awarenes#s some aspect of the

developing skill is automated, the learner is left free to pay attention to some other

aspect of the task at hdn(p. 175)

So, the powers of the mind are:
Guiding:

T Wil
1 A sense of truth

Working with material:

1 Creativity
1 Extraction
1 Association
1 Abstraction

Holding information:

1 Memory
1 Imagery
1 Automaticity

It seems to me that common practice in many mathematics dassmmeans that of all the
powers which can be called upon, it is memory which is called upon most. Yet, as
demonstrated by my little activity, it is one which requires significant energy and is often
accompanied with forgetting. If learning is then baspdrumemory, and something has been
forgotten, then it is hard for that to become known again. So, the task for us is to consider
ways in which we can call upon more of the available powers and restrict memory to its
rightful place. To do so | will considéour frameworks:

1 Arbitrary and necessary

91 Practise through progress
1  Subordination

1 Direct Access

ARBITRARY AND NECESSARY

| have discussed this framework in greater detail elsewhere (Hewitt, 1999). The basis of the
framework is one of viewing each part ofettmathematics curriculum and asking the
guestion fils it possible for someone to come to know this for sure without being informed of
it?0 If the answer is no, then that aspect is arbitrary; if yes, then it is necessary. For example,
what is the name of éhshape below?

11
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| cannot stare at this shape and know for sure it is caleduare If | am in a French
speaking area then it is not called a square, it is calbedarré In other languages it has a
different name. There is nothing about the shapechvimeans a particular collection of
sounds, in the form of a word, must be associated with it. Consequently, if | am trying to learn
the name of this shape then | will not know for sure what it is called within a certain language
unless | am informed. Ofonirse, | can also invent a name. However, if we all did this then we
would find that we are unlikely to have come to the same decision. So, for agreement to
happen, for new learners to use the same names as other people do, then they need to be
informed. ® names are arbitrary and | use arbitrary as this describes how it might feel for a
learner. As a learner might askhy is it called that?A question for which there is no
mathematical reason.

As well as names, conventions are also arbitrary, in the slestseam using this word. Why

is thex-coordinate written before thg-coordinate when a position on a graph is described?
Why is there a comma -between the two? And why are bracketvolved?! class all

socially agreed conventions as arbitrary. Ndterahow often | might turn round or stare at a
circle, 1 cannot know for sure that there are 360 degrees in whole turn. Why 360? Why not
1007 There are historical reasons, as the Babylonians were working in base 60 and there were
mathematical conveniencegth having a number with many factors. However, this is still
aboutchoice there is nothing that means a learner would kndvagtto be 360 and could not

be anything else. Indeed, for other mathematical reasons, radians are preferred. Even though
thereare reasons, it is still not necessary, it is only convenient. Thus | still class this as an
arbitrary aspect of the curriculum.

Not everything on the curriculum is arbitrary. For example, in Euclidean geometry all
triangles tessellate. This is not a reatbf choice, it is something which can be worked out
and argued that inhustbe true. Given the conventions (arbitrary) regarding names, symbols
and number system (base 10), then 3+4=7. This is something which everyone will agree upon.
It is the necessanwhere mathematics lies. It is here where things must be how they are. It is
not a matter of choice, insteads a matter of justification and proof. It is with the necessary
that the questiowhy?is appropriate, unlike with the arbitrary.

The arbitraryis about acceptance and memory as there is no mathematical reason why
something is how it is. Without reasons, a learner is left only with memory. The necessary is
about questioning and awareness as here there are always reasons. The fact that there are
reasons means that a learner can use and educate their awareness to come to know these
things. This dichotomy has significant implications for the teacher as well as a learner. To
teach something which is arbitrary involves assisting memory, whereas Issuggehing
something which is necessary involves the very different task of educating awareness.

With respect to the arbitrary, | know as a teacher that | need to inform my students of what is
arbitrary. More detail can be found elsewhere (Hewitt, 20flit)there are many ways in
which | can go about telling someone something. This is, in itself, something worthy of
careful consideration. Thehenandhowto tell is important. | will offer one example here
relating to the order in which a coordinate isti@n. One way is to say that you write the
coordinate first and then thecoordinate and leave it there. A minor addition would make use

of the fact thatx comes beforg in the alphabet to help them know which comes first. This
small addition does, dgeast, try to make use of the power of association in their attempt to
memorise this.

Practise of the arbitrary is important since it is about memorisation, and students need to be

helped in their attempts to memorise. One example of a way to practisentrention of ce
ordinates is for two pairs aftudents to play a game on aoodinate grid. The game is

12
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secondary to the way in which the game is played. The rules of playing the game involve each
pair havingone person who decides whichotdinate theyshould go for next (in whatever

game it is they are playing) asadying out loudor writing down the cardinate, whilst the

other person has t@sten to(or read) this and put cross at that aodinate (the first person

not being all otwlkedr &€ @, seatyc .fiyn.o Thhoits means t hat
convention of which comes first, one saying/writing and the other listening/reading. The game
itself could be one of many. An example would be taking turns between the teamsato put
cross in teir colour on a cordinate grid in order to have four crosses of their colour which
would lie on the corners of a square. One point for each square created. The size of the grid
could be decided and whether it involvaldl positive numbers in the ocdinakes or a mix of
positive and negative numbers.

The arbitrary is the rightful pl ace to call
this and assist students in their task of memorising.

The necessary can be known without students being informedugh, | suggest there is a

very different job to be done. Figure 1 represents two aspects to consider, the awareness of
students and the desired mathematical property or relationship which you might want them to
come to know.

Desired
mathematical

Student’s
existing

properties or
relationships

awareness

Figure 1

The first challege of a teacher is to design or choose and activity which can (a) be
meaningfully engaged with the awareness the students already possess and (b) engagement
with that activity can lead to an awareness of the desired properties or relationships (see
Figure?2).

Desired
mathematical

Student’s
existing Activity

properties or
relationships

awareness

4

Figure 2

However, the choice of the activity is not
important is the way in which that teacher works with the students whilst the students are
working on the activity. This may involve a series of gfians which help challenge and

focus students on particular aspects whilst they are working (see Figure 3).

13
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Teacher’s
questioning

Student’s Desired‘
existing Activity mathematlcal
awareness properties or
relationships

Figure 3

An example of such an activity might be where students are given the information that 100%
is $360 and asked what other percentageg toelld work out. A gradual development of
something like Figure 4 can come from students starting to say they can work out 50% by
halving, then 25% by halving that; 10% is often stated quite quickly and this can lead to other
percentages, such as 5% ari®® Then someone might realise that if they know 10% and
20%, they can also work out 30%. This can go on for some time until 1% is known and
someone realises that they can then find any percentage at all from the 1%. This can lead to an
awareness of how gpercentage can be found.

Figure 4

Such an activity does not call upon students being told a rule, which they then have to
memorise. Instead they have to use a variety of powers, such as will, a sense of truth,
creativity and abstraction. Memory is kep its rightful place and not called upon explicitly.

14
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PRACTICE THROUGH PROGRESS

I will only briefly discuss this aspect. However, the nature of practice is important for
successful learning. Firstly, | will make use of the two topics mentioned abowvetirates

and percentages. The suggested activity above for practising the convention of saying and
writing coordinates gives the possibility of becoming aware of something new. It is
sometimes a while into such an activity before one team realises tlaaésalo not have to

have horizontal or vertical sides. In fact, 0
crosses are more likely to be thwarted by the other team as they are more obvious.
Consequently, students are coming to learn about differaanitations of a square and how

they can be sure whether any four particular crosses of the same colour are positioned at the
corners of a O6squiffyd square. The practice ¢
students standing still. Instead yhean continue to progress in terms of educating their
awareness whilst practising a particular convention. This contracts to a traditional form of

practice in the form of an exercise, where they have to plot given coordinates, or write down

the coordinate of given points (and are never doing anything with those answers). In such a
traditional exercise the best that can be hop

With respect to percentages, rather than doing a traditional exercise with questibnas

find 40% of 260a challenge such as that in Figure 5 will have students carrying out a lot of
practice of find percentages but also this practice is carried out with a purpose in order to
succeed with the given challenge. Finding more exampleshwiave one or two steps to

make a 50% increase overall can result in educating their awareness in how percentages
behave and that attention needs to be placed on what a percentdgassmuch as the
numerical value of the percentage.

‘ +x% ‘ é l +‘% ‘

o
>

l +50% ‘
i + a%\‘ u"’ %
l +b% ‘

Figure 5

SUBORDINATION

Subordination has some of the featureprattise through progredsut with significant shifts
in some of the components. With practise through progress, something has already been
learned and it is a matter of finding an activity which prastisbat is already known whilst

15
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simultaneously allowing opportunities to progress in other areas. Subordination turns this on
its head, by having the activity clearly understood whilst the thing which the activity practises

is not known to the student. Thactivity calls upon the practice of something of which the

students do not yet know. So the learning takes place with what is being practised rather than
what comes out from the activity itself. So, as a teacher | will appear, as far as the students are
concerned, to be interested in the outcome of the activity. However, my real agenda is not that

at all, but whether what is required to be practised by the activity has been acquired or not.

The example | offer is based upon the computer pro@eithAlgebra3. This is based upon a
grid of numbers in multiplication tables (see Figure 6).

There are mangctivities and features of the software, but here | concentrate mainly on just
one. Initially students become familiar with the structure of the grid throexgral activities
built into the software. Then it is revealed that any number can be picked up and dragged to a
cell either horizontally or vertically (see Figure 7). When such movements are made, the

software shows the notational consequence of suchvament. So, the number 3 is dragged

one cell to the right (addition), and this results in 3+1 appearing in the cell which previous had
shown 4. The 3+1 then becomes an object in its own right and can be dragged down (from the

one times table down to thexdimes table: multiplication) to show 6(3+1), which in turn is
dragged to the left (subtraction) to show 6(3%12 .

The

6peel ed

back

COr ne

indicate that there is more than one expression in those cells. For example, the number 4 is
still in the cell which now has 3+1 showing and can be seen again by clicking on the peeled

back corner.

3 Grid Algebra is available from the Association of Teachers of Mathematics (ATM):

10

12

12

15

18

Figure 6

12

16

20

24

10

15

20

25

30

http://www.atm.org.uk/Shop/Primaifgducation/Softwaréedia/GridAlgebra--Single User

Licence/sof071
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1 ? 2 3———53+1 %
? 6 9 1P 15
.T 12-8 «—8——12 16 20
? 5 10 15 2D 25
T 6 6(3+1)-12¢—4+8—— 6(3+1) 30
o Figure 7

A key activity can then be set up where the grid is empty apart from one number and the
result of that number being dragged arotimel grid with all intermediate expressions rubbed
out. Thus, only the number and the final expression can be seen (such as in Figure 8).

The task for the students is to-geeate that journey by picking up the 17 and dragging it to
various positions untithey produce the expressier——— p ¢. The formal notation of

this expression might be something of which students are not familiar and they may not know
about order of operations either. Yet these are the things which need to be used in order to
carry out the activity. This is a situation which involves subordination. The students are
familiar with the idea of physical journeys and so can understand the nature of the challenge.
They know they have to make movements on the grid and this is sogeligy can do
(whether or not the movements are correct!). Yet this activity requires practice of interpreting
formal notation and knowing order of operatidnsomething, let us assume, they do not
know about. So the desired learning is in what is reguio be practised rather than the result

of the activity.

3 almzz)—naﬂz

Figure 8
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A key factor with subordination is that someone needs to be able to see the consequences of
their actions and be able to understand those in relation to their success or otherwise in
adhieving the challenge. So, in the case of @& Algebraactivity, students will make a
decision to move 17 somewhere and the software will feed back the consequence of their
movement in the form of notation. The students can then see whether thi®smasati

beginning to build up to the desired final expressien—— p ¢ Suppose, for example,

they started off withthe correct order of operatiohy adding two (moving to the right) and
then multiplying by six (moving down). However, after thbgn subtracted 18 (moved to the
left), they felt that they should add 12 next and then divide by two, they would find the

software would show——————— which looks differenfrom the target expression. Hence,

they can tell that they have done solnieg wrong simply because it does not look the same.
They would also end up in a different place (see Figure 9).

Thus, the feedback is understandable in terms of the achievement or otherwise of the task and
so they can become aware from this feedback wenetiey have interpreted the notation
correctly or not and make adjustments accordingly. My experience working with students is
that it does not take long for them to learn how the four operations are written in formal
notation and the order of operatiofarthermore, they become very fluent with this quite
quickly (Hewitt, 2012).

T 17 17+2
2
3 6[17+2)2-18+12 6(17*22)-18”2
T
N
6 | | 6(17+2)-18 6(17+2)-18+12 | 6(17+2)
- Figure 9

When something has become fluent, we hardly know we are doing what we do. This includes

a whole range of knowings and skills, such as walking, counting, spellingrof words and,

for many of us, correct use of algebraic notation. Every person has a long list of things which

have become automated and little or no attention is given to these things. Instead attention is
placed on some other goal for which one or mofeghese are required. Subordination

attempts to mimic this relative imbalance of where attention is placed.téacher | focus
studentsdé6 attention on the goal, ratGidr t han
Algebraexample above, the go@lto reproduce a particular expression through movements

on the grid. The means of how to achieve thaking able to interpret formal notation and

know order of operationsi s not explicitly mentioned and ce
The learniy comes from noticing thek&fdecthefexprve
generatedcompared with the target expression. Plenty of incorrect movements are made

18



Dave Hewitt - Economic Use of Time and Effort

initially, but after many of these tasks, students become very adept at interpretingratdtio

can begin to articulate the o6rulesé of what t
of operations. The fact that their attention is deliberately placethe goal rather than the

means, allows the means to be learned in a way more@kiuc¢h of their early prschool

learning, where little was explicitly explained and yet they had to find the means to achieve

what they wanted to achieve.

DIRECT ACCESS

The phrase 6direct access6 comes from Laurind
discussing our classrooms when we were both teaching in Bristol in the UK. Too often the
mathematics curriculum is structured in a way where small steps are made and one piece of

the curriculum is built upon another which is, itself, built upon anothieichyin turn, is built

upon another, etcé Figure 10 gives a sense of
you need to know C, which in turn requires you to know B, which is built upon A. The

problem with this is twefold: it takes time to com& know A, B and C; and by that time,

there is a chance that at |l east one of A, B
becomes a problem.

Figure 10

Instead, a pedagogic challenge is to analyse Y to find its fundamental essence and structure,
and consider what is the least which needs to be used to engage in a meaningful way with Y

(see Figure 11).

Figure 11
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This has connecti onbs2)wisttha tBermennetr 6tsh a(tl 9f6aOn,y ps.u k
any child i n s omeaembnheemds pdssible ihwe do Aohcallsupos a list

of previous learning. Instead, the powers of the mind can be called upon since we all possess

these. So the challenge is to use as little prior learning as possible in order to engage in the
mathematichessence of what Y is really about. What can be used is the expectation that a
student will engage in a way where their powers of the mind are being utilised. An example is

the image in Figure 12, of a dot moving round a circle.

Figure 12
| will briefly give a sense of how | might work with a class. The dot starts as in Figure 12 and
rotatesantc | oc k wi s e. I ask a class to say fAnowo0o wh
tell them that at this point the height of the dot is one. | do likewile tive place where it is
|l owest and tell them the height i s negative o

is zero. We establish that this gets said twice within one revolution. | introduce the radius and
the angle the radius has turned throtrgim its start position (see Figure 13).

Figure 13
The students articulate that the angle says 90 when the height is one, 270 when it is negative
one, and 0 and 180 when it is zero height. A discussion often arises as to whether one of those
occurrence®f zero height is at 0 or 360 and | suggest it is both and ask what happens after
the 360 as the point continues turning. We establish@wesecc e of 0, 1840, 360,
rotate my hand many times round the circle quickly and then move another @@slelgr

begin to introduce some notation and the awareness that a height of one can be obtained from
lots of 360 degrees followed by another 90 degrees is written as

height(36( + 90) = 1
This, later on, becomes:
sin(36h +90) =1

I will not go into detailbut | have a way of addressing the issue of which angle produces a
height of 0.5 and the following is established:

If sin x = 0.5 therx = 36 + 30 orx = 36(h + 1807 30

20



Dave Hewitt - Economic Use of Time and Effort

The notation comes only as a form of expressing the awareness they have alrealidrev

Whether the values can take is expressed As N @ or in words is not of importance.
However, sometimes | find students can be exc|
way of expressing an awareness as long as they are feeling quite comfortable with that
awareness.

A different stressingf the dot leads to establishing cosine and tangent and further work leads

to working on equations such as cos sinx. At some point the graphs of these functions are
produced (see Figure 14).

920 80 270 360

Figure 14

This image is quite a weknown one. The sigrifance is in the way of working with students

so that they are not being asked to remember anything particular from their previous
mathematics lessons. Instead they are just being asked to watch, observe and comment upon
what they see. They will use mostniot all of the powers of the mind listed earlier. The
labelling and notation is something that | will look after as teacher. So, | provide only that
which is arbitraryi the notation. The students provide that which is nece$stg properties

and reldionships. | simply label any awareness which becomes established. Gradually the
students begin to adopt the notation as part of the way they communicate any further
awareness they have. As little previous knowledge is called upon, such work can take place
with relatively young students. | have worked with-112 years olds in a mixed attainment
class in such ways and it may be that this is just as possible with younger students. However,
the aim is not to play a game of seeing how young students can lmgageewith this
particular idea but to note that it is possible to work on a topic such as finding general
solutions to some trigonometric equations without the need to have a long series of previous
mathematics work to prepare them for this. Note alsbttlig image is not something to be
remembered (as in memorising) but is something which is recalled. The significance of
recalling rather than remembering is that it is not necessary to ask students to memorise this
image; instead the process of workinghithe image on activities over time means that this is

an image which can be recalled in the same way as you recalled a platwiily 8 above.
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CONCLUDING REMARKS

The framework of arbitrary and necessary offers a way to distinguish between thef gineas o
mathematics curriculum which necessitate the use of memory and those areas where the use
of memory is best avoided. Most significantly the aspects of the curriculum which are
necessary are where the real mathematics lies. This is the area whereethmwers of the

mind can be called upon so that awareness is educated rather than the inappropriate and
inefficient use of memorisation. Whether practising an arbitrary name/convention, or the use
of a necessary property/relationship, there are wapsatctise which can call upon a range of
powers of the mind where progress is made alongside the desired practice; and the practice is
seen as purposeful.

Subordination offers a way new things can be met for the first time as the vehicle through
which a cetain challenge can be achieved. The notion of immediately having to use and
practise something which is unfamiliar may seem strange, yet | argue that this is what we all
did as young children in learning language in order to say what we wished to communica
and in developing the skills of walking in order to get to objects we find desirable.
Subordination mirrors the behaviour of when something is already automatised. In such
circumstances, we do not place our attention on what it is we are using; iwstedace our
attention on the effect its use has upon a desired goal. | suggest that this form of practice not
only helps what is used to be learned relatively quickly, but also drives it into becoming
automatised.

The notion of direct access takes awihg need to have remembered earlier mathematics
content; instead a carefully designed activity utilises the powers of the mind which can result
in educating awareness, which can take the form of items on the mathematics curriculum
through direction of attgion and carefully timed notating and formalising.

A final note is that | have not specifically focused on the use of one power of the mind over

others. This is due to the fact that they do not come singly. For example, association and
imagery are frequely used when someone is trying to memorise. In fact, it is impossible to

stop any of these powers being at work. The argument | am making is about the degree to

which each is stressed when working with students. In some classrooms, students can come to

know that it is memory which is stressed over other powers and come to expect this within
mathematics lessons. As a consequence, when a greater use of the other powers is suddenly
expected, students can respond in a way which makes it appear that theyhdoentitem!

All students do, of course, have all of these powers, and use them on a daily basis. However,

there can be a culture established where the guiding powerdl @ind asense of trutltan

result in a student directing energy into seeking whit tihat needs to be memorised (since

this is the norm). Something different to this can mean gw&ise of trutlprovides a feeling

that this is not what mathematics lessons are about; and this can result in a lack of
engagement. Shifting the culturerequiredwh i ch means wilhandserseaft udent
truth are aligned with the expectation that the full range of powers of the mind are utilised
rather than seeking only to memorise. To chan
that studets can learn more, faster and in a deeper way.
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MATHEMATICS IN INDUSTRY, MATHEMATICS IN THE
CLASSROOM: ANALOGY AND METAPHOR

Nilima Nigam
Simon Fraser University

The skill set of graduates encompasses technical depth in a relevant discipline,
breadth of knowledge across the mathematicad computational sciences ténest

in and experience with the scientific or mess focus of the employer trasiasm

for varied challenges, thiexibility andcommunications skills requiret work in

an interdisciplinary team, the digdine to meet time constraintand a sense for a
reasonable solutior{Society for Industrialad Applied Mathematics, 2012, p. 28)

There is a hidden curriculum of cognitive and verbal skills, of abstraciih
interpretation and of some very quantitativskills (estimation, bounding,
determining approximate and qualitative solusprthat form a are of the syabus
equal in importance to the core that is repeated by the table of contents of the
textbook.Students profit from being made explicitly aware of these course goals.
(Pemantle, in press)

A metaphor is useful only for transforming whappens, enriching it isome way.

It never tells you what actually ppened, how it happened, or wityhappened. A
fleeting thought might be comparéo a ship on the horizon, baurely ifs saying
something that a shop on therizon is never compared & fleeting thought? ... If
metaphors increase ounderstanding, they do so orthgcause they take us back to
a familiar vantagewhich is to say that a metaphoannot bring anything nearer.
Everything new isn the rim of our view, in theéarkness, belw the horizon, so that
nothing newis visible but in the light ofvhat we know(Haider Rahman, 2014, p.

290)
INTRODUCTION
It wa s an honour t o be invited t o t he CMESG

organizers as well as the conference particgpémt their hospitality and patience. My own
research interests lie in the mathematical modelling of natural systems, and the subsequent
theoretical and numerical analysis of such systems. In other words: | claim neither training
nor research expertise the pedagogyof mathematics. My presentation concerned my own
personal experiences and thinking in the classroom; the opinions | expressed in my lecture
and in this article are representative of nothing more than my own story. The willingness of
the audiene members, each with considerable training in education, to listen to such a story is
laudable.

In thefirst part of the lecture, | attempted to describe what a good mathenpaitibéém in

industry may be, and what skills may be needed to solve ied toi abstradhese skills away
from their specific contexts, and descrilieteeattempts tdeachthem.
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In the second part of the lecture, | reflected on the current public discourse dheund
teaching of mathematics, particularly with the intentrafning a skilled workforcel shared
my personal confusion about the often contradictory, but passionately held, bedigfsl a
crisisin the training of STEM (science, technologygireeringand mathematics) students.

In terms of structure, | discusseomewhat controversial questions during the lecture.

1.
2.
3.

4,
5

Are problems in industry worthy of our mathematical attention?

Should we tell our students about mathematical problems in industry? How?

Are the mathematical abilities one acquires at university wohyindustryd s
attertion?

Is it worth trying to teach industrialgelevant mathematics?

Perhaps most controversially, why are we teaching mathematics te non
mathematicians?

In this article, @l focus on the content of tHerst part of the lecture.

MATHEMATICS IN INDUSTRY?

The fact that the quantitative sciences form the underpinning of much of our currentésociety

ranging from banking, internet commerce, the design of highways, scheduling of the logistics
of delivering healthcare to remote plagds neitter novel nor surprising. We know, with
varying degrees of expertise, that science and technology are intimately connected with most
facets of our lives, and that mathematics plays a key role.

We knowthis fact about the central importance of mathematiasur lives, weteachthis to
our students, yet most of us do not actualbega lot of mathematics directly in our daily
routines. Mathematics is ubiquitous, and yet somehow hidden from us in its explicit use. We

swipe a credit c a owdaqr dalyuhink af the @ribciples ot emayptiory
whi ch mad e t he transaction secur e. We
optimization problem to see if t hecomsdners a

of mathematics, and particuba in how it is used in industry. We useathematical ideas in
the form of blackboxes (DamlamiagnRodrigues, & Sts®r, 2013). This extends even to
companies and industries which routinely employ mathematical tools while solving problems,
but may notecognizethat they are doing so.

| think this disconneé we are told mathematics is important, yet most of us necterally
see more adveed topics explicitly in useis interesting. It is also personaligustrating to
me.

Students in a typical mathents class may learn advanced concepts. They malyesadiful
results. So intoxicating, so pristine is the sheer beauty of mathematics tredttiba of these
ideas to problemadving in industry seems almost like a sullying of theleas. They may see
an Gpplicatiord or a vord problend but these too frequently seeamnid and contrived.
Without a prior (or concurrent) exposure to the application, thistssurprising. Thinking
about the convergence of series is interesting. An example pbosionsand compounded
interest is less interesting, especially if the student has resard about pensions or
compound interest elsewhere.

|6/e been told by a stellar mathematics student that shthelse word problems t&use she
had to, but what she reallgved was proving theorems. Because the mathemiatioglustry

i s
guestions arising there.
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Students of other disciplines, on the other hand, see advanced mathktowatieptsand are
not impressed by their beauty. Tliéyike to see how this idea is relevantheir core interest
in some othefield, otherwise it seems a waste of time. It wouldd®al if students in, say,
first-year biology learned mathematiancepts relevant to whttiey were learning in their
biology class. Unfortunately, the profusion of otlieEglds andthe very real constraints of
universities and colleges makes it nighpossible to achievéhis integration of curricula.
There are congints of funding, there is politics, thereiisstitutional history. The student
doesid see these constraints. The student only seeathematics class that/ebedoes not
want to be in, doeghsee the relevance of, and (if wee honest) is scared Wilecimate
his/herodds of a high GPA.

I6ve been told by a stellar engineering student that he hated the mathematics cléssks he
particularly numerical analysis, but that what he really loved was the finite elemalysis

of mechanical structures.etsaw this in his engineering classes, using commesafalare.
When | told him that the analysis of the finite element method was, in facaj@ part of
numerical analysis, he told me figet out of her® Once again, because theathematics is
hidden from the user of these commercial softwgrackages he was@ aware that
mathematics was key to much modern engineering design.

ARE PROBLEMS IN INDUSTRY WORTHY OF OUR MATHEMATICAL
ATTENTION?

I think we owe it to our students to answer this questioncddfse, | personally believe the
answer is a resounding yes. It is worth defining what | mean by a good mathematical problem
in industry. First, it shold possess the feature that ihathematical reformulation is close to

the original problem, that is, siatisfies

00Qi 0Q¢ ¢ 01 € @a'Qa |

for some smalff > 0. T h e Wil eating this candy rigfinow make me sick, yes or
no? does not possess this feature, since awayfs decent matheneal formulation would
be a question about expected outcomes and distributionk, pritbabilities of getting sick
being the answer. But this was not what the questikedasin a related sense, a good
mathematical problem in industry leads to models whigh\erifiable. We should arrivat a
model with descriptive as well as predictive powers.

A mathematical problem in industry may requiwnmathematics to be developédk, it

may need very simple, existing mathematical tools. So, if we start fromréh@gethat we
need to teach students about mathematics dusimy, we should alert them tthese
possibilities. They will sometimes need to learn maathematical concepts to solsegiven
problem. Occasionally they may use basic arithmetic. What isriengds for a student to
recognizehow to formulate a mathematicgluestion and thenuse the mosappropriate
mathematical tool to solve it.

These are somewhat nebulous ideas. | would like touegettds is what | teach, but tnuth |
teach calculus oanalysis or partial differential equations, and only convey thiEses along
the way. There is no class théatd taught calledhow to be mathematicallyperrmindedor
dow to be mathematically curious about your surroundings Whteanh differentik
equations, | focus on the concepts, and thigow a lot of instances whestidents need to use
differential equations to solve agilem. With a few exceptions,Have not walked into a
classroom, given students a problem and & figure out whatmathematics you need to
solve this, and if you ddnknow it, go learn it 6 B u t | thinlh hosr theéywill frequently
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encounter problems in industrynot in some neatlpackaged form where the mathematical
tools required are obvious.

At this point it isuseful to distinguish between

1 well-defined mathematical problems of industrial relevance, where the company
understands the need for mathematicxl
1 poorly-defined problems of industrial relevanegere mathematics may be useful.

The first set of prolms is nice to have. Someone confedl with a weldefined
mathenatical problem with industrial relevance in a supportiwanagerial environment
should,with a solid mathematical training, be able to make gomdjress. Unfortunately, as
described above, think many problems in industry fall inthhe second category. A company
may not even recognize that a mathematical solution & iglrequired. Indeed, a quitdok

at any jobs listing will reveal lots and lots of job descriptions Bk@ply chain exgrt or
business malytics for enterprise softwardut very few formathematicsYet, embeded in
the former job descriptions are lots of (poorly defi) problems where mathematiosuld
contribute a lot. What skills are needed for probkmtving inthis setting? Are weeaching
these?

WHAT MATHEMATICAL SKILLS SHOULD WE BE TEACHING
STUDENTS TO PREPARE THEM FOR CAREERS IN INDUSTRY, AND
HOW SHOULD THEY LEARN THESE SKILLS?

I n the previous section, | 6ve triedensm descri
industry. What should a student learn at university in order to be successful at solving these?

The Society for Industrial and Applied Mathematics (SIAM) has released two very thoughtful

reports Mathematics in Industjyin 1996 and 2012. The ICMEJIAM study onEducational
InterfacesBetweerMathematics and Industifpamamian etal., 2013) collectegpedagogical

experiences of colleagues from a host of coeston precisely the interfacketween
mathematics, education and industry. Thetads of how and what to teaclvaries
considerably, but one can think like a mathematician and try to abstrackegideas.

Wh a't |l 6ve extracted f r oimerdctiores svih colleaguesr ithes , and
academe as well as industry, is the following:oimler fa a student to successfully use
mathematics in industry, they need disciplinary content, int@pfiisary breadth andoft

skills.

Obviously, a student first needs to see mathemataadepts. These can vary depisgdon

the core discipline, buf one is going to solve maagématical problems in industrgne must

know some mathematical concepts. These wegaoe at identifying, and thesee teach. We

may decide to emphasize some concepts (for example, limiting processes in Calculus) over
others(for example, discrete probability), bue can revisit these choicéa/hat else should
students be learning in our classes?

As the first epigram from the beginning of this article swtgiethe Society for Industriahd
Applied Mathematics (a very largmternational scholdy society for mathematicians)
believes that in addition to core technical knowledge, studenst also develop intellectual
breadth (including exposure to another disciplirféxibility, and the ability to interact,
communicate andollaborate with othersS{AM, 1996, 2012).

Why are flexibility and breadth of knowledge so impatfal think it is because theallow a
mathematicallytrained student to draw fruitfulnalogies between a new problesmd a
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problem they may have seen irddferent incarnatin, in a different setting. Theroblems
may be drawn from disparafields, but a sacessful student of mathematmsght to be able

to identify if the underlying mathematicglinciples needed to study tipeoblems may, in
fact, be tle same. An excellent exghe comes to mind when thinkirapout how long it takes

to bake a cake, and how longtakes an accidental introp tocolour water in a glass. The
framing and the setting of thegproblems is rather differerbut the mathematitanodels
describing them end upelng very similar indeed. So éfne has seen the hdbdw problem
solved mathematidlg, and if one understands tlieatures of the model and its soluti@amd
one understargla bit about how ink might miwith water, thenone can fruitfully use
mathematical ingjhts from the former problem tmnderstand the latter. In such an instance, a
successfulnalogy between situations hiasen drawn. The mathematical model, then, plays
the roleof the metaphor expressing thralogy

For this enterprise to be successful, one needs to have seen a lthefnaticakconcepts,
and one needs to be prepared to use these iticipated situations. | like ttell students that
likely no one will givethem a Bby-5 matrix to invert for maey, butthat if they know how
matrix inversion works, they can help rhanical engineers desigars.

In the second epigram of this article, abstraction and ssisttare highlighted as critical

skills. | think this is again because the ability to abstthe essence from a given problem,
and then synthesize these ideas with other conceptkranwes, is important for drawing

fruitful analogies.

If | assume that all thréedisciplinary content, interdisciplinary breadth ssaft skill are
important, and tat a central aspect of successful problem solving is the abilitsate fruitful
analogies, how do | go about translating this into pedagogical practice?

MATHEMATICAL PROBLEM SOLVING IN TEAMS

When appropriate and when resources allow, | have foundapkea mathematical problem
solving in teams to be an interesting pedagogical tool. Depending on formatemgbeth
problem solving in teams teaches/uses:

1 Disciplinary content

1 Interdisciplinary breadth

1  Soft skills

1 Ability to draw fruitful analogies

| think swch activities are valuable as training. If possible, students should be given poorly
formulated problems, and organized into teams which comprise of students from different
disciplines, and where they take their time to formulate a mathematical probsem, the

tools they need, and then solve the problem. As | write this, colleagues in a university setting

wi || recognize that 1 6m talking of a luxury.
assistants where the curriculum is specified; | haveattempted this in classes which are
required as part of accredited programs (where the content-segmtiable). In the settings

where | have tried such teapased approaches, | has@metimesound that students see:

1 few problems in industry are evéarmulated as clean word problems;

they donét know what mathematical concepts
intellectual flexibility, humility and willingness to learn are key;

they need to defend and critique their mathematical ideas with honesty;

there are no medals awarded for a complex solution, if a simple one suffices;

someti mes there is no 6correctd answer ;
(nonymathematical communication is useful.

= =4 —a —a —a 9
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| find that working in teams to arrive at a mathematical solution to anrathematical
problemr ei nforces the need for mastery of the Ot
lation).

I 611 now de s c thiebddferentaatempisr to tedcts skills ,which are useful in
mathematical problersolving in industry.

EXAMPLE 1: PROBLEM SOLVING IN GROUP TEAM PROJECTS

| attempted to train'$year undergraduate students withinexistingcourse in Elementary

Numeri cal Analysis (Mathdé@81TYy), Tht sMalGsbl cdébert
attempts to apply the principles oéflective teachingand | am grateful to Prof. Lynn

McAlpine and Dr. Denis Berthiaume, Faculty of Education, McGill, for their help and advice

during this (McAlpine, Weston, Berthiaume, FairbeRéch, & Owen, 2004).

The curriculum of the course was specified. It was -@egaisite in an accredited course (in
Mechanical Engineering), and | had no flexibility in terms of drastic changes to content or
assessment. However, | had the students work in groups on a sdomgtaroject. The class

was a 3-year Numerical Analysislass, and the audience consisted of students in mechanical
engineering, math, physics and computing science. | had anywhere from 80 to 120 students.
Over aml above the group project, the stutterhad five assignments (includingoding
projects),two midtems andonefinal exam. | hadwo teachng assistants, who also helped

with the marking. The introduction of these group jpcts required me to schedule six
additional dfi ce hours (over and above the usual) per week for this course.

The groups were setelected with 45 students wh complementary expertise. Theal for
the group projects was to show students

the relevance of mathematical concepts learned to problémeiofnterest
concepts beyond those taught in class

how to write modular scientificodes

how to work in teams

how to communicate their results

= =& —a —a

The students were asked to find an interestinthemaatical problem with a timdependent

partial differential equation that they wanted to solve. They were askedtup a precise
mathematal model, and then discretize ising the method of lines. Alonipe way, each

team was required to write an algorithmuse a Newton iteration forsystem of nonlinear

equations, embed it as a part of an implicit solver for ODE, andfitedty comhine it with a

finite difference discretization in space to yield a solver for their evolution problem. They

were asked to relatiheir findings back to their original problem, and postrthvedrk on a
publically-viewable Wi ki . There werebd6tHueengcheck whente
their progress.

I think the students learned to work in an interdiscipliinleam. They certainly learned
concepts beyond the curricul um, in comrtext,; t
openended problem. Thehad public exposure of work as incentive. It was hopefullun

and rewarding for them as well, but extremely timnsive. | am not sure it wouldork

well for students who havetwdr work or family obligations.

| learned from this experience. Graupvere initially overambitious in the problemthey

wanted to solve, picking projects that were simmyg tomplex for the mathematicahd
science/engineering background they possessed. S3@mnted to study heat flow in et
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turbine, some wanted to mddentire financial markefsand some wanted to understehd
buckling of a car under impact. Working with themfind a more tractable problemhich
was still interesting took a lot of time, and (I hate to admit it) invohsecertain
disappointment amanthe students. Groups learned tbammunicating and sharing code
difficult in heterogepous teams... and yet this is sonieghthey will be expected to dmost
of the time in industry. | also learned that grqupjects were a lot of work fatudentsand
instructors. It was fun and rewarding fore, but | cannot recommend thigategy without
reservation. | also learned that | had neither the trainingh®patienceo properly resolve
the inevitable issues which arose beswepersonalities in grgs. Butthese issues are very
important.

Most importantly, however, | learned that perhaps estitsl at this stage did not haemough
disciplinary information to fruitfully draw analogs and identify metaphors. Toaanythings
were simultaneously ne&wthe application (problem), the mathematics, the computational
skillsd and while the students learned quicKhpelieve this strategy wouldork better with
students with more experience in eitheg thathematics or in the apgation area.

EXAMPLE 2: PROBLEM SOLVING IN A COURSE

| decided to structure an entire course around protdelving, where the problems and
applications would become the focus and the matheabatienputational science ideas
would be taught as the need arose. This is a matherhgticasestudy approach. | alsmied

to separate theoftskills aspect from thenathematical trainingaspect

The class was a%®year Gpecial topicdclass, consiting of around 20 mathematigshysics
and computer science students. This group psesse more interms of mathematal
background than the group in the previous examglawever, they had less exposure
problems arising in technological or engineering applications.

The class was structured arouinge casestudies. There werve assignmentspne midterm
andonefinal. My role as istructor was to provide castudies and help students with new
concepts

The intent was for mathematical and computatiooaicepts to be introduced in tkentext
of applications. These applications and the relatedeqms were:

1 Mathematical epidemiology, ODE, ODE solvers

1 Walking on coals, noglimensionalizationscaling, asymptoti¢s
1 Mystery chord in a Beatlésong, Fourier analysis, FET

1 Cost of annuities, probability, Mont@arlo methods

A fifth case study wasgled by the students.

The students certainly worked on several interdistipy problems. They learned haw
write a mathematical formulation of these problems, als® how to identify when their
existing mathematical tools would need to be augmentedely tools. They leard the
details offive openended problems, and got a broad esyyve to modeling and simulation
techniques.

However, the lack of familiar structure was a challengestodents. Once again, | foutttht
lack of familiarity with both lhe application and the riematics made the enterprise
challenging for the studeritsthey had to learn not only abt asymptotics, but also about
how heat transfer works, what the thermal conductivity of skin is, etc. MoreGvenotsure
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| was successfuh conveying the mathematicalaas in a manner which could alestracted
away from the specific example. In this appigastudents learned conceptstlie (narrow)
context of a given application. | had neat idea of how to test whethireya learnechow
to transfer these concepts to a differapplication entirely. And, oncagain, this course was
a lot of work for students and instructor

So, returning to Pemanée quote, while | made the urse goals explicit and exposéike
hidden curriculum I&n not certain how to assess whetltevas pedagogically succdgk |
do not have a clear idea how to assess the effettsalass on their lontgermmathematical
habits or their ability to make mathematiealalogies and connections. #&dlg, | would have
an opportunity to evaluate their abilitizsthese areas before, duriramd a few months after
the course. If the intent of the class wasplicitly, to train studentin problemsolving
strategies of the kind thé&y need in indusy, then it shold be possibldéo design longerm
assessment strategies to measure the success of the pedagogidatriei@al | ever teach
such a class again, | plan to get expert help on this.

EXAMPLE 3: MATHEMATICAL MODELLING GRADUATE CAMPS

There is a long traddn of mathematical problemsolving study groups for industry, intense

workshops where mathematicians and graduate students spend a few days trying to model and
anal yse problems in industry. Il 6d li ke to sha
students in preparation fauch a study group.

The structure of an Oxforsityle study group is as follows. Prior to the event, the number of
problems and the number of participaris N natural numbers) are known. The durati@n (
+ 2) days of the evens ialso known.

On day 1, people from industry/ngmofits presenM problems

N mathematicians/students se#lect into M teams

Teams work on problems fdr+ 0.5 days

The work is &stpaced, and can be intellectually intense

On dayT + 2, teams presetteir solutions

Solutions usually = mathematical models, some analysis and simulation

= =4 —a —a —a _a

Typically, M =5, N=40, T = 3 (so,duration of event 5 days). Usually, the graduattudent
participants have the opportunity to gain experégeim a training campheld theweek before
the main event. The format is similar, excépe problems are presented fmathematicians,
and the teams comprise only of students.

| was involved as a mentor as part of such a training camp at Oxford in April 28&4.
problem | asigned was the scalled Airbus 380 Problem | knew that this was a
mat hematically chall enging, industrially i mpol

The setup of the Oxford Grad Modelling Camp was as followkere were severédams of
graduate stients, each assigned a mentdrowpresented a problem. | hadteam of six
graduate students of mathematics with divdraekgrounds. They had 3.5 dagsstudythe
problem,propose model(s), and prepar@raserdtion. My role as mentor was to guide, but
not direct.

The stated goal for the students was to design a boarding protocol for the Airbus 380
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The protocal

1
1
f

was for an Airbus 380 in econoronly configuration
must be #i cient: reduce total boarding time for the flight
must be robust to owdf-order boarding

| gave them the total number of seats in the plane, and the configuration of the seats. It makes
sense that mathematics may be useful to help design such a protocol, but how? What is even a
good matkmatical question to ask? Basmulthis vey loosely formulated question, they had

to construct a mathematical meddandthen use it to give me a protocol.

Very quickly, the team found important resourceapgrs). The students in my tedmilt a
computational tool for timing andisualizing boarthg strategiesijnvestigated optimization
algorithms integer programming, genetic algorithnhecated actual physical parameters in
the problemandexamined combinatorial questions

An impressive amount of work got done, but the team tended to split ubtgraups to
pursue different ideas. The tendency to work alone,ancidt e t he O6épemfectd a
evidence at the beginning!

My observations based on this, and similar camps in thegrashat it is:

1
1

1
1

1

good to let the team make their own mistakes

i mportant to have 0¢tinespdays to forceagam dGemivese t | ng s
to explain their thoughts and progress

key to not explicitly favour one approach over the ather

helpful to keep reminding the students of gneblem at handnot theproblem we

wished we had

strategic to distinguish between useful and unproductive frustrations

| believe the students became aware of the need tonigeognalogies with problems ather

contexts. This was critical given the short duration of the workshbey learnedo model

this specific problem in deterministic, staahic, and computational waysghis represented a

very large number of new mathematicahcepts they had to learn on téeot. They learned

to locate relevant information, and discamglevant informationThey worked with a team of

peers under time pressur@ddearned to acceptthattheaveo n 6t be a singl e, OpeEe
to every problem in industry.

REFLECTIONS

Returning now to the questions | raise in the introduction, | have Guamsonal) answers.

1.
2.

3.

4,
5.

Are problems in industry worthy of our mathematical attentioives.

Should we tell our students about mathematical problems in industry? dHow?

Maybel donét know the best way.

Are the mathematical abilities one acquires at university wad y of i ndust
attention® Maybe.

Is it worth trying to teach industrialselevant mathematicd?l dondét know

Why are we teaching mathematics to finathematiciang? We should be honest

about the answer, whatever it may be

The first two questions | havattempted to address iregious sections. Even the thirdAre

t he

mat hemati cal abilities one acqudhags at u

been partially addressed. We have seen that it is natgenfor our students to acquire
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disciplinaryexpertise. They need to work in an interdifioigry setting, get comfortableith
poorly-formulated operended problems and learsoft skills such as teamwork and
communication.

| think success in solving mathematical problems dustry follows from theability to draw
fruitful analogies and identifying mathematicabmmonalities. | am not sure ware
universally able to help our students learn these skills with the very real antsstata
uni versity. As | 6ve tr i eydome ofthese skitlsr sorbedsfs

6hidden curricul umbd, required a very ser.i

challerges facing us at universiti@édarger student bodies, more educationdilyerse

my

backgrounds and aspirations, constrained resoupcesly-defined yet very real pressures to

6t eac h-riemduws tsrky ondl teaditions e sivialiiés play as significant a role in

what happens in our classrooms as our thoughts on pedagogy. It is all well and goodofor me t

suggest team prodan solving or a flipped classroom as a good pedagogical idea, but for you

to adopt it, you must look around you and determine if it would even begin to make sense in

your cont ext . -&dudaton/mathematics dialbacec. Tmis is the -tasbe
donewith-whatl-have question.

After the CMESG meeting, | had the opportunitydiesign and teach a mathematitass for
first-year students with strong Calculus backgrounslsp are interested in physic$he
content of the class was structured to supp phygs class the students would ta&ing at
the same time. Our lecture schedules weyerdinated, as were some of cwomework
assignments. We explicitly drew connectiongween topics in the mathematiesd the
physics classes. The dints enjged it a great dedlthere was no question abotite
relevance of the mathematics they were seeing, ntireoformalism of the physiésandthe
instructors learned a lot, too. We tried very hardemonstrate how we approgmoblems in
our disciplines, inluding the importance fodrawing connections, trying aange of
guantitative and qualitative approaches and gty collaborating with peersAs a
consequence, this cohort of students saw materalnatich more sophisticated levelboth
their mathemtics and physics classes.

Teaching tkse courses was a privilege amgby. | was able to try a lot of the pedagogical
strategies described abowend some newnes. Some worked, and the feedback from the
studentswas invaluable. They were trufjctive larners, which, after all, is what we hope of
our gudents at university. Howevesince both classes were very challenging and structured
in an uamiliar way, the initialenrolment was low. We operate in a system with constraints,

and so, despite our celitive best intentions pedagogically and the demonstrable success of

the course (in terms of student learning), the future of this pair of cdarseslear.

This last example serves to remind us that whilemay want to train our studenfer

successfukareers in industry, where the drawing of connections (analogies) wilither
important, at the university our pedagogical focus is on the disciplinary(tbelsnetaphors).
As mathematicians, we recognize theed to make explicit the hiddemrriculum, and to

show d6émat hemati cs iowwaneeditohelp our studedteqeird bothw e

technical depth and a simultaneous breadthising those tools in noveituations. Many of
us seek to explicitly integrate problesolving into our curricla. Butwe do this within the
framework of the institutions we teadn. At least | have to tempeny expectations and
pedagogical aspirations with this in mijrin the light of what | know.

In conclusion: yes, | think there is very interestingthematicsn industry, and wedo our

students a disservice by mmadure holwbesti do this, buh e m

at all levels of mathematical instruatiove should be honest about thgortance and role of
abstraction and logical argumentet These are the traits whielill be useful for them going
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forward, in addition tdearning how to communicate, letellectually flexible and work in
professional environments.

Most of all, | think when we teach mathematics, weusthaemember that it ifun for us.
Maybe some of our students will be convinced it is fun for them as well.
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PROLOGUE

Fifteen years ago, in my discussngw h Les Steffe his study of
construction of mathematical ideas, Les made an interesting distinction between two kinds of
conceptsch i | d maghenGacsandthe mathematics o€hildren. By the latter, Les points to

the varios observed knowing actions that children take as they work on mathematical tasks

in his case, mainly dealing with whole numbers and the fractional numbers of arithmetic. But
Les sees as his project to develophai | d mathendaticshat is formed by setting and
abstracting from observations of such a body of mathematical actikeg action/action
sequences and the relationships between them, which form schemes of knowing a particular
set of interrelated mathematical concepts in a particular domainviat Brent Davis (1996)
callsthe formal aspect of the body of mathematidkink Les wishes to contribute a category

that, at a formal level, portrays necessary action sets, sequences and relationships among them
that would characterize, say, the miegnof knowing whole numbers or fractional humbers

by children. As noted above, this mathematics comes quira$ an abstraction fronthe

body of careful observation of and describing of and cataloging of actions that children take in
doing what can bebserved as mathematics in very clévefrequently computebased

action settingsrfathematics othildren). Les, as well as being a great theorist, has with his
colleagues and students amassed one of the grealiestions of such datd.es has written

about this multifaceted priect of many years extensivelg.¢. Stéfe & Olive, 201L0) and his

work, though different from minecontinues to stimulate my thinking. | will use these two
concepts of child/student related mathematics in my own way in whaivg.

Frommy point of view, one can seenanderful example of an abstract portrayal by Merlyn
Behr, Gershon Harel, Tom Post and Dick Lesh of a form bfi | drateemdticgelated to
fractional numbergrelated to each of the suonstructs that | @veloped in 1976 especially

in their 1992 paper. In this very dense paper that uses systems of repi@seofaractional
objects and systems of representatioh@nentatphysica) mathematical actions on them that
are seen as necessary for a éhitd use one very small exampleo see, that ¥ seen tisee

Y units is equivalent to ¥ seen as-an® divided by4 is equivalent to a ¥ uéit. While

St ef f e &shiil derae nodfstendsad fdres mratheioer of schemes or mechanisms
that he seessaa sufficient condition for a pactilar mathematical idea compé&e.g. adding
whole numbers, the Behr et §1992)ideas with respect to the different constructs of rational
numbers ty to provide a theoretical picture for each of a wide variety oftifvraal number
tasks (showing equivaleres adding multiplying, ordering ) within each construc{e.g.
fractions as me)asures or operatorse
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While | have worked with both Steffe and the fdwational Number Projectesearcher
writers above, what you willee below are examples of theathematics of childreaccurring
within one fractional number lessoYiet | see this mathematiémowingin-action as related

to thechildrend snathematicsparticularly as seen in the work of Behr etcted abovel

have alked with Merlyn Behr many times, before his untimely death, about his beautiful

representation systems. | have seen many examples of instances of his abstractions in my

obsevations of children in actionsée Kieren& Simmt, 2002, particularly exampleof
abstractions such asnit-forming, unit-comparing and unit-transforming One can also
observe such abstractieimsaction in the actions and intarct i ons shown in
work later in this paper, actions that can be related to Behr(&08D) ideas.

Because of my interest in the work of Maturana and V480, 1987¥or the last 30 years,
contrasted with thec hi | dr e n 6 s warka pgointedmta tabowes | have looked at
mathematics of childreas it arises in inteaction with aspects ohé environment and with
others in it including the teacher. | have sought to think about the implications of this for
mathematics knowing and teaching using the ideas garnered from these obsergétio
students from age 5 to 1Following ideas from Mauana and Varee bfads
Knowledge(1987), 1, with colleagues Eline Simmt and Joyce Mgombeldi¢ren, Simmt &
Mgombelo, 199Y, have come to see knowing as occurring in the praxis of liiingn
environment with otherdn this living, individualsbring forth a world of SIGNificance with
others that an observer sees iavolving mathematicd/arela, Thompson, and Rosct901)

would argue that in intesicting with an environment and others in it, the knowirtipacon

the part of the knowecan be bserved to ce&merge with th environmentlt is almost a
cliché to say that the environment affects the individual knower and knowing, but what is
interesting here is that the knowersaction and inteaction necessarily affect and change the
environmemand in particular the codtive domain.These enactivist ideas can be observed in
action as the children as described in my memoire below are seen bringing forth a world in
the flow of their praxis of living in inteaction in a particular setting.

PART I: AN EXAMPLE OF MATHEMATICS IN INTER-ACTION

VIGNETTE 16 DOING MATHEMATICS DIFFERENTLY IN INTER-ACTION

Ja and her partner Ru sit at stieside desks at the back of the classroom. They are two of
20 students, mostly girls in a Grade 4 Spattiingual classroom. They are working on a

t

he

t ask, using a particular #AFraction Kitod where

ways to make ¥ of a pizza without using foupibces; they are also asked to sketch their
work and write addition sentences reg@eting it. They are allowed, if they wish, to make
their sketches and write their expressions on the board as well. Before we follow their work,

we 61 | consider the setting in which it occurr.

I have done mathematics lessons of various kinds with thiss abver the last five years,
starting even in prechool, so | am no stranger. In fact | am knowrAbseloTom to this

group. The children have done a short unit on fractional numbers in Grade 3 and have in the
Grade 4 year done initial work on decimahdtions, mainly using tenths and hundredths,
previously.

The lesson from which the three vignettes in this paper are drawn will not come as a surprise
to those of you who know me.
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At the front of the class is a large sign:

ABUELO TOM6S Tl ENDA DE LA Pl Z|ZA

LA CASA DE fil CENT Pl ZZAO

Each student has a kit in an envelope containing two-oniés worth of each of these
fractional number amounts: ones, halves, fourths, fifths, tenths, twentieths, -fifthsty
fiftieths, and hundredths. These fractional pgaach fraction piece being a different colour,
are based otnedbeing a square 20 cth 20 cm; with the others being assorted rectangles of
appropriate sizegnding with 2cm3 2cmsquares for hundredths.

L
3
> oco 777
Qe [J00
o colk. "~
* % X %
: KX X %
G X x X

.
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Figure 1. Pieces in the fraction kit (stacked on the ones unit).

The amounts are not | abeled on the pieces. |
relationship between piece sizes for many comparisons either by simple looking or simple
covering® for example, comparing the fifth and the fthupieces cannot be done by looking,

although one can easily see that the tenth is one half of a fifth piece by laying a tenth piece on

a onefifth piece (and even this relationship is not obvious if one centres the tenth piece on the

fifth piece). Thiséat ure of the kit is there, in part,
relationships between amounts shown by fractional numbers, rather than relying simply on
6l ooks | iked perceiving. (This distinction i :¢

vanHiele levels.) The children had not worked with all of these fractional numbers in
combination before. Nor had they worked with this kit before. Although the children made

use of all of the different pieces in dealing with tasks, the activities dedchiblow deal

mainly with fractional parts of 1 whose rel at]

The first task, that proved very easy for the class withiypeaeryone offering ideas, is:

Given that the large square is one, what is the fractimmaber for each of the other
pieces ofpizzad?

So each of the coloured pieces now has a fractional number associated héted on the

largest piece being 1See the first column in Figure 2 belgwyou will notice right from the

start both the rabi relation aspect of rational numbers and ratiomainbers as being

i mu c h né& qatients or measures, particulad come into play. From previous work in

Grade 3, these students are at least informally aware of the actions needed to name at least
some ofthe pieces in relationship to the whole or 1 with the correct fractional nyelget.

and %).And as we started naming the smaller pieces using fractional nurtieyseasily

saw how tenths could be created from fiftes well as how both fiftieths dnhundredths
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could be created using a twetfifth as a unid %of %sis %o; % of %ois Feand % of % of

Ysis Xoo. Notice the connection to Behr et @1992) ideas of uniforming and unit
transforming noted above. Also npteist in this task itseJfthe relationship of forming
fractional pieces from a whole in rraus ways, as well as the posditfilthat children would
see ondiftieth both as}, of a wentyfifth and as %, of 1. Examples of Piagetnhelder and
Sz e mi ns BG britical (d@aSon fractional thinking fromtheir book The Chii
Conception of Geometipclude:forming fractional parts of the whole of the forrmlgiven
such a fractionuse it toform a fraction of that amountrig; andfrom 1/np recreate I, as
well as 1 (where andp arenatural numbeds

The second task is to give the cost for each piece, given that the largased at $1 or 100
cents.This task was a little harder, bumost ofthe class, if not all members in it, soon wedk
out that} is 50 cents; onourthis 25 cents;},is 10cent®$ soj, which is twice as bigis

20 centsSome children notice that you can just divide 10(hlty get the cost of a ikize
pizza.Of course, this problem setting is an artificial oneyertheless, several children also

| do6s

argued that ther e s ho,aspeatiallpfertha smalerdrdceodal partsut t i n g

When task two was finished the chil df.g.n
50 cents as $0.50This leftus with what is shown in Figure 2 below.

Fractions Cost (cents) Cost ($)

1 100 1.00

Y 50 0.50

Y, 25 0.25

Y 20 0.20

Yo 10 0.10
Yo 5 0.05
Y 4 0.04
%o 2 0.02
Koo ! 0.01 -Cl;r;it%r:sza

Figure 2. Various designations related to fractions and fractional numbers.

Now the children wre asked to do the followingiind several ways to make an amount of
pizza egal to one half using the kit and write a mathematicalesest to describe this
situatior® e.g%=1%; %+ %0=}. As noted abovestudents were urged to drgictures of their
solutions and write their mathematical sentenad to them on the white boar®f course
once a couple of students had done thésetwas a parade to the boddme of this wrk is
shown in Figure 3 below. ice the variety of regmses including one usingubtractive
methods)

Although this was not a research studgr did | have another person observing groups of
children (making observations of their mathematical acfjah&ing the lessan did watch

the three pairs of studendiscussed here more closely than | tid others, and what is
described here is my reconstruction from things | notedndo each casé he purpose is to
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provide the readers with situations to stimulate discussing roles thetqaatien has in the
mahematicsknowing actions of these children.

Figure 3. Reports of making one half a pizza.

Getting back to Ja and Ru and their work, the class then was asked to work on the following:

An order comes in for % of a pizza but there are no fourth piecdal@eaiMake up
¥ of a pizza without using fourth pieces in at least 3 ways. Write mathematical
sentences to describe your work.

When | came to their desks Ru was putting fractional pieces together to make three fourths
and tal ki ng al ¥esg dthink ene kBali plus & one terghs will do it, because
these parts here will just make it dit.

Figure4.Rubés actions/ expressions in making |
Ja i mmedi atTehlayt rceapnldite dbe firi ght . Three fourths
amount costs jusiO cents plus 20 cendss R u , now tlalskeienn.g Myo tJwao, pfiar t

cover the rest of the fourth. | need another little piece; oh yea, a twentiefht $&+ Y0=
¥%. 0 Ja Yup pOl+i2e+d [for fie twentiethis 75cents © Then al oud, but
appearing to be | ooki n@hthisfsjustlikedetireabc hart on t h

Foll owing thatetémadk 3amseahnhs ngiel s.ed. RNe bilsl d
puzzed and looks at hed a s Moy &know,;i t hat 6 s | i kYou rhakéohad 1| pi z
pizza and |61 write down the deci mal for ea«

1.250 Ru puts out 5 onéourth piecesJ a shlyat 6 91 t&o5aimes 8.85y Y.ou Kndw
.25;.50;.75, 1.00;1.2500K,00 says Ru and puts out 2 halves
+ 0.50 +0.20 in column form. Ru, not attending to Ja, séy¢ait That 6 s not enough.
another hal of atenthd oh, a twentieth piece low Ja adds 0.05 to her column and says:

fiY o u 6 r eThat addstotl.25 0
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