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Summary of the Conference

This was the fourth in a sequence of annual conferences that started with the
meeting sponsored by the Science Council on '"The Education of Teachers of
Mathematics: -the Universities'Responsibility" in 1977. At the end of the
1978 meeting the group adopted its present name, at the end of 1979 meeting
it appointed an acting Advisory Board and Executive Committee, and at the
conclusion of the 1980 meeting it approved an official constitution and held
elections of its officers. This progression indicates the growing confidence
of the group in its own future.

A total of 51 participants made this the largest of the four meetings, a sub-
stantial number coming from francophone institutions in Quebec (18).

The two guest speakers, Caleb Gattegno and David Hawkins, followed the pattern
set in previous meetings of joining in the other activities. Indeed, it is
probably true to say that their contributions to the small groups they attend-
ed were as valuable to the conference as their lectures. Nevertheless, Gattegno
baffled, intrigued and stimulated the conference with his introduction of the
idea that modern technology had alerted us to the power of extremely minute
amounts of energy - "nothings' - and that we could see the challenge of mathe-
matics teaching as the task of mobilising in the learner correspondingly minute
amounts of mental energy. Although the participants were unable to discuss
this matter with the sensitivity and persistence that Gattegno demanded, it

is likely that the idea will be heard again and will maybe prove as fruitful as
its originator clearly intended.

As in previcus conferences a fair stretch of time was spent in Working Groups.
Feedback from participants unequivocally justifies this activity: sufficient
time is given to them for the participants to feel that progress is achieved,
and the groups are small enough to allow evervone the sense of getting to know
the other people involved. The serious, noticeably goodhumoured and cooperative
atmosphere of the conference seems to be due to the '"healthy" lines of communi-

cation established in these groups. Almost no one attempts at any point to upstage
anyone else - a rare phenomencn in conferences of university professors.
At least two of the Werking Groups - on geometry, and on diagnosis and remedia-

tion - made good progress in their studies (the geometry group having the
advantage of following fairly directly from groups in earlier conferences).

The calculus/analysis group had a difficult time, mainly because it attracted
people with very diverse interests in the question. A lesson learned from this
occasion is that leaders of Working Groups might in future be asked to supply

a brief description of the questions they would like pursued in the groups.
This should help, provided it deoes not reduce the flexibility of the group act-
ivity.

Several one-session group meetings rounded out the programme. Although provis-
ion was left in the timetable for "ad hoc' groups, to be formed on the spur of
the moment by anyone with a subject he wanted to discuss with others, this
opportunity was not much taken advantage of. Perhaps the small size of the
conference zllows this sort of informal discussion to take place at mealtimes
and in cther interstices. And perhaps the members do not yet show enough
initiative in shaping the conference to their own interests. Well, maybe that,
too, can be learned as time goes on.

David Wheeler
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Lecture I

Reflections on 40 Years of Work on Mathematics Teaching
Caleb Gattegno

About 1927-28, some of my cousins, about my age, and their schoolmates asked
me to help them in their mathematics studies. Although I was not yet 17 I
took my job seriously and so I became a mathematics teacher at the secondary
school level. 1In 1932 I founded the Mathematics Seminar in Alexandria
where a small number of people trying to educate themselves lectured to each
other on selected chapters of pure and applied mathematics. That became my
teaching at the graduate level, from which at least four people came out as

professional mathematicians.

With my children, around 1940, when they were very young, I learned that tea-
ching mathematics at the elementary levels was a very different activity. My
failures discouraged me and for years I did not attempt to touch that popula-

tion.

From 1946 to 1953 I concentrated my study of teaching and learning on the
secondary and postsecondary levels. Not onl§ did I make some progress - as
can be seen from my numerous publications of those years - but I also shook
off Piaget's grip on my mind. I learned to gather evidence directly from ‘
people I worked with rather than go via the work of others. My studies of
consciousness started just before World War II and I was able to apply to
the study of the structures of the mind the mathematical structures that had
been found by mathematicians, mainly following Dedekind in 1900. The Bour-
baki books were not accessible outside France at that time, but soon after
1945 I could get acquainted with them. I found that their work affected my
understanding of the work of the mind but also that their ideas needed al-
teration if they were to serve me properly. It was then that I reached my
understanding of algebra as operations upon operations. Among the Bourbaki,
Dieudonné agreed wholeheartedly, in 1950, that it also described his ways of

working.



By 1947, I had already propagated the notion that mathematics was the work

of awareness on the dynamics of relationships per se. Soon after, algebra

appeared to me as being the dynamics itself and present in all mathematical
activity. Thus although mathematicians classify themselves as analysts,

topologists, algebraists, probabilists, numbers theorists, logicians, and a
few other subdivisions, I reached a different conclusion since I came to the
meaning of mathematics through mathematisation. Some of my writings of the

years around 1950 clearly hint at that.

I worked in isolation for all was new in the field and I did not seem to know
how to attract the attention of my friends, those good minds I was in contact
with in Great Britain and the continent of Europe. They listened with inter-

est but left me to do the needed spade work.

In 1950 T formed the International Commission for the Study and Improvement
of the Teaching of Mathematics. It counted among its original members
Choquet and Dieudonné from France, Wijnsink from Holland, and myself from
England. Soon after we co-opted Fletcher from England, Servais and Papy
from Belgium, Puig Adam from Spain, Castelnuovo and Campedelli from Italy,
and a number of others. from a number of countries. The work of the Commiss-
ion became known partly because of the luminaries among those named above
and partly because of the two monographs I (anonymously) edited in French in
1954 and 1956 and which have been translated into Italian, Spanish, German
(but not into English). As you know, the Commission still exists and meets

once a year somewhere on earth.

Two offshoots of the Commission were ATAM (now ATM) in Britain, founded in
1952, and the Belgian Association of Math Teachers which also started work
that year. Both involved me for a few years. In 1959 I was elected the first
President of ATAM and soon after its first Honorary Member. In 1960 I resigned

from the International Commission after ten years as its secretary.

I encountered teaching with films in 1949 when I met Nicolet. The following
year in Debden (northeast of London) Nicolet and Jacquemard came to work for

one week on teaching mathematics to adolescents. At once I liked Cantegrel's



films (with Jacquemard's scenario and Motard's animation) but I soon under-
stood that Nicolet had the better fomula. I offered Nicolet to make his work
known. Unfortunately I did not manage it and when he died in 1966 although
he was appreciated by a number of people it was by too few to feel he had not

labored in wvain.

On a lecture tour in Belgium in April 1953 I was told I had to become acquaint-
ed with the work of another obscure pioneer in the teaching of mathematis:
George Cuisenaire. It proved to be a turning point in my career as a student
of learning and teaching and some of you know that in a few years Cuisenaire
became a household name among teachers of arithmetic all over the world. I
founded eleven Cuisenaire companies, wrote twenty texts for students and tea-
chers, met literally hundreds of thousands of teachers from 1953 to 1962, in

44 countries, on all continents.

But all this social activity is overshadowed by the discoveries I made thanks
to my finding that at last I could work with young children and let them teach
me what to do to reach them, understand their ways of working and from there

develop the subordination of teaching to learning in a number of fields.

These words came to me in 1960 when I was interviewed for the Christchurch
Daily (New Zealand), and was asked to characterize my work in a few simple
words. I said, "I teach what I know, and that is, to subordinate teaching

to learning". At that time I had done some work in the fields of science
through my "openbooks'" on the Study of Energy (1957-58), in the field of read-
ing for natives (Amharic, Hindi, Spanish in 1958, and English and French in
1959), in the field of foreign languages (1954), and, of course, in mathematics

as David Wheeler, present here, can testify to.

Being busy in so many areas it was to be expected that my contributions to

the teaching of mathematics would become more the expansion of what I had
already done than of new findings. But life decided otherwise. In 1967 I was
forced to recast the foundations of my teaching of elementary mathematics

when I noticed that not all children using the rods managed to master the basic

numerical facts of addition. It then occurred to me that I had to replace the



rods and some manipulations of them - as I advocated for 14 years - by some

awarenesses of what children can do with their fingers.

For a while I worked out the details of that approach which I published as the
first chapters of my "The Common Sense of Teaching Mathematics" and in articles
you may have read. Today I know for sure that that approach has made (1) an
explicit use of what children do so early and so well, i.e. learn to speak
(which I had not fully integrated when I asked them to work with rods), and

(2) made an explicit use of two underlying mental powers which we can call the

perception of equivalence and of complementarity.

This coming closer to the workings of the mind has been very fruitful, and
still is. A large number of experiments with very young children and with so-
called learning disabled, have confirmed that we may have arrived at a point
were we shall be able to propose ways of working that can meet the true dyna-
mics of the mind and gather unsuspected crops far beyond what was achieved

more than a quarter of a century ago when the rods were used for teaching.

We do not need to spend time, as we did in the past, to make children retain
arithmetical facts. Hand calculators have made all the efforts in the direct-
ion of teaching computation a waste of time. Pressing buttons and reading num—
erals and signs for operatioﬁs is all we need as preparation to do quite compli-
cated arithmetical computations. They take no time and, if we are careful, they

are even generally correct.

To be of our time requires of us, as educators, that we know how to link the
potential of the mind and the potential of our electronic technologies:
computers and TV color monitors., Since I am aware that our present stage of
human evolution can be defined in terms of energy, the utilization of minute
amounts of energy, I have called the present "the era of the nothings'". If we
consider how to use the public fad for electronic devices in conjunction with
a serious subordination of these powers to achieving maximized learning by as

many people as possible, we see our task defined.



Three lines of approach on this have presented themselves to me.

First, I have invested time and money to make mathematical films by computer
graphics (some of them can be seen here if you wish to). More are being con-

templated.

Second, I have submitted proposals to show, on an example, how computers can
be used in work with beginners so that in a very short time a considerable
and valuable mathematics experience can be acquired and become functional.
If these proposals can provide us the means to publicize our vision we shall
extend their scope to reduce the apprenticeship of various mathematics skills

to its proper duration.

Third, I am engaged in Writing articles for various publications (including our
own Newsletter) so that this way of relating to the powers of the computers

will be examined and its merits, if any acknowledged.

Working on computers and on TV makes me more aware every day that we must all
become experts (among other things) in working on 'mothings". Our collective
future depends on our capacity to produce a generation of minds who can syn-

thesize what is relevant today and to offer our children effortless learnings

in all fields.

Nowadays a generation gap can happen every few days, not only between people
of different ages but between adults, and an accumulation of lack of under-

standing is not in the interest of the inhabitants of the earth. When I con-
centrate on the future and on the era of the ''mothings', I am working at being

truly of my time.
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Lecture IT Understanding understanding mathematics

‘The View from Below

DAVID HAWKINS

There is a story about the late E.T. Bell, true or not I know
not. His son asked, ‘‘Daddy, why do they put that plus sign
on the top of churches?’’ Bell also remarked, in one of his
popular books, that medieval theologians could be regarded
as frustrated mathematicians in an age when that discipline
was not fashionable. The joke is convertible. Perhaps
mathematicians also are frustrated theologians.

I start this discussion with such jokes because I believe
that the sources of mathematical knowledge and invention
are in fact rather mysterious. I have some ideas about how
such mysteries can be resolved, but I don’t think the task is
easy.

Let me start with a paradigm case. The Euclidean style of
geometry is restricted to compass and straightedge.
Working once in a fifth grade class we had introduced these
ancient implements, with an initial encouragement to pro-
duce any kinds of designs. One of the things which hap-
pens, under these constraints, is a multiplicity of circles of
the same radius, sometimes secondary circles centered on
the circumference of the first one drawn. Two girls had in
fact walked the compass around its circle and come back
after six steps, almost exactly to their starting point. I hap-
pened to be near and caught the question that hovered bet-
ween them: ‘‘How come?’’ My intervention was honest and
it worked. We walked another circle with great care, and the
point of the compass landed, by luck, in the hole it had
started from. We ended with the hexagon dissected into
equilateral triangles, and at one point Suzie said, ‘*This (a
radial line segment) is the same as that (a hexagonal edge),
so it Aas to be just six.”’

[ regard this as a paradigm case because of the implied
transition from the empirical ‘‘is’’ to the emphatic *‘has to
be.”’ I assumed at the time — and still do — that Suzie had
shown some flash of understanding of a kind which marks
the transition from fact as empirical to fact as mathematical.
I have chosen it as a paradigm case because Suzie, like
Plato’s slave boy,* could be presumed to lack any knowl-
edge of formal geometry. Suzie did give some reason for
her apparent insight, she had noticed that since the pencil
compass had not been readjusted, it had produced what we
would call a cluster of equilateral triangles. At the time I did
no lightning-quick analysis of her apparent insight; unlike
Socrates I did not proceed to elicit from her the complete
steps of a formal proof. I got her to show me that she was
looking at half the circle, three triangles. I looked at them
later myself, quite hard. I didn’t yet wish to lead too
strongly, and we went on instead to further partitlons of the
hexagon. When now I try to imagine what I might have
elicited, I am fascinated. The first obvious proof I see de-
pends on the formal Euclidean proposition that the sum of
the interior angles of a triangle is a straight angle, or that for

*Plato, The Meno, cf. Wheeler, David, ‘‘Teaching for Discovery,”” Out-
look 14 (Winter 1974). pp. 38-42.

any polygon the sum of the supplementary exterior angles,
triangle or hexagon, is one full rotation. Is there some simi-
lar formal proof which would plausibly interpret and
support Suzie's apparent mathematical insight, without
imputing to her any acquaintance with high-school geo-
metry? Since symmetry is so powerful an idea, yet accessi-
ble to visual perception, is there a direct symmetry argu-
ment here which would establish her very emphatic conclu-
sion? I leave this, as mathematicians often say, as an ‘‘exer-
cise for the reader,’ though her drawing may be suggestive.
(Figure 1)

Figure 1

Maybe that particular Suzie, at that particular moment, was

- only guessing. Tt doesn’t matter now. The story itself makes

my first point.

If Suzie’s insight was valid, she was already in the do-
main of the mathematician; in a basic sense they could meet
as equals; if not, that first step was still to be taken. What
then is this transition, so special to mathematics, from the
merely empirical fact to the mathematical fact?

In any case Suzie had still a long way to go, even if she
was momentarily in the mathematician’s domain. There are
myriad other facts to be recognized, of the kind I think she
saw. When enough of these facts are recognized and held
together they are, as a cluster, the substance of classical
geometry.

For they are not independent, isolated facts, each true or
false independently of the others. They are empirical facts
but not what the early Wittgenstein called *‘atomic’’ facts,
they are internally related to each other. One by itself, or
two or three together, will lead to and perhaps require still
another. If some can be noticed first as isolated empirical
facts, they can still come together by some magnetic
affinity, providing guides for further investigation; and the
power of the process is multiplicative rather than additive in
its potential rate of growth. As this clustering develops,
some facts stand out as central, they lead to the recognition
of many others.

This organization is what gets formalized as a deductive
system. I see that as a later and quite distinctive develop-
ment. It involves an abstracting, elucidation and definition
of what we call idea or concepts. They are not facts, but
universal terms, the elements, properties and relations in-
volved in the perception and statement of many facts, all
that potential infinity of which can be stated in this common

For the Learning of Mathematics 1,2 (November 1980)
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language. Suzie’s construction can be described formally in
this language by a few specialized terms: points, lines, con-
gruences, rotations, etc. These same ideas will be implicit
also in the perception of many other geometrical facts and
will be expressed, at first spontaneously, in stating them.
The new interest in analyzing and defining such ideas leads
to another sort of clustering and ordering. Some ideas
emerge as primitive, central, while others can be defined in
terms of them. This development puts the affinities among
geometrical facts in a new light. Though endlessly diverse
as facts they share a common domain and some can be
transformed into others. Taking a few of them as primitives,
the rest can all be demonstrated. The perception of
mathematics as a deductive system, first clearly exemplified
in Euclid’s Elements , has been a paradigm and challenge for
all subsequent mathematics, science, and philosophy. Can
all knowledge be so organized? Can reason become a substi-
tute for experience? A stubborn empiricist might insist on
counting edges, faces and vertices of as many kinds of
convex polyhedra as he could lay hands on, and so far
notice that the number of faces always happens to be two
greater than the difference between the number of edges
plus the number of vertices. Euler’s theorem says more, it
implies that nature is not free to make exceptions, the dif-
ference must be just two. To the empiricist this is a kind of
indignity.

At this point I have outlined two developments. The first,
and most primitive, is that some kinds cf empirical facts get

- recognized somehow as facts which must be so; like Suzie
we shift them from the state of ‘‘is’’ to ‘‘has to be’’. The
second stage is that clusters of such facts, facts which in one
way or another seem to require each other, lead to the expli-
cation and ordering of a conceptual domain to which all
these facts belong. When they are stated uniformly in the
terms of this domain it becomes apparent that they are not
independent of each other but are linted by bonds of impli-
cation in some orderly system.-Facts now become
theorems. Some theorems are chosen — as primitives suffi-
cient to generate all the others — to be axioms.

If we wish to speak more formally about the relation
between ideas and theorems we can describe these as a
linkage between two domains. Ideas are related in their own
domain by relations of meaning and definition. Some of
these can be taken as primitive, and others defined in terms
of them. Theorems are related in their own domain by rela-
tions of entailment, in-which again some are primitive and
others derived. But the two domains are also esséntially
cross-linked in one-many relations. A given idea is involved
in stating several theorems, and the statement of a given
theorem involves several ideas. Each domain has its own
internal connective tissue, of definition in the one case and
implication in the other. But the connective tissue in each
domain is enriched and elucidated by cross-reference to the
other.

Suzie’s apparent insight started from a particular drawing
which could be described as an affair of circles, lines and
points. This drawing was not in her mind an example of
anything geometrical. It was not-aconsequence-but-a start-
ing point. But after we have developed some theorems the
drawings become examples, in retrospect. Philosophical

and pedagogical accounts of mathematics often treat exam-
ples as inessential. They are mere starting points, aids to the
imaginations, etc.; but they have nothing to do with the
essence of mathematics, which is entirely an affair of ab-
stractions detached from their humbler origins, like the
modern trigonometry text which has no pictures of right
triangles in the unit circle. Lewis Carroll complained about
this sort of thing in Alice in Wonderland, and he was quite
right. In the View from Above examples may seem to have
no essential place. In the View from Below, on the other
hand, they are of the essence. They are not only vital
sources of knowledge but they have a continuing and quite
indispensable place all along the way.

Corresponding to any mathematical system of ideas and
theorems there is therefore always also a third domain,
one-many-related to the other two. It may be called the
domain of examples. In the View from Below it were better
called the domain of proto-examples, of originals. Any
concrete example of a theorem is very likely to tumn out to
be an example of several more theorems. These may be
closely connected in the domain of theorems, but also they
may not have been seen to be, and their coincidence may
suggest new theorems, or new connections between old
theorems. I don’t know who first looked at the drawing I
reproduced here, and noticed in it the possibility of a new
and immediate proof of the old pons asinorum, the
Pythagorean theorem. (Figure 2)

Figure 2

Instead of constructing squares on the sides of the right
triangle it makes use-of the three similar riangles, two of
which together ‘‘have to be’’ equal in area to the third. The
famous theorem is then seen as a direct consequence of the
more general fact that the areas of arbitrary similar figures
are proportional to the squares of any corresponding linear
dimensions — of the flatness of space.

In their domain examples or originals are directly related
to each other by similarities and differences, or by part-
whole relations, etc. They come also to be indirectly related
to each other through the domains of ideas or of theorems.
Thus the cube and octahedron are indirectly related by the
fact that the description of the one is transformed into the
description of the other by simply interchanging the words
‘‘faces’” and ‘‘vertices’’ and this duality immediately sug-
gests a way of constructing the one from the other; or vice
versa.

I should like at this point to acknowledge a substantial
debt to the work of Edwina Michener,* from which I have
taken the above three-fold partitioning of elements in the
structure of mathematics. Her clear definition and discus-
sion of these three domains provides I think a most useful
frame for our discussions.- She demonstrates this usefulness
in several ways, illustrated from several fields of mathema-
tics, elementary and more advanced. A key aspect of her
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work is to elucidate the nature of mathematical understand-
\g . Rather however than trying to summarize her discus-

ion I shall continue on my own track, but with that same
concern for the meaning and importance of the active verb
to understand.

I grew up with a somewhat rebellious acceptance of the
notion that mathematics was by its nature a highly sequen-
tial affair. I gained this impression first from the format of
courses and textbooks, and later from some study of formal
logic and the fourdations. The pecking order of pure and
applied math was then the order of the day, and the domi-
nant positivist trend in philosophy, following some tradi-
tions of research in mathematics itself, was to declare that
what was real was empirical and what was rational was —
however elegantly — empty. This emptiness was to be de-
monstrated by the exhibition of completely formalized
mathematical systems bled of all conceptual or factual con-
tent, yet with no loss of formal coherence. In such a de-
monstration the theorem domain could be disconnected
from those of ideas and examples, by depriving its formulae
of any taint of vulgar meaning.

This movement can be considered from two points of
view. As a special movement within logic and mathematics
it has been part of a whole new investigation of a meta-
formal character concerning the logical nature of mathemat-
ical system, dealing with problems of consistency, com-
pleteness, the relation of axiom systems to models, etc. As
a special mathematical discipline it clearly fits the general
framework of Michener’s analysis; it has its own genres of
theorems, concepts, its originals being the mathematical
systems. But the general philosophy I have alluded to,
which for its own ends identified the theorem-structure of
formulae with the whole of mathematics and left other as-
pects uncultivated, no longer seems very fresh or intriguing.
Yet its legacy is still with us, the image of an essential part
of mathematics mistaken for the whole.

Having been strongly influericed by that philosophical
movement, though never embracing it, I tend to be inhibited
in any outright opposition to it. Such opposition seems to
embrace some allegedly outmoded philosophy of Platonic,
Aristotelian or Spinozistic rationalism. Yet the desire to
oppose has grown steadily. Apart from my own roots in
those older philosophical traditions, I have been
strengthened in this desire by endless professional curiosity
about the thought habits and commitments of physicists,
biologists, economists, children, and mathematicians. Hav-
ing been a student of the last two I have found I frequently
came back to mathematics from a new point of view, usu-
ally mis-named applied. Whenever this happens I find that
though the formal academic backtround has helped, I fre-
quently arrive, after some struggle, to a sense that I have not
merely upplied some mathematics, but in the process, and
with help, invented or reinvented or extended it along shor-
tened pathways quite different from those 1 have been
taught. Indeed I have often reinvented the wheel, but have
come in the process to realize that in such matters — the
wheel is a good example — no one has yet quite said the last

*Michener, Edwina Rissland, The Structure of Mathematics, M.1.T. Attifi-
cial Intelligence Laboratory, A.I. Technical Report No. 472, August,
1978.

word on the subject or its implications. These pathways
typically start from ‘‘applications’’ but also typically bring
close together ideas and theorems which have been treated
in quite different parts of the book or in different books. I
have begun to get a clear sense that the mathematical territ-
ory was not so much like the directed graphs or trees of the
theorem-space, but much more like a network in which one
could go from A to B by a variety of routes and back again
along still others,

Tree structures there are, but they are so interestingly
cross-indexed by analogy and reference that no simple met-
ric of distance or closeness, such as that represented by the
numbering of theorems in a book, or even the partial order-
ing of a theorem tree, seems appropriate. One is involved in
a network somewhat like a map of airline routes, and like
the airlines it brings many things close together. The map is,
of course, a high-order abstract. To know the landscape and
the culture one must in person get there. I have also
realized, however, that the image of the net needs major
constraints. If every node is connected directly to every
other node one is informationally swamped in finding the
relevant connections. Nodes must be graded by importance,
by generality of relevance. Nodes are not all of the same
kind, moreover, nor are their connections. What is first seen
as a connection, for example the idea of a shared property
relating different examples, can thereby itself become a
node connecting to other ideas, sometimes by shared exam-
ples. This sort of duality transformation seemed to blur the
image of the net. Michener’s representation helps; it allows
three planes or spaces in each of which the items and rela-
tions are of the same kind, but with cross-referencing by
specific dual relations to items in the other two. I think then
the image becomes sharp again.

Michener is concerned primarily to use the net as a frame-
work for improving our understanding of mathematical
understanding, and thus for a description of the personal
qualities which we call fluency, resourcefulness, competence.
Understanding of course implies knowledge, and knowl-
edge implies subject matter, some independent domain of
fact which is just there, incompletely known. The sum

fo o]

(D=3 Yp2isss.

I know it, I have even followed and

agreed to a proof, but I emphatically do not understand the
result; others 1 hope have a better understanding. Nobody
knows what to say about {(3), except that as has recently
been shown, it is irrational. I think I understand something
about such sums, can transform them, can disentangle con-
nections among them, but the above trigonometric link
eludes me. Understanding implies knowledge, though I
think it need not imply formal proof. Indeed understanding
is often the guide to the invention of a proof, or a better one.
I think most of us know enough about the counting numbers
to see why the unique factorization theorem is true, and
perhaps why it won’t be true in some otherwise analogous
number fields. Maybe if I were hard-pressed I could invent
a proof.

If the goal of mathematics education were really to work
for active understanding on the part of students, what would
the consequences be? Michener has experimented success-
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fully with the deliberate and conscious use of her scheme
among university math students. No doubt many good
teachers do something like that implicitly.

With the emphasis on understanding, on fluency, what
does the picture look like for the early years? I cannot give a
research report, but only suggest the outcome of a good
many years of elementaty school work, some with children,
some with their teachers. One results is to see a need to
modify or amplify the foregoing account. 1t is one thing to
try to extend mathematical understanding among those who
already have some formal education, but perhaps quite
another to give access to it in the first place? I believe there
are two complementary answers. One is from Plato’s myth
of reminiscence, that children already have some
mathematical knowledge and understanding, and that we
can learn to recognize this and as teachers, resonate with it.
The other is that this understanding is typically implicit,
context-dependent, and often hardly available for expres-
sion in the verbal or notational mode. Henry James says it
with characteristic rigor in the preface to What Maisie
Knew: ‘“‘Small children have many more perception than
they have terms to translate them; their vision is at any
moment much richer, their apprehension even constantly
stronger, than their prompt, their at all producible,
vocabulary.”’ In building bridges for communicating with
children one needs therefore to learn (in part by reminis-
cence?) their characteristic ways of .thinking, and this I
claim involves a genuine extension of our own mathemati-
cal thinking.

This bridge-building also requires, as a result, some qual-
ifications of Michener’s s¢cheme.* For children, theorems
are not yet theorems, concepts are not yet concepts, exam-
ples, above all, are not yet examples. To say this is a less
Zenish language, they can and will often employ patterns of
recognition and thought, yet be unable to scrutinize them,
or communicate about them in anything resembling adult
language. What one discovers, through trial and error in
teaching, is that their powers of communication are im-
mensely greater when they and the teacher are in the im-
mediate company of the concrete situations, the originals,
out of which their understanding has manifested itself.
Piaget talks about this phenomena as reflecting a concrete
operational stage of thought, which in one sense it does. But
this is often taken to mean that children are incapable of
having and using high-order abstraction. This is another
claim altogether, and I think a false one. Suzie’s symmetry
argument, as I call it, is rather deep, though she could not at
all spell it out. She can only communicate it to me pointing
to elements of the diagram we have produced, using ges-
tures and demonstrative pronouns, appealing to my visual
perceptions. I can’t quite partition her insight into theorem,
concept, and example, though I can — after some effort —
validate it that way. :

So for present purposes, as I said earlier, the term
example is ill-chosen. An example becomes an example

*to which 1 hope she would agree, cf. Michener, E., ‘‘Understanding
Understanding Mathematics,’” Cognitive Science 2,-361-383 (1978), and
for comparison: Hawkins, D. “*Understanding the Understanding of
Children,”” American Journal of Diseases of Children, vol 119 (Nov.
1967), also in The Informed Vision, New York: Agathon Press, 1974.

only after it is an example of something previously named
and recognized in the domains of theorem and concept.
What is seen is a concrete particular seen as something
understandable. Thar something is still implicit. For me it is
an example, for her it is still a concrete — though somehow
pleasing — particular, an intriguing fact. I led her along the
pathway of my kind of analysis as far as I dared, hoping to
help her build bridges into an adult world.

A mathematician only extends his own understanding by
active search, by being personally in charge. He can accept
help from talk and print and can follow an argument if he
has already shared some of its turf. But he alone develops
his understanding.: How does this translate into the child-
hood context? The major change, I believe, is that we must
learn to share the childhood turf. A part of this can be at
times almost adult, a thing of paper, pencil, of books, even
at times I suppose of workbooks. For most children, most of
the time, the turf is different. It is the world of concrete
experience, presentational rather than linguistically repre-
sentational. In this world the activity which leads to
understanding is not yet separated from overt activity, it
is directly perceptual and, a term of Jerome Bruner’s,
enactive.

In our own work, for such reasons, we have made ample
use of the now-commercial concrete math materials, and
added others as we were bright enough to think of them;
pegboard and golf tees for lattices and graphs, for Mary
Boole’s curve stitchery; many of several shapes of geomet-
rical tiles for tessellations and growth patterns, various
looms for weaving (lit., com-plications), marbles for 3-D
patterns, eard for making polyhedra, poker chips for graphs
and patterns, etc. .

An interesting fact about the commercial materials is that
often their most appealing uses are those not intended by the
designers. Thus the so-called Cuisenaire rods were intended
primarily for arithmetic, but I have never seen children first
use them for that purpose. The intended use is representa-
tional. They were conceived I think as examples of the little
number facts of early arithmetic, and their 2-D and 3-D
extensions. They were conceived, in short, as new tools for
the didactic teaching of arithmetic. What they get spontane-
ously used for however, is presentational rather than rep-
resentational; they are fine for building ‘‘complicated’” and
elegant patterns, some of which may happen along the way
to raise some very nice questions of arithmetic or geometry.
We assign a sort of figure of merit to these commercial
materials, the ratio of their unintended usefulness to that
intended. In these unintended uses children show you some
of the rich turf you have to learn. Natural materials — such
as mud-cracks and growth patterns — are often better.

It has been a great help and moral support to me in this
work to realize that much of early Greek geometry and
arithmetic was developed by the use of Cuisenaire rods.
John Trivett and his students found they could represent the
sum of successive squares by a rectangle built of rods, but
only if they combined three such sequences together. He
told me that he then really understood why that algebraic
formula had a six in the denominator! They had in fact
rediscovered a theorem of the Pythagoreans, who also ex-
tended the method to find the sum of cubes. I gave these



nd only four solved them all, using analytical methods. 1
egard such students as under-privileged.

When you are first inventing geometry (or is this number
theory?) you don't use standard methods. You have to de-
velop your understanding.

One of the results of working in this style is that you get
into mathematics, not just computational routine. The com-
putation comes along, and quite a bit of it could be called
practice. In finding tetrahedral numbers, the sum of succes-
sive triangular numbers, you can do a lot of sums before
you see the pattern. And when you encounter those sums
again in random walk investigations, also after much nu-
merical calculation you are on the edge of a deeper under-
standing. 1 emphasize the computational aspect because it
is, among other things, of some importance; but also be-
cause if you thought someone on the school board would
regard your work as time-wasting play, you could point
with pride, inter alia, to the number skills.

My purpose has been to try to map a useful and plausible
account of the structure of adult mathematics into the child-
hood milieu. If that doesn’t work, something is wrong with
the account itself. If it does work, it still may qualify the
description of the structure of mathematics and mathemati-
cal understanding. If my interpretation of the story of Suzie
— and we all know other such stories — is correct, we
should look more carefully at the ways in which the domain
of mathematics, which in some essential sense is discursive,
.symbolic, digital in its mode of expression, nevertheless is

‘roblems once to a class of students in an Analysis course,

linked to that which is perceptual, presentational, implicit.
Such a linkage is required, I suggest, by any account of the
historical origins of mathematics or of its successful
pedagogy. I think it is also needed in any account of later
major developments within mathematics itself. If one traces
the origins — the originals — of such development, one
finds that they very often turn upon some fresh success in
discursive explication of the perceptual and intuitive. Greek
geometry surely depended on such an explication. Its
axioms, once explicated, were ‘‘evident.”’’ The parallel
postulate in particular is an explication of the perceptual
symmetries of certain lines and angles, themselves defined
by symmetries. Archimedes introduced novelty by his deri-
vation of the hidden symmetry of the law of moments from
the intuitive symmetry of the equal-arm balance, and used
this as a new tool of investigation in geometry. Bernoulli
appealed to the intuitive symmetries of gambling devices,
and from this derived his famous theorem, probably the first
major mathematical step beyond the practical lore of gamb-
lers. Connected to the ideas of groups and invariance, the
symmetry principle became the basis for whole new de-

" velopments in geometry and also in theoretical physics. Still
more recently it has legitimated the use of probability theory
within number theory and in geometry itself.

If one takes such a series of examples of the way in which
our understanding can sometimes be mathematized, one is
— or can be — tempted to return to those older rationalistic

philosophies which I have mentioned earlier. They reserved
a place, at least, for the notion that at any given stage in its
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career the mind possesses some furniture which is in no
obvious way simply the outcome of empirical induction, but
which it can bring to any new experience as a means for
reducing that experience to order, of reducing the apparent
redundancy of experience. If one does not like the classical
rationalism with their appeal to innate ideas, one can try the
move initiated by Kant and treated developmentally by
Piaget.

If one is temperamentally suspicious of all such grand
philosophical moves, however, there is another track to try
to follow, more modest and in its own way empirical. The
one example I have suggested is a kind of examination,
from historical and contemporary sources, of the ways in
which arguments from symmetry have contributed to the
mathematizing of otherwise only empirical subject matter. I
have mentioned examples from Suzie (and Euclid), from
Archimedes, from Bernoulli and those who followed, from
the Erlangen program, and — most recent — from the way
in which Buffon's ideas of geometrical probability have
been taken out of the limbo of mere empiricism by the
insight, first apparently voiced by Poincaré, that a mathe-
matically adequate definition of geometrical probability
emerges from the choice of that measure which is invariant
up to-an appropriate group of geometrical transformations.
The development of this program has contributed to new
extensions of geometry itself, as well as to many practical
applications in stereometry, etc.

I could mention also the many fascinating examples of
symmetry and invariance which have been first postulated,
in an apparently high-handed a priori fashion, by theoretical
physicists, and often enough (though not in every case!)
empirically confirmed. Rather recently, it seems, good for-
mal arguments have been developed which derive the clas-
sical conservation laws from the symmetries of space. I
don’t understand these arguments yet, but they seem at first
sight to be legerdemain at variance with good old-fashioned
empiricism. At any rate and in the meantime this whole
history seems to suggest something important about the
process of mathematizing, at least one long and tough
thread of continuity between what Suzie knew and the most
recent higher development of some parts of mathematics
and physics. 1 don’t know how to assess this, though it
would have delighted the hearts of the old rationalists. If
they are wrong we need to find some adequate account of
such matters, one which among other things might be
pedagogically important. ‘

I think in fact the old rationalists were wrong, though the
standard empiricism is wrong too. Even along the one line
of continuity I have suggested there are incursions of
novelty into the development of geometry, modification,
extensions of, and attacks upon, preconception. The most
cherished intuitions, once axiomatized, are open to revi-
sion. This is very far from saying they are arbitrary; the
intuitive symmetries can be played with, and new pathways
explored, the old symmetries subtly modified, as in non-
Euclidean geometry. Some ‘‘firsts’’ are so important we
should learn to be playful about them — but not before we
understand their power.
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Working Group A
THE TEACHING OF CALCULUS AND ANALYSIS

Leader: Peter Taylor

Calculus text books tend to be all much the same. They are
technique - and type-problem - oriented, and aim to give the student
competence with a large well-defined body of results. They present
these results in a highly systematic manner which tends to regiment

the student.

The original purpose behind this working group was to design
written materials for the teaching of analysis which would be much
more flexible than the standard texts and encourage the student to
confront and explore some of the mathematical ideas and get involved
himself in the formulation of problems and results. We use the word
"analysis" rather than "calculus" because the goal of the first year
course should be to endow the student with é variety of weapons for
the analysis of functions, of which the standard tools of the
differential and integral calculus are important examples, but not
always the most appropriate. Thus, often,a good question to ask is,
let's see how much we can say without using calculus. With this

approach one becomes more sensitive to the power of calculus.

The group was large and diverse. This created some interesting
difficulties, gave us some new insights and certainly retarded our
progress towards the above lofty goal. Right away it became clear
that there were widely different opinions concerning the way in which
our group should spend its time., At one pole there was expressed the
importance of bearing down dn some important technique or idea in
calculus (eg the notion of limit) and discussing how one should
present it (should one use ¢,0, if so how?). At the other pole
was the desire to deal with the general question of how to get the
student to explore the ideas himself and to find problems which
would encourage him to do so with the ideas of analysis. These

points of view may not be as far apart as they at first appear, but

a lot of time was (necessarily, I think) spent trying to find the
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right balance. It is an old problem and closely related to the

question of what teacher training should consist of.

In the end we took a sequence of topics in the curriculum and
bore down on them in an attempt to find problems which would get the
central idea across, encourage the students to explore, and promote
some facility with the techniques which have arisen from the idea.

In the appendices we present some of the problems which were discussed.

We discussed the need for periodic communication between
different mathematics departments in Canada on the teaching of
analysis, including regular exchanges of problems and exams. More
demographic information should be available: what sort of students
are taking these courses now, what are their needs, how does the
course as it is now presented interact with their future studies
and work? We suspect that far too little attention is padaid to these
questions, and we have arranged for the collection of some materials

between now and our next meeting which may provide some answers.
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Report on Working Group A

APPENDICES

A Preliminary discussion papers Peter Taylor
B Does calculus have a gist? Ralph Staal
C Applications of mathematics Ralph Staal
D Reflexion sur 1l'enseignement du

calcul differentiel et integrel
au niveau collégial, a partir
d'applications

E List of participants
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APPENDIX A

GEOMETRY AND ALGEBRA

Geometry is the world of pictures. It casts a light
which illuminates our work and gives it warmth and beauty.

It guides us in our search for what is true and suggests new
directions which might be fruitful and-new problems which might
be interestiﬁg. It providés a framework in which we can
organize our knowledge so that we can recall it when needed

and apply it to our purposes. Its power is the power of
imagination. But like all lively creatures, it can deceive.

Algebra is the world of symbols. The light it casts is
hard and sure. It allows us to pin our ideas down and make
our truths precise. Like geometry it has its patterns and
intuitions, but they are more difficult to perceive and
work with. Its manipulations demand experience and care;
its calculations can be brutal. Its power is the power of
precision.

Each world has its own language, and our main ideas will
be formulated and explored in each of the two languages. It
is most important that we learn how to translate from one
language to the other. Only then can we pass easily from one
world to the other and use the grammer of one to gain insights

into the structure of the other.
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3. AN ESTIMATION PROBLEM

3.1 PROBLEM Once upon a time I was discussing metrication with
one of my calculus students, Chris. Chris was a keen runner and
was explaining to me how the records for the yard and mile
distances were already out of line with the metric records.

"The major meets are almost all metric now. The metric
records are already better than their yard counterparts."

"How could you see that? The metric events are of different
lengths than the yard events."

"You'd have to find a way of comparing them Perhaps if you
plotted the current world record time of an event against its
length, you'd see fhe metric events falling into a certain
pattern and the yard events just off the pattern."

"That sounds interesting. 1I'd like to see such a graph.

I bet the difference in the patterns would be very slight.
Perhaps hard to detect."

"You may be right. The difference wouldn't be uniform
either. TFor example the mile, because of its long tradition,
is probably just as frequently contested as its metric counter-
part, the 1500, possibly even with more enthusiasm." |

"Ah, so it should be right in the metric pattern or possibly

ever’tter? " ‘
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"I should think so. How would you find out? Is there a
method for doing things like that?"

"I don't really know, but it sounds like an excellent
problem. I would just start by looking at the data and hope
some ideas come along."

"I have the metric records at home." |

"Why don't you go and look at them and see what you can
do. 1In fact, take the following problem. Look only at the

. i X METRIC WORLD RECORDS (Aug.76)
metric data. On the basis of any patterns you can perceive

X T Year
in this data, produce upper and lower bounds for the record meters secs set
time for the mile, assuming that it conforms to the patterns. %gg lg:gi gi
See how close you can make these upper and lower bounds. Then, ggg 132:2 sg
after you've done that, we'll take the actual record time for iggg ' %ig:g ;:
the mile and see if it lies between these bounds." | gggg 52%:; ;S

"That sounds like funf" 18888 1223:2 ;g
I"I'll expect a report tomorrow." ggggg 33:2:3 ;g
30000 5490.4 70

SOLUTION Chris appeared the following morning with tables and
graphs.
"Well," he exclaimed,"I had quite a night, Wait till you

see this." ' : o



19.

| ‘ |
. ® ‘

"I'm quite excited myself", I assured him quietly.

- -

"You were wanting upper and lower bounds based on metric
distances, for the record time for the mile. Well, the obvious
thiﬁg to do first is to take the 1500 meter time, calculate the
average speed for that race and assume that the mile (1 mile =
1609.344 meters) could be run at that speed. The time you
calculate for the mile should underestimate the actual record.
On the other hand if you do the same thing for the 2000 meter
time, you shoﬁld overestimate the mile time." |
"Good, what did you get?"
"Here is the metric data in this table taken from the Towe o Ko il afsng 1502

o uned
current Guiness Book of Records. Using the 1500 meter pace I pees

(o Weoltad 2022 a0

get a time for the mile of 227.67 secs. and the 2000 meter pace i
gives 234.48 secs. So if the mile time is to conform to the metric
: Now oMuwmat, 2000 o Mad wised
pattern, it must certainly lie between these two numbers."
. . . - b MA gq4 | 21240
"Right", I said, "a difference of about 7 seconds. Not all Zooo

that good."
"I agree. But now watch this. The next thing I did was to
graph the data to see whether I could see any patterns. Here's

the graph I got. You can see that it's concave-up, which is just
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what you'd expect."

"Why?"

"Why what?"

"Why would I expect the graph to be concave-up?"

"Uh, because longer races are run at lower speeds."

"That is the same as concave-up for this graph?"

"I think so."

Well, I'll leave you to check that out. Anyway I can
certainly see that the data points are concave-up.”

"Alright. Now suppose we let T(x) be the hypothetical
record time for the x meter race, assuming that it was a
regular event at all metric track meets. Then the graph of
T(x) 1is a smooth curve which passes through these data points."

"And our job is to estimate T(1609.3u4u)."

"Right. Now we have just noticed that, according to the
pattern perceived in the data points, the graph of T should be
concave-up. This means that any secant drawn between two points
on the graph, will lie above, the graph at intermediate points.
In particular the secant between 1500 and 2000 will lie above

the graph at 1609.344., Now we can use similar triangles to

—
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calculate the height of this secant at x = 1609.344. We get a

height of 229.52 seconds. This must be greater than

T(1609.3uy4);"

i
"Excellent. A considerable improvement on the previous

upper bound of 234.48. You've got the mile time pinned down to

within 2 seconds. Can you see anything else to do?"

"Well, yes I can, although it took me a long time to see

this. I got inspired around midnight. You can actually use the

concavity of the graph}again to improve the lower bound. The
idea is this. Take the secant between 1000 and 1500. Since
the graph is concaQe-up, it will lie above the graph at inter-
mediate points, but below the graph if I extend it in either
direction. In particular it will intersect the vertical line
x = 1609.344 below the graph."

"Ah, very good."

Chris was pleased. "So,' he continued with a flourish,

“Using similar triangles again, we calculate the intersection
height to be t = 229,32, a new and formidable lower bound."
"My goodness," I said, "What was the new upper bound?

229.52 7 That is a gap of 2/10 of a second.”
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"Pretty good eh?"

"So in order for the mile time to conform to this simple
concave-up pattern of the metric data, it has to lie inside an
interval of length 2/10 sec. I'm amazed. I didn't think the
requirements would turn out to be so stiff. What is the record
time for the mile anyway?"

"I have it right here. Are you ready?"

"Ready."

l"As of August 1976, set by John Walker of New Zealand at
Gothenburg, Sweden on Aug.l12, 1975: 3 minutes, 49.4 seconds."

"Which is ....“

"229.4 seconds."

"w0w . "

3.2 PROBLEM Chris was very proud of himself. "Do I get 10/10?"
he said. |

"I guess so," I said, "Well, actually not quite yet. You
have to finish the job. We have a couple of ends to tie up. You

recall the first set of bounds which you obtained with an average

speed argument? I want to see those estimates on your graph.

AN e

b

V459 '

S R
1090 o 169930
-t -1339 1609. 394 ~ /o0
2122 - 133.9 /S50 - 1000
t =22922
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I want a geometric interpretation of your argument. I want to
know precisely what property of the graph is used to make the
argument. I don't happen to think its quite the concave-up
property, because that is what you in fact used to get the
second set of bounds. Secondly, going the other way, I want a
physical interpretation of the concave-up property of the graph.
If I hadn't seen the points plotted, is there anything about
their physical interpretation which would allow me to predict
that they would follow a concave-up pattern? So, in summary, I

want the physical/ geometric analogy completely pinned down."

He nodded ever so slightly and left my office.

SOLUTION "How did you make out?" I said when Chris appeared
the next morning. |

"Not too badly. What I've done, I think I've done properly.
But there's one thing I just can't seem to get."

"Well, let's see what you've done."

"The first thing is to find the geometric interpretation of
the faét that the average velocity fpr the race of i meters

should decrease as x increases. Now if we draw the secant from

- -
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the origin to the point on the T-graph above x , we get a
line whose slope is elapsed time over distance run., Thus this
slope is 1/v(x) where v(x) 1is the average velocity for

race x . If v(x) 1is to decrease as x 1increases, 1l/v(x)

must increase. That is the slope of this secant increases with

X .

"Indeed," he went on, "to put the result neatly let us

make a definition. Suppose f 1is a function defined on some

interval [a,b]. We will say f has the increasing secant

property from a if the secant to the graph of f on [a,x]

has slope which increases with x for x > a . Then to say

that the longer the race the lower the average velocity is
exactly to say that the function T has the increasiné secant

property from O ,"

"Very good," I said. "So geometrically, it is what you call

the increasing secant properfy which allows you to obtain the
first set of bounds."

"Right. I've drawn a picture with all our bounds displayed
80 we can see how they are determined.

The second and final

pair bounds is obtained from the secants on [1500,2000] and
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Graphical interpretation of the
estimates. They are, from the

bottom up.

1) 227.7 assumes the 1500 m.
pace 1is used—an
underestimate.

2) 229.32 linear extrapolation
from [1000,1500]. An
underestimate since
the curve 1is concave-
up.

3) the "correct" value of T.

4) 229.52 linear interpolation
value. An over-
estimate since the
curve 1s concave-up.

5) 234.5 assumes the 2000 m.
pace 1is used-—an
overestimate.
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(1000,1500]. The argument for them requires the graph to be
concave-up.," ‘

"Ah, ha. And that is not the same as the increasing secant
property?"

"No it's not. Concave-up is stronger than increasing
secant property. That is the result I'm pleased about. I can
show that any function f which is concave-up on an interval
[a,b] has the increasing secant property from a . But the
converse is false."

"Ah, that is very interesting. You have an example of a
function f on some interval [a,b] which has the increasing
secant property from a , but is not concave-up?"

"That is right."

"Well you hang onto it. It sounds like an excellent problem.
I'll assign it to the class on Friday. You'll be a steplahead of
the others.”

"Now there's still one more thing. You wanted a physical
interpretation of the concave-up property of T , and from that,
hopefully, a reason why we might have expected the graph to be

concave-up before we saw it."



Z1/.

"Right. Any ideas?"

"Nope. I'm sure it must be easy. But I just can't see it."

"Well, if it's any comfort to you, I

"Really?"

can't see it either."

"Really. Perhaps it's not so easy after all."

"Well, I'll be dammed."
"It is a curious problem. It really

I'11l assign it to the class as well. See

3.3 Women have a 60 meter track event.
this race is 7.2 seconds set and reset by
between 1960 and 1975. Now the 100 meter

11.01 secs set in 1976. Observe that the

should be easy. Perhaps

what happens."

The world record for
many different women
women's record is

100 is run at a

greater average speed than the 60, differing in this regard from

the p&ttern observed in the longer races.

The reason of course

is that the stationary start affects the shorter race

proportionately more than the longer race, and no appreciable

factor of tiring operates between the 60 and the 100 meter races.
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(a) Here's your problem.

Assuming that a woman in good condition can run 200 meters
at top speed, use the 60 and 100 meter data to calculate a
record time for the women's 200 meter race on a straight track.

[Note: the women's 200 meter is usually run with a turn.
The record time for this event is 22.21 (1974) which is more
than twice the 100 time. The effect of the turn is greater than
the effect of the start. One can see the same situation in the
men's events. The 200 meter record I have given you is the
event with a turn. The 200 meter race on a straight track is
also run, alfhoughfinfrequently. The world record is 19.5 (1966)
which is, as expected, less than twice the 100 meter record of
9.96. Another problem than, similar to the one I've just given
you, is to calculate a record time for a men's 60 meter event,
from the data for the 100 meter and the 200 meter (straight).]

{(Hint. The way to set the problem up algebraically is to
suppose that all these short races (called "sprints") are run
according to the following pattern: a certain distance Xq is

used to attain maximum speed. It takes a certain time t to

0
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cover this. The remaining distance is run at top speed Vg -
These three "unknowns" are the same for all sprints. Now the

data that you have been given allows you to calculate Vo and

with this you can solve the problem.] P e amswens \f‘ \:’? SV'“ ore.
ar Pheas -
(b) Having solved (a) you will have found the top speed v, Lwwen 10.50 ™[ue
for a woman. Use the men's data contained in the above note to Yew lo. 48 =] e
calculate a top speed for a man. Wiz vesalk 13 Omemelws as W

Mv‘e\' o wmade *‘Tsvd . hm,
pacter, () T maan Adasew A
‘uw-{ as | ) ‘\‘\w-'&, A \Mk Aot

W waed Fa too wm. and ¥ bom,

(c) This problem is concerned with the type of information
that would be needed in order to deduce values for Xg and t[J

. . . . R l}. \q*:o\s
(which you cannot do with the information you have so far). rmas foode Y \ Casew
ond YL 200 W ad Yoo V0O, \"\

At wale. ?‘A&‘Ts ony ass....‘\'f..\ X
acceler_'ating from rest at constant rate a , travels a distance o m' — h? \“

You may know already from calculus or physics that a person

at in time t . Assuming that at the start of a sprint a Too wm., I8 Lartaseveble.
woman accelerates at a constant rate until she hits top speed,

calculate Xg and t0 frém the data given. [This assumption

is physically highly implausible, but it makes for a good

mathematical problem, and it indicates the type of information

that is required to find these numbers.]
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3.4 According to the Guiness Book of Records (1977) the World

"~ record for 10 miles is 2757.2 secs. (1975). Show that this time

is much slower than our metric data would predict. [1 mile =
1.609344 km. With the emphasis now almost entirely on metric
distances, it is unlikely that this event will ever "catch up"

to the metric pattern.]

3.5 What calculations would you make to show algebraically that
the given data points for the function of 3.1 are indeed concave-

up? Use a picture to illustrate your answer.

3.6 a)Suppose f is a function defined on [a,bl. Show that
if the graph of f is concave-up, then it has the increasing
secant property from a .

b) Convince me, by producing an example, that the converse
is false.

*c) Can you think of a physical reason why the graph of T(x)

of Problems 3.1 and 3.2 should be concave-up?
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Approximation

The fundamental idea of functional (local) analysis
is that of approximation. Frequently, calculations are too
difficult or impossible to make exactly and must be made
approximately. How can we obtain good approximations, and how
can we obtain good bounds on our errors?

l. The fundamental idea of differential calculus
is that smooth functions behave locally like straight-line
functions. This idea provides an obvious, and geometrically
compelling, way to obtain local approximations of functions.
The standard text-book treatment of this technique exemplifies
‘everything that is bad about calculus texts. A typical
exercise requires the student to calculate a first-order

which preceded the exercise, and with a little luck (the example
unfortunately calculated 9§.03 ) he gets the answer. The
total ineffectiveness of this approach was driven home to me

‘ approximation of v9.02 . He looks the formula up in the example

when I discovered that students who could solve the above
exercise reliably, could not in fact handle problems of the
following type. '

Problem. I am interested in the behaviour of the
square-root function f(x) = ¥Xx in a neighbourhood of x = 9 .
In particular I want an approximation to v9.02 . Here's an
important idea. Straight line functions are very easy to
calculate with. So replace f(x) with the best straight line
function g(x) in a neighbourhood of x = 3 . (Choose graph (g)
to be tangent to graph (f) at x = 3 .) Calculate g(9.02) and
use this an approximation of £(98.02) . Use a simple property
of graph (f) to decide whether your approximation is high or
‘ low. Use some simple geometry to get a bound on your error.
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A student who has mastered (or is mastering) the
basic geometric idea of derivative (slope) should be able to
(and required to) handle the above problem. Once the idea is
mastered everything else follows, for example, the chain rule.

2. Recursive equations x_ = F(x ) often arise

in practice. Size at time n is detegmined gylsize at time
n-1l . What happens over time if we start at some value X, ?
The student should be asked to see what happens geometrically.
An idea of*great practical importance here is that of stability.

® %
Suppose X is an equilibrium point x = F(x ) . What

happens if we start at x*+s for small € ? The student should
explore this geometrically and with a calculator for particular
examples. He should perceive the almost linear convergence with
the calculator. He should be led, with his straight-line
approximation idea, to the standard theorem. (Try F(x)=(x2+3)/u,
F(x) — s F(x) = cos x with various starting points.)

3. Here is an excellent problem using the same ideas.
My friend has the following method of finding a fixed point of
a function F(x) . He programs his calculator to compute values
of F(x) and then, starting near the fixed point he is looking
for, he runs his program again and again (calculating F(x),
F(F(x)), F(F(F(x))) etc.) until the display stops changing.
He then has (an approximation to) his fixed point. Will his
method always work? What's happening geometrically? Suppose
you can calculate values of F'(x) as well as F(x) . Can you
think of a method of getting faster convergence?

4., How does the largest (real) root of the polynomial
x3-x2+ax-2 depend on the parameter « in a neighbourhood of
a = 2 ? {The student should do explorations with a calculator
and then come up with a theorem.]
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CHAPTER 3

Qualitative Behaviour (Global analysis)

Often it is important to obtain a general idea of
the behaviour of a function over a sizeable interval. Some of
the tools that are useful here are critical point analysis,
concavity, and asymptotic behaviour. It is important for the
student to have a good stock of standard examples whose
qualitative behaviour he understands [polynomials, rational
functions, trig functions, exp and log, square root, etc.]

There is far too little attention paid to results of
this nature in standard calculus texts. Often there are little
more than a few graphing problems. In the following I present
a few reasonable problems. I should like many more.

11.2 CLASS PROBLEM Here are some examples of qualitative results.
Decide, on the basis of your geometric experience whether or not
they are true. If they are false, draw the graph of a counter-
example. If they are true, ask whether or not you can find a
proof. By the end of this book you will have enough machinery to
prove them all (those that are true!), so come back to this
problem from time to time. Assume all functions are continuous
and differentiable.

1. A function defined on all of R which is concave-down and not
constant must assume negative values.

2.' If f 4is concave-up on [(0,») and not constant, then it is
unbounded.

3. If f 1is concave-down and bounded on T[0,») then it must be

asymptotic to a horizontal straight line.
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® ®
4. Suppose f(0)=g(0)=0 and f£'(0)>g'(0)20 . If f is strictly
concave-down and g is strictly concave-up then the equation
f(x)=g(x) must have a non-zero root.
S. If f and f" always have opposite signs (i.e.f"/f<0 if f#0)
on [0,») then f has infinitely many zeros.
6. Same as 5 with [0,») replaced by R .
7. Same as 5 with f"/f<ﬁ replaced by f"/f<-1 . [Can you
Athink of a function with f"/f always equal to -1?]

*g, If f#0 and f'(x)/f(x)<-1 whenever f(x)#0 , then f has

no zeros.

11.3 CLASS PROBLEM Qualitative classification of polynomials.
Let us suppose we are interested in classifying the graphs of
polynomials of a certain degree according to shape. So we are
not interested in where the graph is located with respect to the
axis but only in its shape. Thus we are not interested in the
sign of f, or its roots, but in its slope and concavity: the
sign and roots of f' and f" . Our objective is classify
polynomials by these characteristics: how many different types
are there and how do you tell to which type a given polynomial

belongs.
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A polynomial is monic if the coefficient of the leading
(i.e. highest order) term is one. We will restrict our consider-

ations to monic polynomials. All other polynomials are simply

- multiples (positive or negative) of monic ones.

Let us first look at degree 2: give a qualitative classification

of monic quadratic polynomials. That is to say, how many different
kinds of such polynomials are there, where we are only interested
in qualitative differences? The answer is simple enough: there
is only one kind. All monic quadratic polynomials'have graphs
which are qualitatively similar to the graph of y=x2. (In fact
even more is true; See 1.7). This qualitative type can be
described as follows: concave-up with slope increasing from
~» to = (i.e. unboundly large negative to unboundly large
positive.)

The situation for degree 3 is more interesting. Can you give
a qualitative classification of monic cubic polynomials? It turns
out'that there are three essentially different kinds represented
by the three particular graphs at the right.

Precisely what is it which distinguishes these curves
Qualitatively? When you have answered this question you should be

in a position to prove that every monic cubic polynomial is similar

A
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to one of these 3 types. In fact can you provide a simple rule
which, given a particular function f(x)=x3+ax2+bx+c » Will enable
me to quickly tell whether it is of type I,II, or III?

Now, when you have done this, you might try attempt a similar

classification of monic quartic polynomials. How many types? How

~do you tell the type of a given quartic?

11l.4 I am interested in the way in which the largest root of
the leynomial x3-x+a depends on the parameter a .

(a) If we let r denote this largest root, then r is a
function of a . Give me a qualitative description of this
functﬁon. Draw a rough sketch of its graph.

(b) Can you give me any quantitative information about r

For example can you calculate dr/da ?

11.5 A point P is a poiht of symmetry for a curve if for
every straight line through P , the set of points of inter-

section of the curve and the line is symmetric about P . Thus a

‘straight line is symmetric about any point on it, and an ellipse is

symmetric about its centre. From looking at the graphs of cubic
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curves, you might suspect that every cubic éurve is symmetric about
its inflection point. 1Is this true? If so prove it. [Hint. Make
life computationally easy for yourself! For example, by translating
the curve, you can assume that the inflection point is at the origin.
What does the general cubic polynomial with inflection point at the

origin look like algebraically!]

11.6 (a) If a polynomial p(x) contains only even powers of x
then its graph is symﬁetric about the y-axis. Interpret this
symmetry property‘algebraically and prove this simple result. Is
the converse true? Can you prove it? If you can't prove the
converse in general, try it for a particular class of polynomials,
say, all polynomials of degree U4

(b) Using the results of (a) find necessary and sufficient
conditions on the coefficients a,b,c,d and e for the

4 3 2

polynomial ax +bx°+cx“+dx+te to be symmetric about the line x=1 .

11.7 What can you say, qualitatively, about a function f(x)
which for some constant k satisfies the quation f'(x)=kf(x)

for every x . Draw pictures to illustrate the different

possibilities for f .
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CHAPTER <,

The Fundamental Theorem of Calculus.

m—

The idea behind the FTOC is powerful and pervades
much of Mathematics, but is rarely appreciated or even apprehended
by students who are usually taught a formula which they find
difficulty in remembering. The difficulty is often compounded
by presenting the students with two formulae, a first form and
a second form, both of which apparently must be memorized.

The idea in its most basic form is the following.
We are anxious to evaluate a quantity o . We recognize that
a 1is, in a natural way, the value of a certain function A(x)
at some point x = b . The function A(x) 1is no easier to
write down than the number «a s but the derivative A'(x) is,
for one reason or another, possible to find. We then try to
gét A(x) from A'(x) by antidifferentiating. If we can, we
then evaluate a = A(b) . In this form the idea applies to
- problems in physics, economics and biology to name just three

areas.

In the standard FTOC the quantity a to be determined
f(x) above an interval [a,b] .

is the area under a graph y
The function A(x) is taken to be the area above [a,x] and
A'(x) is seen by a simple geometrical argument (which need not
at this stage be done rigoriously but it can be easily seen to
require something like the continuity of f) to be f(x) . If
we can antidifferentiate f , we can find a = A(b) . The idea
is simple and geometrically compelling. Once grasped it will
never be forgotten.
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The underlying geometric idea that the derivative
of A 1is f should be discussed somewhat more generally. If

self at unit speed then the %

we have any planar region and
we generate area by moving a

straight line parallel to it-

rate A'(x) at which area increases is the width w(x) of the
cross-section at x . It is then a simple matter to up the
dimension by one, and notice that a volume generated by a

moving plane increases at a s(2)
rate equal to the area s(z) gEE%é;

of the cross-section at z . ‘sz

Armed with this idea it is a
simple matter to calculate the volume of the parabolic bowl
{(x,y,z)|x2+y2 <z< 1} . This is a problem which students
usually find almost impossible to do a year after they have
"learned how". They recall something about disks or cylinders
of width dz but can't remember how to write the integral.

Let me give one other example of the idea.
PROBLEM. Suppose p{x) is

the probability density function pex)
for heights of adult males in
North America. What is the ‘ = g

average height of this collection of males?

SOLUTION. Let me first emphasize that the student does not
need a comprehensive course in probabilities and expectations to
understand the problem. In fact such a course is possibly the
worst preparation. Everything can be carefully explained so

the student has a good feeling for just what the average height
should be. His problem is to find the correct mathematical
expression.
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Let H(x) be the average height of the subpopulation
of all males with heights between a and x . Let A(x) be
the area under the graph of p above [a,x] . We want H(b) .
Let us find H'(x) . For any h > 0 , H(xth) is a weighted
mean of the average heights of men in [a,x] and those in
[x,x+h]l] . If h 1is small the first group has average height
H(x) and the second has average height approximately x . Thus

H(x+h) = AGH(X) Z(:Eg§x+h)#A(x»

A(x+h)H(x+h) - A(x)H(x) % x(A(x+h) - A(x))
if we divide by h and take limits we get that A(x)H(x) has

derivative xp(x) . Then H(b) = fb xp(x)dx , since A(b) =1,

a
and H(a) = 0,

Peter D. Taylor
Department of Mathematics and Statistics
Queen's University, Kingston, Ontario
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Does Calculus Have a Gist?

The Chain Rules and the Fundamental Theorem

As an application of the "weakest 1link" principle, from
the purely logical point of view every part of a proof is just
as important as every other part, and every part of a logically
connected structure is just as important as every other part.
But, especially in the matters of pedagogy, understanding and
exposition, the purely logical point of view is far from
adequate. 42 years ago, H. Weyl wrote, in the Preface to his

"The Classical Groups",

"The stringent precision attainable... has led many authors

to a mode of writing which must give the reader an impression

of being shut up in a brightly illuminated cell where every

detatil sticks out with the same dazzling clarity, but without

relief. I prefer the open landscape'.
Weyl's concerns are still generally valid today, and nowhere
more so than in the realm of introductions to Calculus, the mode
of whose lengths appears to be approaching 1000 pages. The need
for salient features is particularly great in works of this
magnitude. Unfortunately, the greater the need the more they
tend to get buried in the great mass of detail. Yet, who will
cast the first stone, in view of current market demands for

such works? And who will step forward and advise an author

of a text of pyramidical (the Egyptian variety) magnitude
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that quite a few things should have been said, or emphasized,
that weren't? 1Indeed, there may be an element of perversity

in all this, as was revealed to me by a colleague in saying

"I like these texts for my courses - they make me feel needed."
Unfortunately, ideal lecturing conditions are becoming just as
remote as the conditions needed for writing a good text.
Fortunately, there may be a way out via articles in expository
journals: at least we can try.

What characterizes good exposition is in part the extract-
ion and presentation of a gist (or essence) of an argument or
structure. This may stand on its own, or it may be a helpful
preliminary to detailed logical analysis. For definition
addicts, we may define a (note thé indefinite article) gist as
a part (preferably small),'the knowledge of which makes it very
much easier to understand the whole - in Mathematics a really
good gist reduces the rest of the story to familiar routines
(perhaps strenuous, but not difficult). The concept is clearly
not at all precise, and is psychological rather than logical.

Our thesis here is that the overall structure of Calculus
has a gist, consisting of the Chain Rules and the Fundamental
Theorem, and that this gist has itself a gist, consisting (in
a sense) of a simple algebraic identity. The details are all

enshrined in the literature, but too often buried or implicit.
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Qur task is the modest, but, it is hoped, useful, one of
shining a .spotlight in order to counteract the deadly evenness
of illumination to which Weyl referred.

More important still is the role of gists in the creative,
rather than expository, process. Here they are indispensable,
as they are all that is available when a result or topic is
taking shape for the first time. For mathematicians this goes
without saying (and hence isn't said) - but for their students
it usually has to be pointed out.

Our main message is in I. In II we focus on the Fundamental
Theorem by itself, connecting it with summation by differences.
III is a variation of II, with emphasis on how one might be led

to the Fundamental Theorem.

A significant part of the overall structure of Calculus
is an exploitation of one trivial algebraic identity, which

we write in the form

(Here, Ay and Ax, and At to follow, have the interpretation

of increments in the variables y, x and t. These are assumed
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to be related in the usual way: the present article is

written for teachers, who can fill in the details themselves.)

1.

If we divide both sides by At, and take the 1limit as the

A's all approach 0, we get The Chain Rule of Differential

Calculus,

Dy = Dy-.Dx
t x t

(under certain conditions).
If we multiply both sides by £(y), and take the limit
of the usual sum (the details will be familiar to the

reader) we get The Chain Rule of Integral Calculus,

q x
j £(y)dy = [ 1 £(y)Dy dx
P Xp X

From the Chain Rule of Integral Calculus, the Fundamental

Theorem follows almost trivially.

q Y=q
If F' = £, then J f(y)dy = I 1 dF(y), by the
P Y=P

Chain Rule as in 2, and the right side, from the definition
of the integral, is at once seen to be F(q) - F(p), as

required.

It is of course true that many details need to be filled

in in order to produce acceptable proofs of these three theorems.
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But this does not adversely affect the expository value of
such a treatment - in fact, it is in large measure a corollary

to the '"spotlighting" approach.

II

We continue with another "proof" of the Fundamental
Theorem which is revealing in other ways. It involves a
result which captures a significant part of the Fundamental
Theorem, but which is so simple that its proof is, literally,

trivial, even in complete form.

7/\

1

1

1

! N
a ¥/ 4 ’

In the situation pictured,

F(b)-F(a)

AF

_ AF
—-A—X-AX

[average rate of change of F(x)]Ax

H

(so far: no sums or limits)

A slight elaboration looks more like the familiar theorem.

We consider n steps instead of one.
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> X
F(b)-F(a) = A1F+A2F+...+AnF
(note that this expresses the sum of a telescoping series)
= éli A.x + 22t A, x+ +AnF A X
Ayx 71 A,x =27 """ A X "n
1 yA n

"
e

[{th average rate of change of F(x)]a;x
1

i
This result is exact and trivial (one is embarrassed to write
it out), yet it very strongly suggests the Fundamental Theorem
o .
F(b)-F¢a) = f F'(x)dx.
a
This approach to the Fundamental Theorem, which can be
expanded to a complete proof, shows it to be the telescoping
series (summation by differences) method of summing a series,
with a limiting process (not at all trivial) thrown in. The

"cute trick" part of it involves using the derivative to get

the telescoping effect.
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IT1I

We conclude with an adaption of II which suggests how
one might be led to the Fundamental Theorem

b

fa f(x)dx 1is a limit of a sum. Let us ignore the limit

and concentrate on the sum,

n
) f(xi)Aix (with the usual meaning).
i=1

The method of summation by differences suggests looking for an

F(x) such that f(xi)Aix = AiF for i =1,...,n. The sum will
then be simply the total change in F(x), namely F(b)-F(a).

But the above equality amounts to

iF
f(xi) = :;E .

[

Ultimately, DX is to tend to 0. This all suggests that
we try an F(x) such that f(x) = DXF(x). Reversing direction,
we are led to the Fundamental Theorem, and a proof of it along
the tines of II.

A criticism of the point we have been making is sometimes
given on the grounds that it is trivially true that every

argument has a gist - one needs only to take a few trivial



48.

steps in the proof and call them a '"gist'. But our definition
of a "gist" contains the phrase ''the knowledge of which makes
it very much easier to understand the whole". Judgment as to
whether this requirement has been met is no doubt largely sub-
jective, but this does not make it meaningless. In fact, it is
this kind of judgment which one must come to grips with in the

art of teaching mathematics.

R.A. Staal
Department of Pure Mathematics
University of Waterloo
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Applications of Méthematics

More Discrimination is Needed

Much recent discussion about mathematics education
has to do with applications. Our thesis here is that the
total range of "applications of mathematics" is so vast and
varied in both substance and nature that it doesn't make
sense to lump all applications together for the purposes of
mathematics education - as if théir mere applicationhood was
sufficient to make them valuable.

There is a wide variety of qualities which applications
of mathematics can possess, and a full appreciation of this
variety is necessary if our assessment of the role of applicat-

ions is not to be naive.

1. Being internal to mathematics. (e.g. algebra applied to
geome try)
2. Meeting needs.

3. Being in demand. <(not the same as 2.)

4, Increasing our technological power.

5. Contributing to our understanding of the world.

6. Being technically interesting in themselves.

7. Generating new mathematical concepts.

8. Providing intuitive interpretations of mathematical

concepts and results.
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9. Being good examples of the activity of mathematizing.
10. Bringing various areas of mathematics into interaction
on a common problem.

11l. Being essentially branches of mathematics themselves.

What matters is how we respond tc these various qualities.
Which are most important for the kind of mathematical education
we have in mind? Do we equate applicationhood with having
utilitarian value? (A fundamental mistake.) Does the pure-
applied dichotomy correspond to the dichotomy of intellectual
and academic - practical and real-world? (The same mistake.)

Attention to such issues should help, among othef things
to avoid the prevalent misuses of "applications": pseudo-
applications masquerading as applications; applications
pretending to be real motivations when they are not; applicat-
ions emphasized in a way which is, without justification,
condescending toward pure mathematics.

As a limiting case, and in order to avoid being misunder-
stoocd, we mention that of the "null application". Any
discussion of the role of applications must acknowledge the
fact that mathematics which is devoid of external applications
is far from useless or trivial. Moreover, in the form of
games or puzzles, some interest in this kind of mathematics is
close to being universal. It has an Important place 1in

mathematics education.
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A broader classification 1s the following. Applications
of mathematics are studied for two reasons - utilitarian and
intellectual (academic). In the latter case, applicationhood
is not what is significant. Perhaps in this case one should
refer, not to "an application of mathematics" but rather to
"an application-generated mathematical theory'". What one
studies 1s then not the application, but the mathematical
theory.

We conclude with a few brief comments on 1-8. 9, 10, 11

do not seem to call for any remarks.

1. Such applications should be sought out and pointed out
more often than is generally done.

2. (Note that we are not identifying needs with mere desires
or with what is marketable.) Such applications are, at
least in the long run, related to the socilal function of
mathematics. Their power to motivate is very great, but
their role within a particular course of mathematics 1is
less obwvious.

3. Here there will be pressure from outside to include such
applications in our teaching. Since time is limited, and
so many applications are of greater educational value,

being in demand, by itself, shouldn't count for much.
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The value of technological progress, in itself, is of
course debatabtle. But it usually comes with other values
attached: the important thing is thét these should be
recognizéd.

There is a whole spectrum of ranking within this category.
At the top are those applications which have to do with
the most general (and hence most significant) truths -

usually referred to as laws of nature. The downward

direction is that of increasing particularity, or decreas-
ing permanence. Such applications have a special status
with respect to the aims of a liberal education.

An application can be of value solely on the grounds of
providing a challenging problem with an interesting
solution.

To the mathematician, this quaiity is the most important
of all.

Here again the focus is on the mathematics. A classic
example arises out of the flow of an incompressible fluid
in a plane: this gives a powerful intultive grasp of the
notion of complex integration, and even of a number of

important theorems.

R.A. Staal
Department of Pure Mathematics
University of Waterloo
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The following article, by Mario Lavoie, is a good example of how
a particular application can combine many desirable qualities. Such
examples of the setting-up of a differential equation are seldom
attempted at the level Prof. Lavoie has aimed at: this ig§ unfortunate.
Timing is not our primary concern here, however.A

The setting-up of this differential equation, beginning with a
physical situation which should not be beyond the grasp of an intelligent
18-year-old who has had some common, everyday, experience with fluids,
thick and thin , is a fine example of mathematization, is significant
in that it involves a property (if not a basic law) of nature, has a
strong component of geometrical intuition, can be used to give rise to
the concepts of differentiation and integration, and itself has practical

applications.
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APPENDIX D

Objectifs de 1'enseignement du calcul différentiel et intéqral au
collégial.

Avant de donner une application du calcul différentiel et intégral et
d'en discuter les mérites, nous allons d'abord donner la problématique
dans laquelle celle-ci va s'insérer. A priori, nous nous limitons &
1'enseignement du calcul au niveau collégial. C'est-d-dire au niveau
des Cégep pour le Québec et & 1a dernigre année de "high school" et a
la premiére année d'université pour les autres provinces. A ce niveau,
trois objectifs fondamentaux militent en faveur de 1'existence de cours
dans cette discipline. Le premier est: (i) 1'importance culturelle que
cette discipline a prise dans notre société. En effet, point n'est
besoin d'une recherche exhaustive pour se rendre compte que cette dis-
cipline est omniprésente dans les sciences physique et naturelle. De
plus, le XXiéme siécle a vu les sciences humaines découvrir et utiliser
de plus en plus cette discipline. Ainsi considére-t-on aujourd'hui
comme presqu'indispensable de comprendre cette super technique. Ceci
nous introduit au deuxieme objectif. I1 s'agit (ii) de 1'immense
potentiellité de transferts de cette discipline & d'autres sphéres
d'activités humaines. Mais pour que ceci puisse se réaliser il faut
pousser un peu plus loin la connaissance interne de la discipline et
déboucher sur (iié; 1'analyse da2s techniques propres du calcul diffé-
rentiel et intégral.

Dans ce contexte, 1'application que le physiologiste frangais Jean-
Louis Poiseuille a publié vers 1846 est trés éclairante. Attardons-
nous y quelque peu. Mais avant, il est bon d'exprimer clairement que
pour nous, cette application n'a pas un caractére de nécessité absolue
dans un cours de calcul différentiel et intégral, mais qu'elle repré-
sente un archétype d'applications qui se doit d'&tre explorée dans un
tel cours, de méme que d'autres.
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Application @ la dynamique des fluides: Vitesse d'écoulement d'un

fluide visqueux dans un tube

Lorsqu'un fluide s'écoule dans un tube ou un autre récipient, c'est
qu'une force agit sur ce fluide. Essayons de cerner d'un peu plus

prés la force nécessaire pour déstabiliser ce fluide. Disons d'abord,
qu'elle doit surmonter la force de résistance due a la "viscosité"

du fluide. Comment ceci peut-il se modéliser mathématiquement? Un

gaz ou un liquide circulant dans un tube ou dans un récipient quelconque,
forme une mince pellicule adhérant a la paroi du récipient. La force
requise pour produire 1'écoulement du fluide est celle qu'il faut
fournir pour faire glisser le fluide sur la couche stationnaire. De la
méme fagon, on peut modéliser un écoulement continu uniforme par un
empilement de couches de fluide qui glisse les unes sur les autres.
C'est ce qu'on appelle un &coulement laminaire (voir figure 1 a). Dans
ce contexte, la force produisant un &coulement du fluide est définie
comme &tant la force requise pour produire un glissement d'une couche
par rappdrt d 1'autre. Elle est donc fonction de 1'endroit du fluide

ol elle s'applique. Intéressons-nous maintenant aux facteurs pouvant
déterminer la force due 3 la viscosité. Dans le contexte qui nous
intéresse, c'est-a-dire ol il n'intervient pas de grande masse de fluide,
ies facceurs qui semblent les plus importants sont: (i) les aires des
couches de fluide qui seront potentiellement en contact, (.ii) la diffé-
rence des vitesses de ces couches et (iif) la distance entre ces couches.
Les deux premiers facteurs étant proportionnel @ la force tandis que le
dernier lui est inversement proportionnel, c'est-a-dire que la force due

a la viscosité est proportionnel i A§v£:+ﬁrgr-—v£;)) Notons v le

facteur de proportionnalité, qui dépendra entre autres choses du fluide
que 1'on étudiera. On 1'appellera le coefficient de viscosité ou
simplement la viscosité du fluide. Comme notre intérét est d'estimer
la force nécessaire pour faire glisser une lame de fluide sur une autre

ayant comme seule force contraire la force due @ la viscosité, nous
définirons la force d'écoulement au niveau r par la limite lorsque 1la
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distance tend vers zéro de moins v fois 1'expression précédente,
c'est-a-dire la force de viscosité au niveau r mais en sens contraire;

fo(r) = -f,(r) = - 1im, vA(v(z:ﬁzl_;)v(r)) =-VA %¥j(r).

I1 est & remarquer que les expressions précédentes sont constantes par
morceau et que les intérva]]es de constances sont de 1'ordre de grandeur
de un (1) angstrdm(A) (10'8 cm), ce qui est le diamétre d'une molécule
de fluide et indique 1'épaisseur de la couche de fluide.

Considérons maintenant un tube de longueur £ et de rayon R (voir figure
1 b).

FIGURE 1 a)

FIGURE 1 b)
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Supposons qu'un fluide coule dans ce tube et que cet é&coulement soit
causé par une différence de pression P aux extrémités du tube. Ceci

a pour conséquence de créer un écoulement ayant une vitesse uniforme,
lorsqu'il est compensé par la force due @ la viscosité. Comme on 1'a
vu précédemment, la viscosité du fluide entraine la création d'une
couche de fluide qui adhére au paroi du tube. Ainsi le fluide doit
étre poussé dans le tube par une force qui doit compenser la force

de viscosité. Dans le cas d'une force due & une différence de pression
et dans le cas d'un &coulement continue et uniforme, cette force pousse
sur le cylindre central de rayon r, avec 1'intensité fe = P(NIr2). Celle-
ci n'est compensée que par la force de viscosité située @ la couche
laminaire de rayon r qui, on 1'a vu, vaut fv = v(20re) %% . Cependant,
a cause de notre modélisation, cette derniére force est constante par
morceau. Comme ces morceaux sont relativement petits, on laisse varier

contihﬁment fv dans 1'équation fé = —fv, r ¢ [0,R]. Ceci donne que

gX-(r‘) = - EG£' pour 0 < r < R et par la technique de 1'antidérivée
on obtient v(r) = Z%f (R2-r2) pour 0 < r < R, puisque v(R) = O.

I1 est & noter que la dernigre hypothése concernant la continuité de
la force fv peut facilement &tre enlevée, en utilisant un ordinateur,
ou méme une calculatrice de poche programmable.

Le profil d'écoulement correspondant & un écoulement laminaire est
représenté par la figure 2 a). Cependant, pour fin de complétude, on

I\
3\
>/

Il

0]

lignés\'* profil de la
d'écoulement vitesse

& S0 =a, —

—_—Zs- —_/
profil de Ta. Tignes

vitesse d'écoulement

FIGURE 2
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se doit de mentionner que ce ne sont pas tous les é&coulements qui

sont laminaires ou visqueux comme on les appelle souvent. On constate
empériquement que les &coulements visqueux ne se produisent que pour
des tubes de petits diamétres et de flux de faibles intensités. Les
autres (voir la figdre 2 b) produisent un &coulement que 1'on dit
turbulent et que notre modéle est impuissant & simuler.

Stratégies d'enseignement

L'application que 1'on vient d'étudier offre plusieurs possibilités en
ce qui concerne 1'enseignement. D'abord il est incontestable que le
résultat ait une valeur objective. Ceci est fondamental lorsqu'on
enseigne @ de jeunes adultes. De plus, cette application peut facile-
ment déboucher sur des applications aussi concrétes que 1'E&coulement

du sang dans les artéres et les veines et le probléme de 1'hypertension
(cf. Nathaniel A. Friedman, Calculus and mathematical models, Prindle,
Weber & Schmidt, Boston, 1979, p. 331-333). Cependant, 1a ne s'arréte
pas la valeur pédagogique de cette application. Si on y regarde de
plus prés, on s'apergoit que 1'on peut utiliser cette application pour
introduire la notion de Jdérivée. En effet, en utilicent 1’'approche
"par résolution de probléme" qui consiste & faire dégager les idées
fondamentales & partir de situations concrétes et de 1'analyse de
celles-ci, on guide 1'étudiant vers la notion de gradient "moyen", puis
presque par la force des choses, vers la notion de gradient "local”.

En répétant ce processus avec d'autres applications ou problames on
peut dégager la notion de dérivée. De plus, s'ajoute a cela le fait
que 1'équation différentielle qui simule la réalité objective est
particuliérement facile @ résoudre et peut donc servir lors de 1'intro-
duction des primitives. Disons pour terminer la liste des avantages

de cette application, que lorsque ce résultat est acquis on peut 1'uti-
liser pour simuler le flux d'un fluide visqueux dans un tube, produit
par une différence de pression aux extrémités du tube et obtenir ainsi
une application de 1'intégrale (cf. Nathaniel A. Friedman, p. 331).
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Si on change notre point de vue pé&dagogique comme on 1'a fait précé-
demment, on obtient alors une nouvelle fagon d'introduire 1'intégrale.

I1 est @ remarquer que ce type d'applications ne couvre pas toutes les
facettes de la dérivée ou de 1'intégrale. Par exemple, pour la dérivée
la facette de la meilleure approximation linéaire n'est absolument pas
couverte, tandis que pour 1'intégrale c'est 1'aire sous la courbe qui
n‘est pas touchée. I1 faut donc faire bien attention lorsqu'on choisi
ses applications ou problemes pour que chacune des facettes des grandes
idées y soient représentées.

Mario Lavoie
Université du Québec 3 Rimouski
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CMESG/GCEDM 1980
Working Group B

APPLICATIONS OF MATHEMATICS FOR HIGH SCHOOL STUDENTS

Leader: Eric Muller

The group had available recent references on the subject and a number of
articles, bibliographies and written comments were circulated. For a list-
ing see the Appendix. Possible directions of study were explored and the
eroup decided to devote its time to two main activities:

(a) The isolation of thos properties which are essential for
a "zood" application.

(b) The actual posing and solving of a number of applications.
In this way the group hoped to test, in a limited way, the
properties isolated in (a) and also hoped to generate new
properties.

By the end of the three days of activities the group had agreed that the
following properties were of importance:

(1) Better applications involve and challenge the student at his
level of mathematical maturity.

stood quickly thereby allowing for a fairly rapid formulation
of a problem whose solution is not immediately obvious, i.e.
challenges the student as specified by (i).

‘ (ii) Better applications are such that the situation can be under-

(iid) Better applications have an element of surprise: '"Oh, I didn't
expect that!' - even though the student may have not expected
anything else.

(iv) Good applications lend themselves to ''what if' questions,

i.e. more general or more specific problems which the student
can raise.

(v) -Good applications invelve the student in an activity which is
not purely mathematical, i.e. the application should not deal
purely with abstraction, the application should alliow for use
of materials.

(vi) Good applications do not define a problem too specifically,
i.e. they should allow for the sorting out of relevant infor-
mation, sheould allow for different assumptions and different
approaches both in the problem formulation and in the solu-
tion stages.

The activities of the group underlined the tremendous difficulties which arise
when presenting an application, either in written form or in a teaching situ-
ation.
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Of significance in a teaching situation, the application, even if it had all
. the ingredients mentioned above, becomes another exercise in mathematics if

(a) the application is taught as a mathematical problem (with a
specific solution and drill in mind) i.e. the student is not
allowed freedom of choice of interpretation or procedure;

(b) the class is expected to reach a certain stage of solution by
such and such a time;

(c) interaction between students is not permitted;

(d) the teacher disallows any direction in which he/she is uncertain

whether it will proceed to a solution or whether a solution
exists at all;

(e) forbids related activities - cutting paper, rolling dice, using
bicycles, jig saw, etc.

There appears to be a reluctance on the part of those who '"teach' applications
to describe them in writing. Once the application is frozen on paper teachers
use them as another textbook problem with many of the failures listed above.

The group enjoyed three major activities:

(i) The design and analysis of a template to maks right angle
bends in circular heating pipes - an application identified
by Mike Silbert, Hamilton Board of Education.

(41) Loooking at the guestion "When you buy a 10 speed bike, are
. you really getting a 5 speed bike?" proposed by Hugh Allen.
(iii) Analyzing the game of coin tosing on a regular square grid

g g g q g

which one sees at carnivals. The aim was to determine when
the game would be fair.

Participants in Working Group B

Hugh Allen
André Boileau
Marin Hoffman
Saroop Kaul
Eric Muller
Tom O'Shea
Steve Whitney
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APPENDIX

Recommended reading for the group:

1. "Applications: Why, Which, Hew'" by Richard Lesh
in Applications in School Mathematics. NCTM, 1979 Yearbook

2. "The Process of Applying Mathematics' by H.O. Pollak in
A Sourcebook of Applications of School Mathematics.
Joint MAA and NTCM publication, 1980
3. "A Classroom Teacher Looks at Applications" by Pamela Ames in

A Sourcebook of Applications of School Mathematics.
Joint MAA and NTCM publication, 1980

4. Biblicgraphy from the NCIM 1979 Yearbook

5. Bibliography from MAA and NCTM publication, 1980

References
1. Applications in School Mathematics. 1979 NTICM Yearbook
2. A Sourcebook of Applications of School Mathematics. Joint MAA

and NTCM publication

3. ‘"Applications of Mathematics: Development Project”™ The Board of
Education for the City of Hamilton

(a) Set 1 for Intermediate Grades
(b) Set 2 for Senior Grades

F. Mosteller, W. Kruskal, R. Link, R. Pieters and G. Rising. Statistics
by Example, 4-volume series

I~

Math Sciences: Roundtable, 4-volumes

w

6. The UMAP Journal, Vol.l

7. Michael Olinick. An Introduction to Mathematical Models in Models in the
Social and Life Sciences

A number of sessions at the Fourth International Congress on Mathematics Educa-
tion (Berkeley August 10-16, 1980) addressed the topic of Applications. At

one of these sessions, Professor Max S. Bell, University of Chicago, circulated
a listing entitled "A Preliminary Survey of Materials available world wide for
the teaching of applications at the school level',



CMESG/GCEDM 1980
Working Group C

GEOMETRY IN THE ELEMENTARY AND JUNIOR HIGH CURRICULUM

Report edited by D. Lunkenbein and A, Boswall

1. Introductory rvemarks-approach to the discussions

Although there seems to be unanimity among the people concerned
that gecometry should be an essential part of the clementary and
junior high school curriculum, it scems to be quite impossible
to find a similar consensus about the particular contents and

the various ways of teaching geometry at these levels.

In the past the teaching of geometry at these levels has been
restricted to some exploratory activities with more or less
particular geometrical shapes in preparation for mecasurement
activities like length, area and vclume, thus missing out on
what many mathematics educators or curriculum experts of today
would think of as essentially gecometrical activities for younger
children. What are these essentially geomectrical activities?
Are we able to describe them - at least by presenting scme

characteristic examples?

Some recent statements concerning the goals of cducation in

. . 1 . . A ) )
this field™ indicate rather clearly a broadening of the content
and philosophy of geometry teaching in clementary and junior

high schools, but they still leave us with what onc could call

- 1. v.g. Activités géométriques a 1'élémentaire, Fascicule F du
guide pédagogique en mathématique pour 1'élémentairc, 5Se ver-
sion, sept. 1976, p. 8 ff, Gourverncment du Québec, Ministére

de 1'Education, Dircction générale du développcment pCdagogique.



two major problems of geometry teaching at these levels:

‘ (1) an absence of well defined, gencrally accepted

subject areas; there is a lack of consensus about

curriculum content in terms of desirable geometrical
activities and in terms of the goals of geometry

teaching;

(ii) an absence of structuring guidelines for geometry

curricula; what are possible structuring criteria
specific to geometry curricula (stratcgics, goals,

skills and tools to be developed)?

In such a framework of questions and problems, complemented
1

by resource readings of two papers by David S. Fielker™ and
.. 2 5 . . ]
by Isaak Wirszu the work of the groun was orilented towards
3 e i

two levels of considerations:

(1) discussion (description, analysis, criticism, ctc.)
‘ of proposals for speccific concrete gecometrical
activities;

(11) more general discussion related to threc major
areas of concern to the participants of the
group:

What 1s a ''good geometrical activity'?

- What are possible goals, tools or skills

to be developed 1in geomctry teaching?

- How can more geometry be introduced into

the classroom?

1. David $. Tielker, Strategics for Tcaching Gecometry to Younger

Children, Educational Studies in Mathematics, Vol 10, No. 1,

Feb. 1979.

. 2. Isaak Wirszup, Breakthroughs in the Psychology of Learning

and Teaching CGeometry, in Larry Martin, editor, Space and

Geometry, ERIC/SMEAC Center for Science, Mathematics and

Environmental Education, Columbus, Ohio, 1976.
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Concrete geomctrical activities

Two concrete geometrical activities were cxplored, investiga-
ted, analyscd and compared. They gencrated and supported
most of the more general contributions, so that it would

seem 1lmportant to report, at least briefly, on their nature

and on the discussions they stimulated directly.

Fitting together equllateral triangles

Starting out with a collection of commercially available!
equllateral triangles made of plastic, which can be hinged
together along theilr sides, the initial task was to explore

the nature and varlety of geometrical shapes that can be

created with this material. Among the suggested areas of
exploration or‘investigation were two or three dimensilonal
shapes, polyhedra of various sizes and shapcs of faces, polvhedra
whose faces are all congruent equilateral triangles (deltahcdra),
open and closed shapes and their stability, etc. The largc
number of different directions which investigations could

take from such an initial exploratory situation was apprecciated
as an 1mportant characteristic of this activity. An
investigation of convex deltahedra’ was then pursued 1n more
detail in order to indicate some possibilities of organising
and systematising initial explorations, to show tho gradual
recognition of discriminating and unifying propcrtics of
such geometrical objects, and to appreciate the mathematical

and geometrical character of such an activity.

TRI LOGIC, Mag Nif makes it, Mag Nif Inc., Mentor, Ohio 44060.

An example of such an investigation 1s described 1in

D. Lunkenbein, Groupings in the process of concept formation,

to be published in FLM (For the Learning of Mathecmatics),
1980/81.
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This activity was then discussed and described as onc that
immediately stimulated actual physical constructions, which,

in turn, gencrated the realisation of scveral possible avenues
for more directed investigations. Thc pursuit of any onc of
these directions generated an organisation and systematisation
of concrete and mental actions, leading to the emergence of
concepts and their development, thereby initiating a process

of mathematisation. Geometrical objects, being first created
physically, then more and more visually, were acted upon
physically and mentally to explorec variations and rcgularitics
in their properties. In this way concepts were clarified

or enlarged, and spatial visualisation was forced, particularly
when communicating the results of the investigations.
Furthermore it was observed that the activities stinulated or
the notions developed were not exclusively of a geometrical
character. For example, geometrical and arithmetical ‘
activities or notions may be intimately intecrrelated. In order
to count systematically the faces of certain polyhedra, one

has to conceive spatial relations between the faces and,

on the other hand, the comparison of various aspects of

polyhedra may lead to the realisation of number patterns.

Exploring polyhedral shapes

A collection of wooden blocks representing various polyhedral
Shapesl was given to the participants in several excmplars.

In order to contrast this situation with the preceding one,

no suggestions for particular activities were made, so that

the reflcctions of the group were directed toward possible uses

of such a material for geometry tcaching and lcarning.

(kg
[aB
-
@]
i

D. Lunkenbein, Polyédres - Ensembles de 26 blocs nolye

[N

Dépt. de mathématiques et d'informatique, Universite dc
Sherbrooke, Sherbrooke, P.Q. - This material and some of 1ts
intentions are described in D.Lunkenbein, II.Allard, C.Goupille,

P.Allard, Polédres - Rapport de recherche, Rapport no 20, Dépt.

de mathématiques et d'informatique, Université de Sherbrooke,
Sherbrooke. P.O.
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Contrary to the preceding activity, which stimulated recactions
of a constructive mode, this situation provoked rcactions
of a more observational nature. These objects primarily

appealed to an aesthetical sense, whercas the precceding

situation stimulated interesting activitics. The varicty

of given shapes, confusing initially, generated comparison
activities and forced the observer to recognise, to see,

to concelve qualities and propertics. The approach to
"'noticing the geometry'" seems to be observational, through
looking at objects from a geometrical point of view, which

1n turn may be the origin for various manipulative activities:
verification of qualities, classification, ordering, ctc..
Activities like counting the number of faces, reconstructing
blocks out of different materials, making or recognising
drawings, etc. contribute in various ways to the ability to
"see things' and to the development of spatial perception

. 1
and of gecometrical concepts™.

The comparison of both activities brought out significant
differences in their appeal to the lcarncr, in the activitics
stimulated and the goals pursued, and, finally, in the ways
they could be used as tools for teaching. In the first
activity the learner feels much more in control of the
situation, constructing and creating geometrical shapes and

a geometrical environment by himself, the latter gradually
unfolding in variety and complexity as he continuecs his in-
vestigation. In the second situation a complex geometrical
environment 1s imposed on him, which he has to adapt to

in order to control it. In the first activity, the learner

Some research findings in this context are reported 1in

D. Lunkenbein, Observations concerning the child's concept

of space and 1ts conscquences for the tcaching of geconmctry

to younger children. Contribution to the mini-conference

on "The Decvelopment of Children's Spatial [deas', ICML [V,

Berkeley, 1980.
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takes the initiative and makes things happen, wherecas in the
second he is, initially, somewhat outside of the situation

in front of him and has to observe what has happened before he
makes things happen himself. So these activitics call on and
foster different abilities, thus appealing differently to the
individual learner.. Although.allowing for a great variety

of investigations, the first activity is very much determined
by the availability of a particular material and restricted
as to the geometrical content that can be derived. It
primarily serves as an example of a creative mathematica
activity directly stimulated by a concrete manipulative
activity. The second situation, less determined by a
particular material, may open a much broader conceptual
domain to the learner but 1s more dependent upon teaching
interventlons to stimulate rewarding activities and

conceptualisations.

Some general thoughts on gecometry learning and teaching

In the following we attempt to sum up some of the more
general ideas that emerged from the discussions of the
preceding examples. They arce groupcd in thrce major arcas

of concern to the participants.

What is a '"'good geometrical activity'?

Since geometry 1s part of mathematics, a geometrical activity
has to be considered as a mathematical activity. It 1s an
activity of the individual which, in school, is to be
stimulated, entertained and directed by a process of teaching.
Whether or not such an activity is a ''good" one, a rewarding
one, depends very much on the individual., Hence, to

describe or to develop criteria for a good mathematical

]

(geometrical) activity becomes a rather subjective enterpris



One has to reflect on personal experience in order to
describe and cvaluate the quality of onc's rclations with

geometry or mathematics.

"Perhaps 1t is, for such an enterprise, as it is in life:

if we hold someone dear, it is easy to tell of the qualities
of the loved one; but if, conversely, we draw a list of
marvelous qualities and then search for a person with these
qualities, such a person might not be easily found. The
discussion on geometry and on geomectrical activitics showed

'

that we all have had some '""love affailir' with geometry;
O J 2

what we said, very often, was quite similar, but the expericnces

we referred to were very diversified.

Among the similarities of what we spoke of, three important

elements were noticed:

First, it seems that each one ot these experiences
offered some early success, if not immediate
gratification of some kind. Otherwisc we would
have stopped and would not have invested a little

f our encrgy.

Second, such experiences contained a certailn
evolution: just like gecing along a road when
the view suddenly opens on an attractive
(conceptual) landscape giving us the assurance

that nature is offering its richness and that

we will spend a nice day here.

Third, after having been caught by this landscape
or in this "love affair" with a piccec of geomectry,
the experience culminated in some kind of pecrsonal
gain. The richness of the cxpericence, its
diversity, led to an insight which was felt to be
essential. ltaving climbed a mountain wec recached

the top to discover the whole region in a singic
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vision, dlscovering pcrhaps that our path
toward the summit was not thec best or the
easlest one now that many paths were seen to
converge there. We stood a while for joy and
rest but, finally, left and went away because
all adventures must come to an end and acquire

the lightness of a memory.

So, for a geometrical activity to become a "good" one for

some 1individual, it has to offer the learner the possibility
of having his own 'naive love affair' with geometry. In order
to be able to judge an activity for such potential, the

fon
1
1

teacher must have had some appropriate expericnce. hen
he will be able to choose, from his own experience, what
he feels can quickly turn into a success, engage his students
in a self-rewarding intellectual adventure and lcad them
toward those subjects enclosed in curricula that are believed

to be of some importance". (Fernand Lemay)

Furthermorc, a good geometrical activity, which has to be
an acceptable challenge to the learner, seems to be stinmulated

by a situation, which demands action. Such action 1

‘N

generated by seeing how things are, and the things that might
be done. Such original vision seems to be individual, so
that the same situation may stimulate onc person 1into action,
while another stays inactive. Action, gecncrated by vision,
in turn makes such vision grow and increases the potential
for further action. The growth of vision i1s an indicator

of success in teaching.

Geometrical perception, as an important goal of the teaching
of geometry, seems to develop from action. It can be
considered to be an action itself, grown out of material
dependency into a way of grasping something, which we can
take with us all the time wherever we go. The development

of geometrical perception is seen as an acquisition of pecrsonal
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power, which renders the student more compctent 1n the usc
. of himself. It contributes to the growth of the person,

who can now enter into more dialogues with reality.

3.2 Goals in geometry teaching - some tools or skills to be

developed

Intimately related to the preceding question is the specifi-
cation of goals in geometry teaching or of tools or skills
to be developed which would provide some criteria for
judging the nature or the value of an activity 1n geomctry.
In a first attempt to explicate some of these criteria a
list1 of items was presented and discussed, ranging fron
general educational goals to specifically geometrical tools.
In this list, goals and tools are not well differentiated,
since a goal when reached may turn into a tool to be used
and since the development of tools is to be considered an
important goal of mathematics teaching. This 1list of
‘ 37 items by no means pretends to be complete or exhaustilve.
It is to be considered as a first attempt to provide an
instrument that would help to develop and to appreclate
""good'' geometrical activities as particular mathematical

activities in an overall process of education.

AL Educational goals/tools
1. Enjoyment 4, Confidence in a [field
2. Excltement 5. Desire to communicate

3. Desire to explore

B. Mathematical tools also applicable to geometry

(general mental activities)

6. Pattern spotting

. 7. Seeing connections, assoclating

1. This list was originally drawn up by Alistair McIntosh.
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8, Classifying 15, Describing
‘ 9. Recognising properties 16. Symbolising
10, Ordering 17, Generating
11, Decomposing into elements 18, Generalising
12. Combining elements 19. Hypothesis-making and
13. Analysing -testing
14, Transforming 20, Becoming convinced/
convincing/proving
C. Mathematical tools with specific applications in geometry

21. Counting 1in geometry
22. Algebraic representations of

Geometric representations of

o
(93]

Arithmetical representations

geometry

algebra

of geometry

Ceometrical representations of arithmetic

- 24, Measuring (length, area, volunme,

angle, ...)

25, Diagrams/networks as specifically geometrical objects

. 26. Real life seen through geometrical perspective
D. Specifically geometrical tools
27. Names 35, Constructing 3D
28, Accurate drawiling objects from 2D
29. Geometric construction representations
ONn paper 34, Visualising
30. Types of 2D and 3D structures 35. Use of symmetry
31. Properties of 2D and 3D 36. Making, analysing,
structures using tessellations
32. 2D representations of 3D 37. Concepts: vertical/
objects horizontal, pavallel/
perpendicular, angle,
perimeter, area,
surface, volume,
The discussion of this list showed that such an instrument
. can be used to evaluate an activity to secc whether or not it
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stimulates or develops some of the items mentioned; then
such an activity would be worthwhile and would have 1its
place in school. It also serves to indicate what, hopefully,
1s to be developed in geometry or mathematics tcaching and
could be a means to describe curricula. Further, the
development of such a list regarding its completeness, its
organisation, 1ts interpretations and possible applications,
may represent a rewarding task for future working groups
ing

a
o
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on the learning and teaching of geometry in coming mnee
of the CMESG.

How to get geometry into the classroom?

Geometry at the present time does not seem to be an important

part of mathematics teaching. It plays a minor role 1in

official curricula and an even smaller role 1n most classrooms.

This situation seems to be in sharp contrast to the intrinsic
worth attributed to geometry teaching, on the one hand, and
to the potential of informal geometry as a valuable vechicle
for arousing the interest and strengthening the confidence

of both teachers and children, on the other hand,.

Although such a situation is very much influenced by official
curricula, it does not seem to be a very promising stratcegy
for mathematics educators to try to change this situation
exclusively by influencing curriculum development. The
curricula we have, and the mechanisms for altering them,

are nore the product of social, political and administrative
forces than the result of rational considerations of
educational values. Furthermore, to legislate informal
geometry into the curriculum is hardly a possibility, even

if 1t were desirable.



Personal expericnce of geometrical activitics, such as thosec
described in 3.1, offeved to teachers through preservice

or inservice courses accompanied by reflcctions on goals

and on tools to be decveloped by gcometry tcaching, scecms to
be a more realistic, although rather lengthy approach, by
which mathematics educators may provoke at least temporary
changes. In order to make such changes more permanent,
follow-up support to teachers should be provided. Such
support could take the form of consultations, of workshops,
of information on inexpensive resources and materials and of
ideas for the integration of informal geometry with subjects
other than mathematics, etc.. If such services arce to be
effective, efficient lines of communication will have to be
invented so that information reaches the classroom teacher
directly. In the case of the existence of examples of
geometric activities in the classroom, where good teachers
have set out with confidence to develop and follow an
informal gcometry strand, there is the possibillity of
"building outwards' from such classrooms to others, using
the good classrooms as concrete examples of what can be done.
-Furthermore it was suggested in the group that one way to
increase the seriousness with which gcometry will bec taught
in elementary schools in the near future is to demonstrate
obvious and productive links between geometrical activities
and number work. The perception that the onc can i1lluminate
the other might prove to be cxactly the incentive nceded,
since all teachers (and parents) accept the importance of
number work. Should small working tcams be sct up 1n
various arcas to cxaminc this more closcly?

More immediately still, those involved in preparing teachers
and conducting inservice courses could, perhaps, make a
"generous new gesture' of intellectual and professional
support to those teachers who are ready to use some of their

time in bringing the delights of geometry to their students.
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‘ 4., Retrospcction and outlook

No report on this particular working group would be complete
without mentioning the positive and constructive atmosphecre
which reigned throughout nine hours of discussions. The
written statements of some participants which are reproduced
in the annex witness to such favorable ambiance. To some
extent, this atmosphere ywas certainly due to the harmonious
matching of the participants, which has to be considered
contingent (accidental). But more important for the creation
of such an atmosphere seems to be the spirit in which CMESG
neetings are conceived as meetings where every participant
is excepted to contribute and to feel responsible for the
success or the failure of the working group. In this
respect CMESG meetings differ considerably from customary
conventions and stand the chance of being much more profitable
to the participants. Such meetings can be expected to
‘ produce results which, through a team effort possibly to
be extended over several meetings, will be beneficial to
society in much more general terms. It is with such results
in mind that we suggest that the work of this group be
continued in subsequent meetings on topics or problems

such as:

- Further development and organisation of a list of

goals in geometry teaching and tools to be developed,

- Strategies and means to get gecometry into the
classroom;

- Research related to gcometry lcarning and tcaching;

- Prescrvice and inscrvice courses in gecometry for

teachers;

- etc.

‘ It can only be hoped that the CMESG will continue to provide
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opportunitics for working groups such as this onc, which
has been very profitable to all the participants and which
might even have a lasting effect on the teaching of

geometry 1n various teacher training institutions,

Following is the list of the participants of this working
group:

Huguette Allard, Université de Sherbrooke

Alberta Boswall, chairperson, Concordia University
Cécile Goupille, Université de Sherbrooke

David Hawkins, University of Colorado

Frances Hawkins, Boulder, Colorado

Tom Kieren, University of Alberta

Fernand Lemay, Université Laval

Dieter Lunkenbein, chairperson, Université de Sherbrooke
Alilstair McIntoéh, Concordia University

Ronald Owston, University of New Brunswick

Arthur Powell, Educational Solutions Inc., New York
Ghislain Roy, Université Laval

Pauline Weinstein, University of British Columbia,

The group benefitted from the partial participation of
Caleb Gattegno, Educational Solutions Inc., New York and

Bernard Hodgson, Université Laval,

Annexes

Statements of participants

Whatever the age, the degree of culture, the amount of
experience an educator might have, he can always, as long

as he 1s capable of questionning himself without losing

self-confidence, get back to the nafiveness and the spontaneity

of a child, when he is in front of an appropriate external
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stimulation (v.g. concrete educational gcomctric matcerials).,

From this new internal lighting, he may enter a mathematical
o) /

adventure that will lead him to somewhere he has not been

before.

That is what has impressed me a lot during these three davs
of workshop. In fact, the exploring period we got into
every opening workshop produced this marvellous effect on
one or the other member of the working group and his

enthuslasm at that moment was a real and sane stimulation

for everybody and acted as a sparkling pulse which has
generated some deep and very engaged discussions on

"why' and "how'" to learn and to tecach gecomctry today,
Huguectte Allard

I want to express a very general reflection about the
atmosphere in this workshop. The possibility exists that
perhaps the presence of a poet, and a philosopher (to say
nothing of a skilful king!) enabled the tillers of the soil
to produce nourishing new varieties from simple seeds.

We shall see.
Alberta Boswall

Neuf heures de réflexion et de discussion sur l'enseignement
de la géométrie laissent des traces révélatrices d'un retour
honnéte du chercheur tant sur son acte d'enselgner quc sur

son désir d'améliorer de facon directe ou indirecte l'ensei-

gnement de la géométrie,

Lorsqu'on parle de formation, la dimension compétence demeure
impérieuse voire méme indispensable mais, et je m'en réjouls,
les participants semblent unanimes a vouloir que la dimension

- o . - . . N . L
humaine soit omniprésente et dans les objectifs 4 poursulvre
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et dans les stratégies d proposcr pour un cnscignement

rcnouvelé de la géométric chez les jcunces,
Cécile Goupille

In our first three-hour discussion we werc unawarc of missing

our coffee break, like children who don't notice that it's

recess time. I think our teacher then judged the conditions
to be right. Happiness did not interrupt us, but gave
support,

A first part was a study of deltahedra, and with these nice
plastic triangles we seperately went in several directions

- but then in time were ready to be guided toward a second
phase by what David Wheeler calls ""the directed intentions

of a teacher'", assumed that there were other starting points,
and other directions, for another day., Indeed on the second
day we were lowered into another part of the geometric forest,
and this time no guidance was offered, no haste implied.

The visual feast was enough,

Though our discussions ranged and sometimcs perhaps rambled,
there was enough - for such a group - of the logic of the
concrete to keep us within a framework; the midcourse
anxiety lest we ramble too much, and some careful summariles
by members, were enough to bring back a sense of coherence
and purpose, We had no straight and narrow path, but we
must have evolved a pretty good sketch of a map; we didn't

get lost.

David llawkins
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My general impressions of our working group:

1,

It was the first time in my teaching career that cducators
and mathematicians worked together so well, There was

no feeling of disrespect between the professionals, On
the contrary, mutual respect and support was evident

in each of our sessions. I very much appreciated the

modesty of the members of the group,

With the help of David Hawkins I discovered a method of
creating certain polyhedra from a cuboid by simply
applying a few cuts - discovery in mathematics 1is, for

me, the greatest joy.

s

I very much appreciated the two problem solving activities
presented to the group. Active participation on the
part of the members of a working group enhance the

learning experience.

The excellent preparation on the part of the leaders of
the working group promoted the very good feeling we

experienced over the entire period.

The chairperson of the group was sensitive to the needs

of the group as a whole and the individuals therein,

I appreciate having met each and every member ol the

group. I am richer for having made their acquaintance

Pauline Welnstein
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CMESG/GCEDM 1980
Working Group D

THE DTAGNOSIS AND REMEDIATION OF COMMON MATHEMATICAL ERRORS
Group leaders: J.M. Sherrill, M. Bélanger

Reporter: S. Erlwanger

The group noted that although diagnosis and remediation i3 a common
topic in mathematics education there was a lack of clarity regarding the courses,
nature and extent of mathematical errors made by students. In addition there
were questions about =ffective procedures for diagnosing and remediating lzarn-
ing difficulties. It appeared therefore that there was a nzed to develop a
knowledge base in this area that would be of theoretical and practical value to
both researchers and classroom teachers.

The apprcach proposed to the group was to survey present and future
trends in diagnosis and remediation. The purpose of this report is to o ine
the areas discussed. Details of particular aspects are contained in the appendices.

The following trends were noted:

1. There has been increasing interest and activity in diagnosis and remediation
during the 1970'5. In particular, the creation of the Research Council for
Diagnostic and Prescriptive Mathematics (RCDPM) would help to coordinate activi-
ties and improve communication among workers in the area.

2. A second trend has been the development of clinics at universities e.g. MEDIC
at the University of British Columbia. Clinics have three functions:
(a) service to the community. Students are referred by teachers to
the clinics which provide diagnosis and remediation of learning
problems.

(b) training of graduate students as clinicians through cocurses on
diagnosis and remediation and participation in the work of the
clinic.

(¢) provision of research opportunities for faculty staff and students.

3. A third trend has been the emergence of three general approaches to diagnosis
and remediation.

(a) The most common approach adoptad by mathematics educators and used
in clinics involves one or more of the following procedures: the
study of related variables such as reading, anxiety, attitudes,
sex differences, etc.; the analysis and categorisation of errors;
and the use of the task analvsis model in the diagnostic-remedia-
tion cycle which consists of three stages: Formnl diagnosis using

andardised instruments such as Keyv Math mate ; informal dia-
gnosis using locally developed instruments e.g. checklists and
individual interviews; and remediation.



86.

The group obscerved and discussced scoveral examples of common orrors

made by students from examples provided by Sherrill. These examples showed
articular arcas in computation where errors frequently arise. However, a
ueaknpss noted here was that the causes of tuhese arrors was unknown and it

e
was impossible to say how such errors could be prevented.

(b) A second approach used mainly with learning disabled, mentally
retarded and mentally handicapped children is bascd upon an
ability model. The emphasis here is on identifving the strengths and
weaknesses of a student as a basis for providing specific remedi-
ation,

(¢) A third approach indirectly concerned with diagznosis and remedi-
ation is the attempt to describe the 'child's mathematics'. This

approach, described by M. Bélanger, required a careful analysis
of interviews with children.

During discussions it was no
rpose and each had advantage
-ovided a structured diagnosisren on cyc
essed remediating (curing the learning problem) but
view assist the teacher to become aware of £ e S i
culties. Approach (¢) however, could even! teacher more
of what some children learn that leads to problems. ut the approach wa
immediate value to a teacher anxious to help a student.
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The group also discussed problems that seem to affect developments in
diagnosis and remediation. First, there was an absence of a coherent theory
or theoretical framework, and research methods and instruments for guiding
research efforts and classroom practise. here was also a lack of communication
among workers in the area. It was anticipated that the Research Council for
Diagnostic and Prescriptive Mathematics would in future improve communication and
help to coordinate research and teacher-training efforts.

Secondly, it appeared that developments in diagnostic and remediaticn
- .

did not always take into account developments in the teaching of mathematics.
In particular, it was noted that most of the work in diagnosis and remediation
n:ermediate level

has so far focussed on paper and pencil computation at the
(grades 4-6). The following areas were discussed as poss
research in the future:

(a) Other student populations - primarv, secondary and university. It
was felt that very little appeared to be known of work at the secondary
and university level.

(b) Other areas of mathematics e.g. geometry and algebra.

(¢) The impact of technology in schools e.g. the use of calculators. Do
calculators make paper and pencil algorithms redundant? How does this
affect learning difficulties and errors children make? What kinds of
learning difficulties and mathematical errors does the use of calcula-
tors introduce?

(d) A recurring theme during the discussions reflected the need for answers
to the research problems in Sherrill's paper concerning the student,
the teacher, teacher training, in diagnobls and remediation, methods
and instruments for diagnosis and methods and materials for remedia-
tion.
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Working Group D Report

Three appendices follow on subsequent pages:
Appendix A: State of the field: diagnosis and remediation
Appendix B: Diagnosis and remediation in methods courses

Appendix C: Interview with Jean

Participants of Working Group D

Dr. W. Alexander Claude Gaulin

University of Toronto Université Laval

Maurice Bélanger Shirley McNicol
Université du Québec a Montréal McG1i11l University

Jacques Bergeron Dominic Modafferi
Université de Montréal McGill University

Mary Brian Roberta Mura

Concordia University Université Laval

Victor Byers J. M. Sherrill

Concordia University U.B.C.

Charles de Flandre Charles Verhille
Université du Québec a Montréal University of New Brunswick
Jean Dionne A.I. VWeinzweig

Université& Laval University of Illinois at

Chicago Circle
Stanlev Erlwanger

Concordia University E. Williams
Memorial University
Marielle Fortier Newfoundland

Université de Sherbrooke
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APPENDIX A

J.M. Sherrill

This paper was prepared specifically foz <the Canadlan

tathematics Educaticn Study Group (CHESG)., The paper is organizead
as a +three part {pas%, przs=znt, and futura) presantation  on the
state of research in diagnosis and remediation in mathematics.
Fart cne, the nzgt, 15 extrem2ly bprief. Part two, the
‘resent, will ccncern itszlf with a description of the wmathematics
aducation diagnostic and instructioral centres (¥EDICs) that ars
finally beginning to d=velop I1n North america as wsll as pr=sent
an owarview 0Z research efforts Part three, the future, will
describe many of the arsas in which <researca 1s needed 1in
diagnosis and rexzediation in mathematlics education. Finally, an
extensive bibliography on diagrosis and remediation in matheomatics
educavicn is presentad.
PART CONE: THE PaST (0000 ~ 15066)
@
Ihough- diagncsis and regzediavicen have pesn part of the
mathematics teacher's d4ob since ths Dbeginning, very littie
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specific crganized resesarch will be discusszed 1a this papszr.
‘ueckner (1928, 1S30) reported the results of a research study
ccpcerning ezrrors made with fractions in 1%29 and a pock on
diagncsis and repadial teaching 1in azfithme=lc 1n 1930, ¥czton

{1924) also dealing withk <fractions, reportsd ta=

study ccncerned with *he analysis of pupil's errors.

Busw=2ll

resulcs of a

and

Juéd (1%25) 1list 31 ipvestigaticns which had as their exgplicit
concern the diagnosis of arithmetical =rrors.

Yuch of th= mathematics sducaticn ressearch of the re~-1960
era vwas concerned with which mathematics to prasent, which
algcritkn is best for a particular opsration, how should szlected
topics ¢r algcri+thms pe 1nitially presented.

The rerainder of this ©paper addressss Itself with ths
'state-cf-the-£i21d" and what ne=ds to be dome 1n ressarch in

»
Qiagnosis and remediation in mathewmatics educatioun.

TEE PRESENT (1865 - 1980)

~

Q

>

The year 1 picked to begin th

it was a&arpout that

University campus as to dsvzlop into «

remediation clinic mathematics education. Some of

cited rre-date since the s:iudies

.'epresentative of

University clinic

zay
The

turned out to be the first in

clinics ttat have Lbezn develcped in Xorth Amesricae.

diagnosis

pay

present period vecause

that a verkshop was hsld on the Kent State

and
the researca
bz moce
K2nt State

a szries orf
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Clipics

characteristics 1in conmon. For an 2xcellent dascription of seven

The 10 - 15 «centres that currently exist have many

of the 'centres read, Th= Matheparics Clinic: Final Rsvort, by

Jerry Ircns (EL 103 267).

All the «clinics with which 1 am familiar (about 10) bLegan

in a@iagnesis  aand  remedlation 1o

[N

i

o
n

etting up a graduate cours

elementary wmathematics - specifically the intsrm=dalate gradss, Iks
COLRCEInRS= tcachers have atcut diagnosis awnd rewsdliaticr 1z
mathematics is reflected in ths courses bscoming vsry popular. The
courses eventually admit npon-mathsgatics education graduats
students, €. g., special educaticn graduate studenits. The main

rerequisite, however, 1is that the class nuwembers have had soae
eaching exgperience,

The couxrse(s) is divided intc t%0 parts: 1) the thesory and
techniques o0f diagnosis and remediation and 2) the case study or
studies. Scme courses spend thz first half oxn theoretical
developrent o¢f diagnosis acd remsdiaetion, diagnostic tachnlgues,
formal and informal diagnosis, proceduc=s for elesmentary
mathematics rem=diation, and other topics <tc <familiarzize the
student with the material s/he neceds to know to do a case study
and wost of the second half working with public school stiudents.
The final part of the course 1s spent c¢n conpiling the results of

the diagrosis and remsdiaticn, ccnferencss, and final reporis.

©

The BECIC at the University of Britisk Columbia sp2nds th
‘rst third ¢f the course in developing the trmeory and tecaniquss
of diagncsis and repediation and tecoring farmiliar with the HMEDIC

checklists, Each class ¢f£ the final two-thirds of +th2 course 1is
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organized so that the £first hall is spent witn the slsasentary
‘hool ckildren and the se2cond half with tne rest of the diaynosis

and renediaticon class.

In general, the clinics are establisasd to serve thres
purroses: 1) kes=2arch, 2) Trainiug of Teachesrs, arnd 3) Service

to the ccmmunity, though not necessarily in tne given order.

SERYICE TO THE COM®UWITY: Tesachers in the gpuplic scacels,

=
(oY)
L

th the_racents' ovsrmissicn, reier the st nt and parent{s) o

a clinic. The parent(s) and studant visit the clinic and set ug a
tipme for the diagnostic session. Quite often background =material
is availaeble o¢on the «child. Students vho have savere learning

ands/or epmotional disabilities are referred

3]

Educaticn Clinic; students whe nave rTeading disabllities are
referred to the Reading Clinic.
‘ Students who are given a diagnestic session usually go

thrcugh twc thases: fcorral and informal diagnosis. The formal

phase Tay consist of the Key HMath zaterials, the
Slosssn_Intelligence Tast, Stanford Diaugncstic Achizvemznt Ta2st,
n2r materials

and/or the SEA Math Tiagnostic Xit. There are many Cti
tut the preceding four are by far 'the zost cozaonly used
diagnostic materials. The informal phase usually consists of a
lccally-develcred checklist cf mathematics objectives aduministered

1 a one-to-one basis, the KEDIC checklists are esxamples,

3

O

o

+2d a decision must be pmade —---

in

Cnce the diagnosis is compl

%11l the remediation be done by the MEDIC? In w@any HMEDICs ornce

9

the chil is accepted for diagnosis hir LCblen (3) is also

4

g« $35 for

—
49}
L)

‘emediated. The clinics invariably charge a Iee
diagnosis, $10/h for remediation). At the University of British

Columkbia's MELIC no fee is charged. On the ctherhand, not every
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child is remediated., Every cbild (excluding thess rerfsrred to

4

‘her clinics) is involved in a mathematics diagnostic se2ssion and
i dlat

J

o 1s done By

)

W
£

*he remediaticn package cutlined, Lut the ren
MEDIC o©nly 3if tne problem is cne ths faculty waats a particular
clinician to study or if a clinician wvants to work with the cnild.

Tte community is served by the clinic providing a detailed

is of the child's watheratics difficulties and, in wmost
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TFAINIKG OF TEACHERS: 2 synonym ifor clinician is teacher,
The MEDIC clinicians are graduate students in education, In almost
all cases the clinicians are teachers whc arce workiang cn a
graduate degree. The teachers rTeceive invaiuable training in Loth
.diagncstic and remediation technigues. The *eacn2Is then go Lack
to their classrooms, become Learning Assistance T=acaers, becoae
niversity ©professors, cf influsnce matheonatics education iz sone
other capacity. The assumption {(and that is all it 1s currently)
is that they will make uss of the technigues they learn and the
material they are given in whatever position they have upon
cocrpleticn cf the course(s).

FESEARCH: Ther are very few areas or mathematics

[{3]

educaticn that are mcre ripe fcr and in need of rTesearch effcrt
than diagnosis and remediation. Some of the peeded researca will
be discussed in Part Thres of this paper. The presant sectiocn is
concerned with how the «current c¢linic orjanization ssrves its

purpcse cf Resesarch.

Irons (1874) rsceived funding tc make a definitive study of

o

‘he MEDICs in the U. S. A, and reporz his <Iindings +to his
institution. Bas2d4 upon his findings a MEDIC was started at his

instituticn. The rest of tne MEDICs discussed in this paper,
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loped in almost 1solated counditiorns. #athematics

different areas ci North Admerica seeca2

ndix Aa.

o
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tely, through reading the sam2 repert

and attending ths same diagnostic and remsdiaticn

cnferences (malnly NCTM confzarances) raculties of

-
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among the clinics
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their
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prt the wheel, 1t w

on Diagnrostic

an instant succes

recently in Vanccuver, B.

ic Hershey, Pennsylvania following

Louis, Missouri. Ouz of the conferences d=ve

Prascriptive Hathe

ted

2

(3]

¥as rCzsen

13

last few ears 1in

]

in diagnosis and remediation. One

of the purposss of the crganization is to concentrate tne Tesearch
efforts o¢f the grcup 1in particular areas. One of the Rany
difficulties with the current approach to ressarch in mathematics
remediation is that mathepatics rTema2diation 1s dons, io most
cases, ¢r a ope-to-on< basis, yerafore, ths sazples are very
‘xall. Baving a network of clinpiclans attacking toe same prokblenm
(as is dcne in the Scoviet Unicn) may Ering about a zore realistic
solution tc some <cf the proktlems., 41s0 tne interchange of
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ol d=lay of <the

’.h
fu
M

nfcrmation, without +the seemingly intermin

}J.

O

‘;licatjon process, helps all the ressarchers to stay "on track®

Se€archers

{8

of a particular problem as w2ll as give direction tc¢ T
working cn cthetr rrotlens.

The individual <clinic is =2lso designed <to implexment
research studies. It is the individual clinic that must carry out
any r=search effcrt that is emrtarked upon. The individual clinic

o do educational

ot

has as its clinicians graduate students trainsd

®

H

research and interasted in ciagnosis aad reepediaticn  in
mathematics education. Working w#with them ars university personnel
whe are trained and expzrisnced resssarchsrs. The individual clinic

also has accsess to students, the akillty to organizs diagnostic

sessicns in any manner ne=2dsd, and the ability to prcducs
emediation packages to any specifications, Speaking for the

niversity of 2ritish ColumEtia's MEDIC, the individu;l clinic also
has Telatively free acczss tc students in classccom situations.

Cne of the most Ilmportant events relatsd to tha increased

research =zfforts 1in diagnocsis and remediation in mathematics sas

a¢ther the ECDFH I1s a cause or a

is apd remediaticz in

n

syzpten of +the renswed effort 1in diagno
rathematics is‘open for d=2bate. The KCDPY does, hnhowesvar, offer a
gatherinrg place and <focal point for pecple in North America
interested in diagnosis and rerc=sdiation in mathematics. Through
the RCLEM's annual conference, monographs, and newsletter up-to-

nated. 1t bas peen felt

|

date hagprenings in the arza can be dissen

4]

for many years that the NCTH Was not meeting the needs of people
‘nterested and diagnosis and remediation. It snould be noted,
however, that aft=r an iritial unccmfortdble co-2xistznce the NCTH

has Leen very suppcrtive of the RCDPHM.
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The grcwing interest in diagnosis and ressdiation is also
reflected by the rphenomsnal grcwth of the ECDPH. The recent

’onferance in Yaanccuver was attended by almost 50U g=ogls.

WD
n
@
2l
[s]
O
v

"Seview!" cf E:

It is an adaptation of +the RCDP® plan for orgarnizing

research that will pe ussed in th2 research seciticn ¢ thls paféer.
The research studies will ke organized under the headings: Error

Analysis, Eelatsed Variables, and Suggestions tc Teachers.

Error Analysis

My experience has been that those «c¢linics and indiwidual

Ie

tn
{

archers involved in dilagnosis and Temediation in mathesmatics
regin their vrTesearch efforts by surveying, «categorizinj, and
énalyzing errccs children make in the=ir work in mathsmatics.

While many studies could be described I have opted for the
cne with %hich I am most familiar---a survey of arithmetic errcors
igplemented by UBC's MEDIC,

iIn an effort to £ind out the kinds of nistakes made in
whcle nurber ccomputaticn with the four Dbasic operations, the

fer

M

nt srror patterns, as w2ll as othar

h

relative frequency o1 di

40 s+ugd s 5 - 8.

W

on 54

[
i)
O
ot
\D
o]

]

informaticn, data were ccl nts in grad
.he computation test consisted of 12 additiom, 12 suptraction, 12
multiglication, arnd 8 divisicn problers. The prcblens represented

differert levals cof difficulty, €. g., the eight division proklens
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ranged frcm problems with a zero in the guotli=mt to single-digit

divisors wizxt no remaindar. Since the concsrn was with erCror

‘xtterns the studsnts wer

M

provided with an additior taple and a

pultiplicaticn takle.
_The results m2t scw2 O our expectations, OHUut there were
some surprises. Results that were pot a sutpriss were;
1) The test and subtests reliarilities were wa2ll groupsd and
relatively high, <ranging £rca the low of O0.76 for the

subtraction subtest to 0.88 for the total test,

2) The success rate acrcss coperations (additicn, subtraction,

mul viplicaticn, division) decreased for all grades. It 1is
interesting that surttraction and multiplication yielded

simpilar results in bexth gradss 7 and 8.

3) #Within each operation, the success rate incrsased as one

‘ ascended thrcugh grades,

Results that were a surprise are listed below in iocreasing ord
-

[ty

-
-~

cf "surcrise':
1) ¥ven wken given an addi*ion taple and wultiplicaticno

table, students wpade a higher number of basic fact mistakes

2) (Cverall, the succass rate was higher tuaen expected. The
SUCCesSs rate for addition Was 94%, subtraction 87%,
multiplication 84%, and division 67A4.

d +*hems=lves as Dbeing

[
th

iv

m

3) Fractically all stud=nts ©perc
very good at whole number computation.

rrors  mad cn the

W
M

Ih

(0]
1D

T ¥2re approximately 37 0090

[40]
W

WD 43 putually

[t}

r

Iy

omputation test. All were categorized. Th

exclusive <categories, O0Qf the 48 catsgeories, 17 dealt witn place

th

value. Encwledge of tasic facts and place value are two o the
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in the breakdown of comzputational ability.

t szries

t cngoing studies in th=

o]

he

b
Ey

t Wwith th= lcw achisver,

i\

shoss up at the clinic. up

+

hese studsnts psrceive theaselves to pe gocd

y of the students were intsrviewed witin

vorking a ccmputational

O
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4
cT,
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C

reasons they stated are very interest

n

O

t

{-~-the 21llow students

H

cd as Ieing

method works ofte

--the

S suk

—

Cte.
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D

ra

nging f£rcm 30% to 60%) and they

eing gceccd.

--~the m2th Cust oe done.

study involved survey approach

a

rt,

s performzd after technique O

student and actually ercrors he makes

sidered wmore acceptable, the i1nterview

irst <teportsd by Uhl

n

™

it use @was pot that ccamon uxn the present

North American ressarcherls adopt non-smpirical

2

)]

ut 1l2ss s2zphasis on

the ipnterview technigus will probably bz=come even

ny studies could be cit=2d with each of their
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findings «ith <T=spsct to the numkber and types of srrors children

naks, After givingha grand total for the rour basic op2rations

th whcle numpbers I will cite 3 studiss rzpresexnting 1spceritant
arsas of error gnalysis not rreviously discussed,

In an excellent review of the literature on conmputational

errors with whel2 nupbers Burrows (1970) sums up that "The studies

have revealed a total of 35 unigque addition errors,

33 subtraction

errors, 54 pultiplicaticn errcrs, ard 71 division srrcrors.? (p. 9)

regory 11980) studied the proolaw <¢f hLow data on
computatioral errors are collected. In his study the data were
collected wusing papar-and-ps=ncil +tests, one group using answer
sheets with multiple-choice format. Gregory ¥as interestsd in
whether +the =rrers that wer=s made were matherartical or clarical.

This study 1s important in the light of th2 increased instances oL
‘ar_ge scale assessments., The results?
WAt least hali of the 1255 errors pad=2 on the £first
adripistraticn were clerical errors. Clerical e€rrors may
have Dbeen the source of an additional 478 errors mad=z,
but +he =analysis parfcresd did not allow for
classification of th=se errors. (p. 187)
The Tesults arse made evan mere interesting wned one considers the
éample razged frewm grads & tc dlgekra I students.

The final two individual research studies to Dbe cited 4o
not d=zal with ccmgutational errors; they are poth studies in
geomrstry., Perhaps more studies in error analysis will be in &non-
computaticnal areas or, at lseast, on computation wita sets cther
than the set of waols numbers now that +the area has so wmany

.tudies in print. .

Eright ({1980) reports on three studies (Tishin, 1975;

Khanutina, 1975; Krutetskii, 1576) performed in thz Soviet Union
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which deal with the formation of geometry conczspts in normal and

entally retarded students. Scme of the conclusions reached were

1, ©&etard=ad rpupilils are successful in disticgulshing
gescmetric figurtes (two—-dimsnsional) which can b2 deifined
by a single esszntial characteristic. Taey are not
successful in distinguishing figures which <can Dbe
defiped only be several cssential characteristics.

cting a geocmstric formo
i is =significantly affe
pupll‘c Lacil':y with language.

3. Success in providing justirication ¢ cholices of
models of gecopetric <forms is dependent on wWactuner tae
fecrg is defined by cnly one or Dby 3svaral <Sssential
charactzsristics.

4. Gecmerric bodies (three-disensicnal) arc2 Dpetter
undesrstood than gecmetric figuras,

5. Lack cf understanding of the differsnces among
concepts o©of length, area, and volume 1is rTevealad in the
use of incorrect symbolism.

. 6. Computing arcas and volumss 1s easier wh=n the
dimensicns are given than wher dimensions wmust be
measursd, Ccomputing arsas and voluess 1is easier when the
dimensions are given in wholes numbers than when the

digensicns are given in mixed numbers.

7. 1n comparin spatial features, pupils often focus
cn inessential charactsristics.

*11
99

8. Objects of similar 41
distircguish than objsctis ©

9, Structuring a problem is difificult.

10. TIransferring sclution tschnmiques from on2 situation
to another 1s difficult. (Remberg, pp. 192-193)

The cther gzcmetry study dealt with the use of frames of

%

reference (Dockweiler, 1980). The results of the study presant two
areas of disagreersnt with Playgetlan tTaszarch. Thrz2ze tasks were
involved: Bottle, Pendulum, and Faucsit. In =sacin taisk the fraame of

‘%ference {bottle or pendulum frame) was tilted and - tne sSubject
had tc drav the water line or pendulum position.

The first area cf disagrecemsnt should cog2 as no surprise
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to those familiar with the "North American Problcecx" In Pilagetiau
esearch. There have bheen many studies 1 1ted in Sorth
merica that show that students do not attain specified
capabilities in the age range specified by 2iagetians.

Dockweiler's study is no excesption.

Not only did a majority of 5th graders fail to corresctly
corplete the tasks, but none of the ag=s lavels spovwed a
majcrity with an ability *to perform the task desaling

witlk horizontals., These results wvculd s=22m tc sugjest
theat a large numndsr cf subjects may never vz able tc
correctly wuse a rrame <c¢f —refsrsnce in a similar
sitvaticn., (Rcmborg, p. 222)
1ke se=cond area cf disagreement
esallies in thsa acility of stud=spts +to acrply a
rectangular <coordinate system as compared wita tae
horizcntal and v=rtical <fram=z <c¢f <zreferTenc2, lhese
result uggest that these «capartilities arse dsveloped
dixfcrontially and dc¢ not <d=vslicp sicuitacecusly orx
s=2quentially as Piaget's results suggsst. {(Romberg, p.
222)
‘ In the May, 1979 @ issue of the Jourcal Ior Rzsearch
in Mathematics Education Hendrik Radatz off=rs a different
apgprcach tc 2rrcr categorization---an iInforcation-processing
classificaticn of errors, Since the causes <c¢f erro-s Bmay cut
across mwmathematics content topics, the identification zay be mcrs
successful by "...exarpining +ths mechanisaz vused in obtaining,

processing, retaining, and reproducirg tgee infcrmation contained
in matheratical tasks." (Radatz, p. 164) To tuis =nd Radatz orfers

the fcllcwing five error categories: ETrors due %C...

la «eslanguage difficulties
2. ssodifficulties in obtaining spatial information
.. »essdeficient mastery of rprer=guisizs ékilis, facts, and
cocncerts

4. ~e+sibdCcCITact associations or rigidity of tThinkirng
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Sa «..the application cf irrslevant rules cre stratzgies.,
‘ Fedatz 1s arguing fcr mcre gensral caiesyories 30 we may b2

able to identify and olimirats =2n*tire classes ©f =zrrors. There is
arother facticon of mathematics educaticn ressaIiChers tnat are

apprcacking diagrpesis and r=wediation in a very coatent-specific

*J

manner. Is either method of attack correct??

(-]
5}
0

elated Variab

=)

There is a danger, already, that the scatch for variables

related to student ability in mathematics will follow +the =same

After a century of searching fcr tsacher effesctivenass variebles

ith the seasmingly countless varlables studied, Begle (1979)

Despite all our =2ficrts w2 s%till have pnc way of
deciding, in advance, which teachers will bs =affective
and %hich will ~nct. Nor do w=. know wiaich *raining
programs will turn out effective teacnsrs and which ones

vill nct. (p. 29)
Instead of presenting an extaustive (exnausting) list of
relat=d variables and all the research involving each, I %ill
present a few rTelated variables, soze representative Tresearch

findings, and <c¢lose this section with some studies that gener

-
(=]

3

mcre variables.

o

. The first two variaples are sex and spatial ability. 1t has
teen

]

@ales 1in both

e

believed that malss are supsrior to
mathematics achievement and spatial apnility (Fennegma, 1574; 4acoby

and Jacklio, 1574)., It has also teen estapslished that spatial
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findings were consistsat across grades.

[
H

I Q

vy

part «c¢f +the study was th2 schoo

Ve

Ire

rade 7. Th2 results were consisxt

<D

ct

very n

but the pattern formed at a much =2arlier age tnar had

been jprevicusly estaklishad.

Fernnema and ,Sherman (1578) carried out a carefully
ccoceived and well desigred study +to gather hard data 1t
substantiate hypctheses or dispel popular zyths Yith Tespect to
sex-related differences in mathematics. Their summary 1s
important:

The strong conclusion reached by the authors aftar two
years c¢f intensive study of sex-related daiffsrsnces in
mathematics achievement ot students in gradss 6 - 12 is
that when reslevant factors arse controlled, sex-related
differencas in favor of males dc¢ not appsgar ozizen, and
when they do they are not large. (p. 201)
. %¥hile th= results shoy "...there ace nct uwniversal sex-
related differences in mathematics lszarning"”, they also show that

as €arly as grade 6
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Cre of the biggest surprises in the Fenpzma and She

study was that '",..no significant sex-related dificerences

ih

(ot}
[

and ip spatial visvalizaticn.," (p. 183) If *he <result can

surkstantiated, it 1s certeinly in dirsct coanfilict with [

2t c.) in +the s2arch for the causes of ssx-related difference

matheratics achizavemznt.

‘ Tke third rela

o+

ed variable is anxiety., &Anxiety 1

niticns, It has been estigated
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5000 articles or bocoks on anxiety were publi
1970, Due, in rart, to the difficulty of deterzining a

ace

m

pted and practical definiticn of anxiety, =matherna

M
Cu
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(D

educators havza delinsat studying mathema
anxiety as a situaticn specific form of amxisty.
Certain "facts" appear to bte established. Hill and Sar

(1966) reported that high anxiety was lnvsrsely related

psycholcgical ccnstruct ¥ith a wide <range o©f theoretical
a

tics

tics

ason

to

arithma2tic ccrmpr=hension and arithmetic-rroblez sclving sceres.

In his vreview of anxiety acd mathsmatics lsarning Sovce

.‘1978) repcr+ed

The psychclcgical lit=2rature alsc suggests t*that £X
differences 1in reported anxiety are mipimal in early
elerentary y=sars but that girls +tend tc repcct nore
anxiety in later school years perhaps DsCause boys are

hik



culturally conditioned to defend against admlittance of
anxiety. {(p. 9)

ct

‘ ¥hile the results statseé in the two previcus paragraphs
have beer surpcrted by other studies there 1s ancthel side to  the

gradszs and 150

{7

=

d +that "for 134 4:

1]

issue, H=llman (1976) r=zport

3

8th graders reported anxiety was not relatea toc w@mathematical
perfocrpacca. "(g. 10)

There have been numerous studies {only a few will be cited)

that have askx=sd the basic question---%¥hat is a slow learner in
mathematics? Such studi=s genszats dazscriptions that, in

actuality, list varialiles <corsidered related +to @wmathematics

achievarzent,

Schcecl Mathermatics Study Group (SMSG) in Ba2pcot #5 py Herriot

1967), In creating th= sample fcr +the propossd study of slow

learners it was noticed by the ressarcher that zost schools were

selecing existing classes of low-achisvers. Simply out oL
curiousity Herriot decided +to f£ind out the 1initial Teasons why

~
[

jm
pore

ldrer bhad been placed in such classes, B=2low are <the rCeascns

1. Below grade level din matinsmatics achisvamant

=

2. Inadequate reading level
3. Slow worker 1in matnematics
4, Iraccurate computation

5. Fearful cf mathematics
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Cther variatles associated vith slovw learning in
‘tbematics resulting frcm research (only ons citatlion 1is given
with =2ach) are Stantford-Binet IQ (Jerome, 1S853), reading {Ekoss,

1964), sccioeccncaic l2vel cf home environasnt (Dunkley, 1565),
attitude tcward mathzmatics {(Callahan, 1871), seli-esteen

{Boktinsor, 1873), reflectivesimpulsive Dbehaviour (Schwebal and

Schwekel, 1974}, and the list goes on.
Farvy more studies are needed on th: interrelatedness o0 thae

(D
1
n

variatles and the dowminance of certaln varliables over oth

18
=
{2
jn
o
<
M
L ]

kefcre we can make practical use of the knowledg

I'S

Suggestions tc Teachers

Cne c¢f the main gocals c¢f research in dliagnosis and

remediation in mathematics is to provide suggestions to teachners,
The research findings ars important not cnly tc tsachers working
with slcw learners but to all rmathsmatlics tesachars. Again, the

entire area cannct be ccvered in depth, but those findings that
are cited are used tc give direction to those interested in the

-

arc<ae.

1. The teacher must estatlish a f=eling of autual trust.
{Erikscn, 1559; Taba and Elkirps, 13566) Amcng cther things
. this involves learning -"...when to talk and when to let the

student talk." (Tata and Elkins, 1966, p. 275)
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2. The slow 1learner awust do things. "Sensorizctor involveaent
with real objects (and picturses ¢ obj2cts) 1s a crucial
‘ prelimirary +*o effective vertalization and councesptualization

by the slcw learm=sr.," (Schultz, 1972, pp. 14 = 15)

3. Initial learning tasks must ke geared to readiness; ongociug
learning tasks must ke consolidated Gpefcere  additional
dependent tasks ars introduced; successive  tasks  must  be

progperly seguenced and paced. (Schultz, 1972)

4, Eractice (drill?) is important din @wmaintairping a skill.

(Nutting and Pikaart, 1969)

5. Gcals need to be clearly explaicnsed and short =1z, (Cronkbach,

. 19€7)

6. Numerous studies have been dimplemsnted In the area of
mathepatics content, Data havs besn gath2red with respsct to
teaching Dbasic facts (¥cKillip, 1874), placs value ({Szith,
1973), all fcur of +the ©Lasic ofperations (dazskasp, 1977;
Sherrill, 1979; ©Hutchings, 19735; Kratzer and ¥illcughby,
1973; Uprichard and Collura, 1977), =tc.

Taking place valus as c¢ne content example cne finds studies
delving inpto many facets of the area. Several studies (Smith,
1869 Orrichard and Collura, 1977; Scriv=uns, 19Y73) have concludad
that more empnasis is needed on the skills of daciwmal numsration

.or computational skills. Smith ({1573) concluded tnat on2 of the
difficulties in teaching tplace valus 1s that the concept of

hundreds is intrcduced too early.
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Diedrich and Glennon ({1570), amocng oth2rs, havse shown tha:

‘e teach

decimal nureration, i. e., specd no tise on non-decimal numeration

rng cf deciral numsraticn should conc=2ntrate sclsly on

[N

systers.
Earr {1978) goes even fartper and suggests methods for

teaching decimal numsration. Es ussd the following m2thceds:

The students ussed physical ctjscts and ccuntada.s
3: ...Dy ones to 36, =. g., *then lesarnad 3b 13 3 tens and
6 ones. They nevetr counted by mors than ones.

E: ...to 10, grouped, countsd 10 mors, grouped, stc., They
. then lsarned tc write the proper nauseral., They npever
counted past 10.

{: ...g2ts of obijec*t*s W#ith zore than 10 and learned the

symbcls. Latsr the
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tens. To count 36 objects, tioey grou
33,

a 10, 20, 30, 31, 32, 33, 34,

L

Cn the posttest (achievement and application) th scores
showed € > A > B, but not a*t a statistically sigynificant lavel. Cn

differences

{8

+he retention test (4 weeks after the posittest) b
were statistically sigrirficant and in the samz ord=r, C > A > 8.

Sc as nct to lszave *he reader with <the feeling +that *he

1)}
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teaching of place wvalue 1ig a ssttled issu2, 1t saould be poted
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.hat deflandre (1975) and Fish=z1l (1973) di
understanding place value necessarily l=4d to <change 1in

computational sxill.
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while much work has teen done in diagnosis and

‘ mrathematics +that can be

oL

+
(™

both immediats

importance tc teachers there 1s mpuch, much more that
done. It is to the future that I cow turn.
PART THREEZE: THE FUTORE 119380 - )
There 1s, of course, no end to the work to
diagrnosis and temediaticn in mathematics. This sectio
some o0f the very latge tasks that ccnriront us an
specific questicps that are of interest.

bJ

organization. The group effort that

-

1

RCDPn b ster

th

[14]

can

o

clinics via a giant

3

clinics «can te of great assistance 1in creating

thrcughcut North America. I1f a network cf climics can

and if irter-clinic comnuplcation can te improved, th

the

ke that a raesearch disszminaticn @oewslatter

jourral) cculd solve the corgunication prtoblen.

It is still true that graduate studsnts

verwhelsing majcrity of research done in mathamzati

attun=d to

3
»

If this valuable resource grcup could te

efforts 1in diagrosis and remediatiocn in mathemati

progress cculd be made @muca faster. In the

research production of each cliric could be phenomenal.

sSdme

remediation

)
1%

anacd long ternm

Temains to pe

be done in

D sStdTrts with

d closes with

cre

e effect

produce tas
c3 educaticn.
tﬁe :eséarch
cs education,

arsa of
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daveloprent, tndergraduvates 1n teacher =ducatiorn £

‘acticing tea

diacnosis, remediaticn, and research.

ers nz2ed tc¢ Fe +trainsed 1in  the te

Q
o

\l'

Tc @me on2 c¢f the riygygest breakthrougns ia d

earch in Nctth America is the increasin
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of studies which have besn desigrne

. _ o .
increase thz g

o

‘llluv 1

Currently most of the =2fforts in diagnosis and

in mathematics education d1is directed at the internm
(gradss 4 - 6). Much mcrs =2ifcrt must Le expended at
level {grad=ss K - 3). Diagnosis and remsdiation at
l2yel cap take on the arctroach of preventive medicine

2d of a cure, The surface has

D

waiting fcr the =n
scratched at the s=ccndary level!

The effcrt, sc far, seems to be heavily concent
arca of whole rumber computation. There 1s the
overlook the fact that, in Bri*ish Columbia, at leas
the elenmentary curriculuz deals with ncn-whole nuzper

‘opics. Th

level.

\
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While I agree that t prioritiss in the pas:

aculties ard

chnigues of

iagnosis and

§ accerftancs

remegiaticn

ediate level
the primaxzy
tne primery

instead of

not =ven by

rated in the
tendency to
t, over half

coamgputatich

prcocportion 1€ even @more extreaz at the secondary

should bhavs
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bkeen given tc ths intermediate level where the d2zand was acute,

¢ 2ffcrts rcw must be spread to all levels, In
mathematical learning difficulties of intsrmedl

cne gets the sensaticn cf f£ighting a seriss of

%O

yra

b 1

rking ®ith the
lavel cuildren
S3 ZILilr=s,. One

stamps cut ope fire only to mnmove to one of the uwany others,

withcut trying to prevent the fires.
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T¢c avoid the "grass fires" approach ce
declsiors npust be made to dirsct the research =
research cn scund focting.

Tirst, there are sevaral =models for

remediaticn., The two @most commonly ussd ones dappsar tTo be the

ability trairing model and the task analysis

mod

el. Tue guote

.elcw is frorc an unpublished paper by A. E. Upr‘ichard (1977) :

In the ability training modsl the purpose
is to idertify processes or arilitiss (sucn
auditcry discrimination) that ar=s sirong or
learner in crder to prescribe rencdlat
clinician has two orpitions, he could eithar

learner's strengths or remediate khis weakne

}a
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diagnosis
visual or
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The task analysis model is more content or discipline
criented, In this model asssssment o0f academic skill
developrent and instruction are designed to move the

child fror where he is tc where we dsesirce b

im

to be 1in

the academic skills hierarchy. The <emphasis is on

conpcnent skills aand thesir integration

int

¢ coaplax

terpinal tasks rather than the processes that pr=2sumably

underlie the devslcrmsnt cf specific tasks,

(-n
9
z

5

. 2)

Eoth models have proponents and opponents. A majcrity

{maybs even alil) c¢f the MEDICs bave adcpted tne

rarchial

i

mcdel. This ©ay bes dus tc the hi
‘athematics content, especially computaticn. we

the sare 1lcgic as +the drunk 1lookiny for

1a

]
by

Bl

s
Y

a
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als

task analys:

{1

racteristics o

O

bz guilty of

Xeys under the

strestlight. Both mcdzls, hosever, need to be subject to resedaich
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scrutiny.,

Sc many mathematics educators accept thsz task analysis

(oY)
[¢)]

[}
+
or
joi]

ot
[67]

evelorping suppecrt for it has peen overloccked,
Hierarchiss need to te created acd testsd. One should try a siaple

exrerimernt. Tak=2 a group of teachers cr educaticn zmajors and nave
Y

then do a task analysis c¢f cns cof the 1fcur pasic cperations. Lcok

at the results and toe point will te made.
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toth forzal asd informal diagnos*ic tecknigquss. Becth types, of
course, have advantages and disadvantages.
Fcrmal diagncsis in a grcup situation has the advantage of

+ime. In the time it takes teo test one student oape can test an

m

‘ntire class, but what dces one have? The ‘tests are paper and

pencil. Cne has the results cf the student?s work sc one can tell,

€. g., that the student does pcorly 1n subtracticn. One might even

coorZly 1n subtraction with a

or
¥
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zero in the rinu=nd. It is very difficult, howevzr, to determine

sort c¢f

]

Infcrzal diagncsis usually consists o©of sow

checklist such as UEBC's HMEDIC checklists. The <checklists are

locally develcred to f£it dinto +he framswork of a particular
clinic, The checklists are excellent £c¢r pinpointing th2 errors ot
students and deteraining the processes by which <the «child 1is
attempting to solve the problems. When a clinician has completad a
‘agnostic session hs hars a ernuc‘n cetter chance of knowing exactly
what the ¢hild is doing ard having a remzedial apprcach 1in w@ind,

The <checklists, however, are very dependsnt upcn th2 abilities of
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ie the cliniciarn that
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remediaticn research in mathematics sducation
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clinician
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oL diagnosis and

would be clearer if
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i+ were done within ap cverall framewcrx of ths area. Questions

such as, "What is the rcles of clinical res=zarch?", 'Can 2search
7 remediaticn cr mathematics learning difriculties stand
independent cf research cn mathamatics diagnoesis?™, “Car clinical

intervarcticn research be developed as a ressarch method?", and
others c¢culd Lte answssred With respect tao an overall research

framevwork.
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loped,
diagnosis and remedlation in mathenatics education may be able to
tell wmuch guicker the arsas that are ia the zmost urysnt nsed of
study, & logical tinpelins might te davelcped, i. =,, Study 6 mzigant
not have a thecretical basis until Study 8 r=2j2cts or does not
reject spescified  hypothesss. The framework may ellow researchers
to orgarize their thinking so tsat they may focus or the strengths

‘ well as the weakxnpssses in the areca,

Fcr a more detailed discussion of this sa2ction see John

Wilscnts article, "An Epistemolcogically Based System for
Classifying FHesearch and the Rcle of C(Clinical intervention
Research ¥ithin that Syster™, 1n Procezdinys or the Third

Xational Cornferencs on Remedial Mathegmatics, pp. 1 - 24,

In this secticn ars 22 suggested research problems. Sons
are large, sope are spall--—-all are needed, Though 1t may not seen

cbvicus the writer did att2npt tc organizes this sectiocnh.

‘. Entering skills @must be developed. For diagnosis aud

repediaticn tc secrve as preventive pedicine onz must knoow

[e¥)

which <kills a «chil entering any_specified yrads shbculd
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have. In additicn the teachser (and clinician) nesds to khow
. the «<ckills a child should Lave (zust have?) to entsr wcik on

a particular algorithr.

}

2., %ork needs to begir in sarnest at the secondary’ leavel. 4gain
d

checklists nee to L& created and validated. To focus

attenticn con pricrity items, desiracle existing skills aust

b

be deterazined.
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3., Checklists fcr ncon-coaputational skills

4, Content objectives for mathepatics at each grade need tc pa
d

tn
[

created. Many survey studies are still nrneeds

‘ the learning difficulties associated with each objective,

[§H)

5. Whan a perscn mak=es a ccmputational mistake is there actually

13

one thought pattsrn or many causing tne istake? Exparierncs

dictates thare arz many. Ressarch ne<sds to tell the c¢linpician

that for a given wistake thers are % patterns that could

cause 1i%t, each c¢f the fatt=rns occurs y% c¢f the time, and
remedial package Z has the best success rate Ior a specified

pattern, This is the ultimate goal for cliniciacns.
6, Are certaln errcr patterns caussd Lty particular i1pstructicnal
tectniques? which error patterns can be reasdiated Ly

‘ specified instructicnal tachnigu=es?

7. Can certain error patterus te grouped for resediation?



10,

11,

13.

14,

15.

16-

115.

Which 1learmner variables affect specified error patterns
(akility +training model)? Which learnsr variables can we

control? What is the intersection of th2 two sets?

Can reliaktle and valid instruments be developed for early

idertification ¢f the mathematics anxious student?

The role cf verbalizatior in the compreh=snsion of mathematical

concepts needs continuing study tc be clarified.

Hhat are the variables +tlkat determine tae most M"effsctiven

diagncstic session?

W#hat are the variables that determines thé zost Yeffective”

reredial sessicn? ,

Do teachers trained in the techniques of diagnosis and

ot
=
W

rezediaticn use the technigues after training is

ccrnpleted?

Do teachers +trairned in the techniques of diagnosis and

resediaticn make "ketter" teachers?

What do we remediate? Is the <errcr patterk a cg4use <¢r a

syegptom?

How doces mode of instruction interact with anxiety (self-

image, a+titude, etc.)?
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“’7. Ccntent hierarchies 1nced to be logically created and

empirically validated.

18. Fcllcw-up studies need *o determine if the effects of the

renedial packages ars maintained.

19. Car some remedial packages be devaloped into effective
teaching prccedures for the ipitial ©fpreseptation of an

algcrithe to an entire class?
20. What is the most efficisnt sizs for a remedial group?

21, How long should caildren te allowed to use ©physical devices?
‘ At wkat point should the student ke required to use sycbols

cnly?

22, I'11 end the list by at 1lsast referring to <the myriad of
guestions with respect to tbe presentation of content. ¥hich
conotent? Rhen should the content be presented? How should the

contant be presented? etc.
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Namcs and Addressss of Selected
Diagnosis and Remsdiation Clinics

pr., Kobert Ashlock, Director
The Arithmetic Center
OUniversity of Marvland
College tark, Maryland

‘r. Jon Englehardt, Director
Mathematics Clinic

Arizona State Oniversity
Tempe, Arizona

Dr. James Heddens, Directcr
Mathematics Clinic

Kent State University

Kent, Chio

Dr. Bcyd #Hcltam, Director
¥Yatkematics Clinic

West Virginia University
Morgantcsn, VWest Virginia

Dr. Kicha2l Hynes, Director
#ath Center for Diagnosis
ard kesediation

Florida Technical University
Orlandc, Florida

Dr. Jerry Irons, Director
Mathematics Clinic

S. F. Austin State University
Nacadoches, Texas

Or, David Robitaille, Directcck
MEDIC

2125 Hain ¥all

U. B. C.

Vancouver, B. C. V6T 125

Lr. Ed& Uprichard, Director
Mathkematics Cliric
University of South Flcrida
Tampa, Florida



118.

Bitiiography

Acetc, Jchn D. Ciagnos
Unpublish=d pag=r

i Fesdkback Systex, dathematrics.
1972, ED 086 5589.

dirasiar, Peter and Bart, william. "validating A& Pricri
Instructional Hierachies". Journal ot Educational
Heasurspment, vi2, n3, 1975, pp. 163-173.

Alper, T., Ncwlin, L., Lemonine, K., Ferine, M., and Battsncourt,
B. "The Rated Assessment of Acadzmic Skills", Academic
Iheracy, 1974, pp. 73-74,

Ashlock, Fobert B. and Herman, %ayne L. (Current Research in
Elementary School Mathematics. Lonaova: Hdackillan

S e e e et e

Comrpany, 1970.

Ashlcck, Rckert B. Frrecr Patterns in Computation. Ceclumbus,
Ohic: Charles EB. FKerrill, 1572.

Bannatyre, A. "Diagnosing Learning Disabilities and Writing
' Remedial Prescrciptions". Journal of L=sarning
Disabilitiss, n1, 15€9, pp. 242-249.

‘arr, David C. "A Ccuopariscn cf Three Hethods of Introducing 1TIwo-
Digit Num=sration". Journal for Reszarch 1n Mathematics
Fducatign, v9, nl, 1978, pp. 33-43.

Bateman, B. "Three Afpproaches to Diagnosis and Educational
Planning for Cinildren with Learning Disabilities',
Academic Therapy Quarterly, n3, 1567, pp. il1-16,

Begle, E. G. Critical Yariaclss 4ir Mathematics rducaticn.
Hashington, D. C.: Mathematical Association of America
and the Natiomal Council of Teach=rs oif HMathewmatics,
1979.

Besel, F. YlLiagnosis-Prescription in the Conrtext of Instructional
Management", Fducaticnal Technology, al3, 1373, Ppp. 23-
27.

re-Service Teachers! Analyses of Verkbal
pcnses by Pupils to Selsc:ted Additiorn
shed paper, 13975, ED 1006 128.

Belivar, Lavid E., =t al

and H¥ritten Rz
Exanples. Unpubl

P

=
1

Bright, George W. "A Sovi=2t View of the Formaticn of Geometry
Ccncepts in FKormal and Mentally Retarded Students",
ECLCFM 1980 ronographb, Thomas A. Rcmberyg, ©EZditor, 1980,
pp. 192-213.

- Brewnell, . A. “Tha Frograssive Nature of Learuning in
Mathematics"., Mathematics Teacher, v37, 1944, 147-157,




119.

Brown=1l, Ww. A. and Hendrickson, Ge. "How Cnildren Learn
Informaticn, <Ccncspts, and Generalizations™. Lsarning
and Ins*ructicn, 49th Y=arbook, Part I, Naticnal Society
for the Study c¢f Educaticn, University of Caicago, 1959,
EE. 92-123.

Brueckner, L. J. "Analysis of Errors in Fractions". Elementary
Scheel Journal, v28, 1929, pp. 760-770.

Brueckner, 1. J. [Liagnosis and Femedial Teaching in Arithmetic.
Philadelphia: The Jchn C. Winston Company, 1930.

Burrows, J. XK. "A Revisw of the Literatur2 on Computaticnal Errors
with Whcle Kumkbers'", MEIDIC Repcrt 7 - 7o, University of
British Cclumbia, 1576.

Buswell, Ga T. and Judd, C. H. "Sumpary of tducaticnal
Investigations Relating to Arithmetic". Supplementary
Educational Mcncgrarh, n27, University of Chicago, 1925.

Callakarc, L=z2rcy G. and Glennon, Vincent J. Elemsntary School
Mathematics A Guid= xo Curczsnt Ressarch, Fourth Editicrn,
Washington, ©D. C.: Association ror Supervision acnd
Curriculum Cevelopm=nt, 19785,

Callahan, He J. "Adolescent attitudess Toward Mathematics®.
‘ Mathepatics Teachzz, vé4, 1871, pp. 751-755.

Capie, ¥®. and Jom2s, 8. L. "An Assessment of Hierarchy Validation
Technigues®, Journal of Resecarch in Science Teaching,
ve, 1871, pp. 137-147,

n Matherpatics

Copeland, R. ®. Diagrostic gg@ Lecarning Activitices
fcr Childrzn, New York: Mackillan, 1374.

Cox, linda S. Analysis, Classification, and Fresquency of
Systematic Error Ccmputazional Pathesrns in rhe Addition,
Suttracticn, Multiplicetion, and Division Verxzical
Algecrithms for Grad=s 2 - & and Spzciali Education

Classas, Unpublished paperT 1974, =D 032 407. ‘Ffor a
shecrtened varsion ses +*he Journal for xesearch in
Mathematics Educaxicmn, vé, nlb, 1975, pp. 202-220.

Crcnkach, lLee J. "Hcew Can Instructicr Lte Adapted +to 1Individual
Differsnces?", Learning apd Individual Diff=rences: A
Symposium o0£f the Learning Researcn and Desvelorment
Center of th2 University or EBittsopurgh, Kop=rt #. Gaghe,
Editor. Columbus, Okio: Charlzss E. Merrill Books, 1967,
EE. 23-39.

NumeTation Systems, 6Grades Two, Thres and Fouch,.
Dissertation Abstracts 1lnternational, 33, 1975, p.
6434,

‘e Flandre, C. "The Cavelorment of a Unit of Study cn Place-vValue




120.

and Nen-C2cical Numsration Syst<zs on Hathamatical
Understanding, k=tention, acrd Transrsc". Journal for
fesearch in Mathsmatics Educa*ion, v1, n3, 1570, gg.
162-172.

".c—.drich, k. and Glennon, V. J. "The EZffects of Studying Decimal

Dockw=iler, Clarence J. "Onderstanding of Frames of Reference by
Students from Age 11 to <Tcllesge 4Aye". EKCDP¥ 1530
Mcncgraph, Themas 4. kcmfierg, Editor, 13930, ppe. 214-223.

Dunkley, M. E. #Scme Numler Ccncespits of Disadvantagjed <Children'.
The Aritbm=tic Tsacker, v12, 1965, pp. 359-3b61,

Eisenlterc, Theodore and Walltesser, Henry. "Learninc Hierarchies--
Numerical Considerations™. Journal for Eesearch in
Mathematics Educaticn, v2, nd4, 1971, pp. 2445-256.

Erikscn, Erik H. Y"Identity and the Life Cycle: Growin and Crises
of +he Healty Personality". Psychological issuss, vi,

FPenpema, Elizabeth. "Mathematics, Spatial Ability and the Sexes®.
Paper presented at +the annual meeting cf the Amsrican
Educational 2es=arch Association, Chicayo, 1974,

‘ennema, E. and Sharman, Je "Sex-Rslated Difrerencas in
Mathematical Achieveant and kelated Factors: A Further
Study". Journal for Rescarch in Mathematics Educaticn,

v9, n3, 1978, pp. 18%-203.

Fey, Jd. "Classrooa T2aching -cf Mathematics", Esvisw of Educaticnal
kescsarcn, v39, n4, 1969, pp. £35-551.

Fishell, F. E. MEffects or a Hath Tradinpg Gaame on Achisvem2nt and
Attitude in Fifth Grade Divisionn, Dissertation
Abstracts Internaticnal, 364, 1975, p. 3382.

Frostig, M. "Testing as a sasis for Educational Therapy". Jourral
cf Special Educa*icn, v2, nil, 1%07, pp. 15-34.

——mm————-- . "Disabilities and Remediationm in d2ading”. Academic
Therapy, v7, 1972, pp. 376-338.

Glenncn, Vipcent J. and Wilscn, John W. "Diagaostic-Prescriptive
Teaching". The Slow Llearner in dathematics, 35th
Yearbook or the ©National Council of Teachers of
¥athematics, Feston, Virginia: NCTY, 1972, pp. 282-318.

Gregcry, Jdchn W. "The Errors Children #ake: Are They Mathkematical
. or Clerical?". ZCDPM 1980 Moncgraph, Thomas A. ERomkterg,

Editor, 1980, pp. 176-141,

Grcssean, Anne S. Corrective Mathematics Services for
Disadvantaged Pupils ip Nonpuplic F=gular Day Schools.

Unpublished paper, 1967, ED Co3 983.




121,

Guay, FBocland 2, and McDaniel, Ernest D. "Th2 Rslationship Betw22n
Mathepmatical Achievement and Spatial aAbilities Among
Elementary School Children®., Journal Zfor Ekesearch in

. rathematics Education, v8, &3, 1977, pp. 211-215,

Hammill, [. [. "Evaluating Children for Instructional Purpcses",
Acadenic Thsrapy, vé6, 13971, pp. 341-333.
Hazekanp, Dcnald W. "The Effects c¢f Two Initial Instructioazal
~ Sequances con the Learning of thas Convsnticnal Two-Ligit
Multiplication Algorithm in Fourth Grada", Disssrctation
Abstracts Internaticnal, 37, 1572, p. 4933.

Heimer, Falph T. "Conditions cf Learnirg in Mataematics: Saguence
Thecry Dsvelopment", GEBeviasw Of EZducatichal Researca,
v39, n4, 1569, pp. 4G63-508.

Hellman, R. DTest Anxis*ty, Achievement Hotivatiorn, Level of
Asriration and Mathzmatics Esrformance ¢ Fourth and
Eighth Grade Studspnts! ksspchos2s to kFsedpack Concerning
Success ocT Failuce, Doctoral Disssrtation, Toe
University of T2xas at Austin, 1976.

Herriot, Sarah T. The Slow lzactner Proijsct: Tae Secondary Scheel
"Slow Learner" in Mathematics, S45G Report #5.
Stanford: School MKathematics Study Group, 1967,

Bducation"., REducaticnal Technelogy, vI13, 1373, pp. 35-
37. .

"ckey, ¥. E. and Hoffman, D. H. "Diagmncsis and Prescripticn in

Rill, K. T. and Sarason, S. B. The Relati

n of I2st Anxiety and
=3

o
Defensiveness to TIest anéd Scheecl Perficrmance - QVETL  The
Elementary School ¥cars: A Furzther Lcngaizudipal Study.
Chicago: Society for Rssearch in (Child Dev=lopaent,

1966.

Hutchipgs, Bart. M"Low-Stress Suktraction". The Aritnmatic Teacher,
v22, n3, 1875, pp. Z226-232.

Irons, dJerry. The Mathematics Clinic: Final Report. Unpublished
paper, 1974, ED 103 267.

[

|

Jercme, Sister Agres. "A Study of Twenty Slow Learrers®". Journa
of Educaticnal Resesazch, v53, 1959, pp. 23-27.

Kane, E. B. and cthers. Analyzing Learninyg Hisrarchies Ekelative to

Transfer Relationships Xithin Ar-ithsstice Unpublished
paper, 1971, ED 053 3965.

Kharutina, TI. V. "Soms Features of Elsmentary Arithmetic
Instruction for Auxilary School Pupils'". Sovist Studiss

. in the Psycholcyy ¢f Learning and Tzacniay Hathemazics,
Yolume X, J. Kilpatrick, 1. #irszup, E. Begle, arcd J.

Wilscn, Editors, Onivsersity of Chicago, 1975, pp. 18 3-
224, ‘



Kratzer,

122.

R, and Willcughby, S. “A Comparison of Initially Teaching

Division Employing the Distributive and Greenwood
Algorithms with the aid o0f a #anipulative Material'.
Journal for Research in Mathematics Zducation, v4, n4,
1973, pp. 157-204,

Krutetskii, V. A. The DPsvchology of Xathepatical Abilities in

lLachat,

Lurivya,

acccby,

Fary Arn and Capassc, Rconald L. Mathema+

A.

Schcol Children, Je. Kilpazr ck and I. ®¥irszup, Editors,
University of Chicago, 15976.

ics Programs That
tio

ndi n. Unpublished

¥ork: A National Survev, S=cond
paver, 1975, ED 111 €50

R. “"Cn the Pathology of Coxmputaticnal Operaticns”.
Scviet Studies c¢n thes Psycholcgy ©¢f Learsing and
Teaching Hathematics, Voiume I, J. Kilpatrick apnd i.
wirszup, Editors, 13969, pp. 37-74.

E. and Jacklin, C. The Psvcholcgy cf Sex Dirfersrces. The

Mann, L.

flacn, P.

Stanford University Press, 1974.

"Are ¥2 Fractionatiny Tco Huch?", Acad=amic Therary, V5,
r2, 1970, pp. 85-91.

H. and Suit=sr, P. Handbtook in Diagnostic Teaching: A
cs

McKillirg,

Learning Pisabiliti
Bacon, Inc., 1974.

dprroach. 3cstcn: Allyn ana

William D. Teaching fcr Compu*ational Skill. University
of Georgia, Department of #athematics Education, 13974,
Rimecgraphed.

Merchinskaya, N. A. ‘NThe Pshchology of Mastering
Concepts: Tundamental Prchlens and Methods of
Research", Sovis=t Studi=zs in th2 Psychology of Learning

A\

Moncrief,

Moodie

Mcrtcn,

‘utting ’

and Teaching Mathepatics, Voluz= I, J. Kilpatrick and 1.

Wirszup, Editors, 1969, pp. 75-32.

Michael N, Procedures for zrmrpirical Detsrmination of En-

Foute (Criterion Lzvaels. Unpublished paper, 1874, ED 030
255.

Allar and Hoen, Robert. Evaluaticn of DISTAR Prodgrams in

E.

Learning Assistance Classes of Vancouvar, 1971 - 1S87Z.
Orpublished paper, 1572, kD 077 9b&7.

L. "An Analysis of Pupils' Errors 1n Fractions'.
Jecurnal cf Fducaticnal E=s=zarzch, vS§, 1924, pp. 117-125.

——— — —— ——

Sue E. and Pikaart, LlL=onard. A Couparative Studvy of the
Efficisncy of the Flash-“ath Drill Progras with Second
and Fouth Graders, Practical Papsr #7, University of
Georgia Research and Developrant Center 1in Education
Stimulation, 19689.




Csguthorge, Russel T., €t al. ©The ZE£

Qbillips,

123,

@

ects oi Pre-Rempedial

to Skills and Classroon
, V1375, ED 106 142,

Instructior on Low Achievers!' M
Participation. Unpukblished pape

oo

E. R. and Kane, K. B. "validating L=2arning dierarcnies
for Sequencing Mathematical Tasks in Elementary School
Mathematics", Journal for K=2seazch ia Mathesmatics
Education, v4, 1973, pp. l41-151,

————— e o

Badatz, Hepndrik. "Error Analysis ir HMath=smatics Educaticrn”,

Resnick,

Robinsonmn,

1. B, and Wang, M. C, "kpcrroaches to =t

Journal fcr Research in Mathamatics fducation, vi10, n3,
19798, pp. 163-172.

Validaticn of
Learning Hierarchies". Procesdings th2 Eighteenth
Annual Regional Confzrencs on Tasting Probleans.
Frinceton, N. J.: Educational Tesziny Servics, 1569.

1

t

M. L. An Inves*tigaticn of Problem Soiving Beshavior and
Cognitive and Affective Charactsristics of Good and Poor
Problem Solvers in Sixth Grads datnematics. Dectcral

Dissertation, State OUniversity of New York at Bufralo,
1973.

Ross, Ramon. "2 Description of Twenty Arithmetic Upderachievers'.

‘attler v

Schulz,

Schwz2bel,

Scrivens,

Sherrill,

Smith,

Smith,

C.

I.

The Arithmetic Teacher, v11, nd4, 1564, pp. 235-241.

Jerome - H. Assessment 0f Childresn's Intelligerncs.
Philadeliphia: W. B. Saundars Company, 1974, pp. 245-
274,

Kichard W. '"Characteristics and ©Needs of ths Slow

Learner", The Slcw Learnsr in Ma*thema+tics, 35th Yearbcok
of the National Courncil of T=2achars of Hathematics,
Eeston, Virginia: NCTH, 1972, pp. 1-25.

A. I. and Schwstel, <C. E. "The Rela*icnship Between
Performance on Piagetian . Tasks and Impulsive
Respcndingh., Journal foz Research 1n Mathematics
Education, v5, n2, 1974, pp. 58-104.

Re W, "A Ccmparative Study of Different Approaches to
Teaching the Hindu-Arakic Numeration System to Third
Graders", L[issertation Abszraczts Intsruational, 2YA,
1968, pp. 839-840.

James M. '"Subtraction: D=2composition versus Egual
addends". The Arithbmetic Teacher, v27, nil, 1579, pp. 16-
17.

W. "a Study of Constant Errors in Subtraction and in the
Application of Selectsd Frircigles ¢ the Decimal
Numeraticn - System  Made Ly . Thi-d and Pcurth (Grade
StudentsY, C[Cissertaticr Abstracts International, 30,
1969, r. 1084A.

Sratial Ability. San Diego: Knapp, 1964.




124,

Swith, ©F. F. "Diagnosis <¢f Pupil Pezformances or Plac2-Value
Tasks", The Arithmeetic Zecach=r, v20, &5, 1%73, pp. 403-

==

408.

4 S=zlected
Flicaticnos",
th Natioral
A

Scvchik, ©FEcbert J. "anxiety and Ma*hematics Learninyg:
Keview of +the Research and 5Suggestad Io
ECLCEFHM [Eesearch Presentatiots at tae Eif
Ccenference cn Diagnestic and Erascripzive
Arizcna State University, 1978, pp. 3-i2.

dathematics.

Speilberger, <C. D. "“Current Tr=snds 1n Theory and Kescarch ¢n

Anxiety"., Anxiety: Current TIrends in Theory and

Eesearch, C. D. Speilterger, £ditor. New York: Academic
Fress, 1972, pp. 3-23.

Taba, HBilda ard ©lkins, Deborah. Teaching Sirategizs fcr ‘he
Culturallyv Disadvantagsd. Chicago: FEKand #cNally and
Co., 1966.

Tishin, P. G. "iInstructing Auxilary School Pupils 1in Visual
Gecmetry", Scvist Studi=s in th2 Psycholcyy of L=azning
and Teaching Mathermatics, Yolume X, J. Kilpatrick, I..
Wirszup, FE. BEsgle, and Jd. Wilson, Editors, Ths
University ot Chicago, 1975, pp. 1-124.

Trueblocd, Cecil Re " Model for Using Diagnosis in

Individualizing Mathematics Instructicn in the

. Elementary School <Classroom™. The Arithmetic Teacher,
v1g, 1971, pp. 505-511, ’

Uhl, W. 1. "The Use of Stanéardized Haterials 1in Arithmetic for
Diagnosing Pugil's #Hethods of Work"., Elementary Schcol
Journal, v18, 1917, pp. 215-21E.

Uprichard, A. E., Baker, B. E., Dinkel, N, K., and Archer, C. A

Task-Process  Integration  #ed=l Lcr Diagnosis and
Prescripticn in fMathesmatics, Workiny pap=r at the Fourth
Naticnal Ccnfersnce <c¢n Diagnostic and Prescrirtive

Mathematics, 1975,

Oprickard, A. E. and Collura, <C. "Ihs Effect of Emphasizing
Bathematical Stucturs in th=2 Acquisition of ¥Whole Numker
Computation Skills (Additiorn and Subtraction) by Seven
and Eight-Ysar 0lds: A Clinical Investigation". Schcol
Science and Xathematrics, v77, 1877, 97-104. :

Weaver, J. Fred. "Big C[ividends froz Little Interviews". The
Arithwmstic Teacher, v2, 1955, Ep. 40-47,

=}
iy

¥est, T. A. "Diagnocsing Pupil Errcrs Looking a*t Patteras'.
Arithmetic Teach=r, vig€, 1971, pp. 467-4569.

"hite, Fickard T. Y“Res=arch into Learning Hierarchies". Feview of
Educational Eksssarch, v43, 1973, pp. 3uvl1-375,

¥ills, 1i. H. and EKaras, Y. "Prescriptive Teachinyg Eegins with the
Child", academic Theracy, v7, 1972, pp. 343-352,




125.

¥ilscn, James ¥. "Standardized Tests Ve

ry Oft=n Heasure the Wrony
Things"., Thz Mathepatics Tea by

chez, veb6, u4, 1973, pp.

q 295, 367-370.

ilscn, Jchn. “"Diagnosis and Treatrent in Mathesmatics: Its
Progress, Preblems, and Potential Kkc¢les in Educating
Emotionally Disturkted Children and YouthY. The Tsaching-
Learpning Erocess in Educaiipng Emozicnally Disturced
Childran, Syracuse Univsrsity Eress, 1967, ppe. 91-141.

---------- . "An Epistemologically Based System for Classifying
Rescarch arnd ths Rclz ¢f Clinical Intervantion Reseaich
¥ith that System". Frocecedings of ths Tnird Natioral

S We. deddens and

Frank 0. Aguila, Edi<ors, 1S7o, ppe. 1-24

Yesseldyke, J. E. and Sabatinc, D. A. "Tcward Validationm o©x the
Diagnostic-Prescriptive Modei®". Academic Thesrapy, v3,
n4, 1973, pp. 415-420.

Yesseldyke, J. E. and Salivia, J. "Diagnostic-Prescrifptive
Teaching: Two Mcdels". Excertioral Childran, v41, n3,




APPENDIX B 126.

DIAGNOSIS AND REMEDIATION IN MATHEMATICS METHODS COURSES

No unit on diagnosis and remediation is rzguized in the
elementary mathematics m=2thods course at the University of 3ritish
Columbia (Education 371). There are several instructors, however,
that do have such a unit in their section of the courss,.

Therz2 is an emphasis in all sections of Bd. 371 on 1) the
use of mwmanipulatives, 2) how *o go from thz concrete to ths
abstract, and 3) different approaches to the same toplic. lWnile
these thr=2e areas are hot, per se, part of a unit o2 diaygnosis arnd
remediation they are necessary. It is a fact tha*t so muchk of the
material a teacher needs for diagnosis and reansdiation deals with
what 1t takes (in an individual professor'’s opinioa) to be a good
teacher. What is descrihed below is the material included in a
unit entitled, Diagnosis and Remedia%ion,

I. ERHGOR ANALYSIS --- The actual work of X - 8 studs
presentad and discussed. The Ei. 371 stude2nts havs
of their stud=2nt teaching practica duriny ths acadeni
year. I try to time the diagnosis aand remediation unit
so that 1t straddles the prac+*icum. 522ing the actual
work otf the students they will face in tas classrooa is
a sobering experience, It also maxes them sensitiva to
errors as they work with their studeants duripg the
practicun.

II. THE SLOW LEARNER --- I make use of the 35ta Yzarbook of the
NCTM to dascribe some of +the characteristics ot slow
learnars that have been identified from researcch. Tae
discussion also iuncludes those variaples that do  HNCT
necessarily relate to b2ing a slow lesarner, but aave
been used in the past to classify a student as Dbeing a
slow l=zarn=r. Due to thke students! cours=2s I do not have
to spend time discussing students With sSsvere lzarning
disabilities.

III. MEDIC CHECKLISTS --- The unit includes very little on group
administered diagnostic tests. The conceantration is on
the checklists developed at the UBC clinic. Iteams I1I -

V of the unit are present2d after ths2 practicum since
we are forbidden to give anything to the studants that
smacks of an assignment during the practicum. The
checklists reflect the current B. Ce ma thematics
curriculum and 1is an aid to ths Ed. 371 studeats in
organizing tne area they will teach.

IV, INTERVIEWS --- We discuss techniquss for interviewing
students only <from the perspective of identiiying
weaknessas, The epphasis, however, is on d=veloping a
programme for remediating the weaknesses. The class also
views a videotaps of a MEDIC interview. Siance I can no
longer require them to interview a studesnt during
practicum, I'®m trying to arrangs an intarview situation
using the Kids on Kampus prograaa=.
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V. REMEDIATION =--- The discussion centres on using alternate
teaching strategies and materials. Ta2 emphasis 1s on
developing 1lessons (that I would <coansider to ce)
bereficial for "normal classroom instruction", Taers is
also discussion on arranging the ciliassroom SO small
groups or individuals carn have the teacher's attention,

To repeat nyself, in the area of remediation, I f£ind very
little I would tell the preservice students that I wouldn't have
told them 1in any methods course. In simplistic tzras razmedial
teaching diffesrs nregligipbly from good iritial teacning. 1 agrsas
with Claude Gaulin that no matter how w21l a class is t ;
students are not going to get out of a 12330n what i
expectad. What 1s needed is to sensitize gvary
students, be sure that every teacher has =n er
techniques, and Dbe sure that every teacher has a
approachss in their rspertoire for each lesson they e

Can it ever be done?

J.M. Sherrill
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APPENDIX C: INTERVIEW WITH JEAN*

‘ Jean is a nine year old boy, in the third grade of a school designated by the
CECM within the project "Operation Renouveau'”. At the time of the interview
with Jean he was in a regular classroom, but the teacher had told us that he
should have been placed in a special education class because "he's very weak
in mathematics'. The teacher adds that Jean always has failing grades on
exams given each six week period. In a discussion with the teacher we tried
to get additional information concerning Jean, but she only keeps repeating
that "he's weak in mathematics', that "he should be in a special education
class' and "that he never does what he's supposed to do'. We asked the tea-
cher for her permission to conduct an interview with Jean, and she allows us
to take him out of class. We ask Jean, "Do you do calculations in class?’
He replies, 'Yes, additioms'. (Note: 1In French children say 'des plus’ for
addition, and "'des moins" for subtraction problems.) ''Can you do this pro-

blem?" We ask.

279 .
142 (Problem #1)

. 398

He adds alound very fast: "9 plus 2 plus 8 equals 18" (instead of 19). He
writes the "8" at the lower right and a "1" in the second column above the '7".
We speculate that perhaps the sum ''18" might be due to the rapidity in his

mental calculations. 1

279
142
398

8
He continues the problem adding the ten's and hundred's and arrives at the

answer 818.
21
279
142
398
818

We present him with the numbers arranged in a different order and ask him to

compute the sum:

398

279 (Problem #2)
. . 142

*Extract from a paper by Elie H. Martin, "L'analyse des erreurs en mathématiques

decelles chez des enfants (de 8 a 11 ans) en difficulté d'apprentissage: un
nouveau sentier pour les orthoédagogues?"
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This time he gets 809. Once again he adds very quickly and makes a mistake

in the ten's column. At this point it is not clear if his incorrect answers

are due largely to the rapidity of his mental calculations or due to other
factors. Jean does not seem to have realized that the same three-digit numbers
are in the two problems. For Jean perhaps he sees no contradiction (two diff-
erent answers) simply because he has not noted that ''they are the same problem -
only the order is changed". (Note: 1In this type of interview it is important
to speculate as one goes along probing. These on-the-spot speculations guide

the formulation of new questions. A very tricky thing to do!)

At this point we thought that perhaps by presenting the same numbers in a
third order Jean might realize ''they are the same problem' and he would seize
that something is wrong somewhere. It doesn't work out that way as we shall

see.

We propose a third order to see if Jean can in fact note 'contradictions" in his

answers: ''‘Can you do this one?"

142 (Problem #3)
279
398

This time Jean arrives at the answer 819. For us, adults, it is clear that the
three "problems" (in the school sense of that much abused word) should have a
single and unique answer, but Jean does not seem at all concerned by three diff-
erent answers. Has he noted that they are '"the same problem"? We now push to
see what Jean will say:
Interviewer: Jean, look here (in problem #1) there is a 279; in the
second there is also a 279; also in the third problem. Look -
there's also a 142 and a 398 in each of the problems. Don't you
think there should be the same answer for each of the three pro-

blems?

Jean: Of course not! It's not the same thing. (C'est pas la méme chose)
Int: Why isn't it the same thing?
Jean: Because the hard numbers aren't in the same place Parce que les

nombres durs ne sont pas a la méme place)
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(Note: Jean uses the expressions ''mombres durs'" and ''les nombres
pas durs". (Very literal translations of 'hard numbers"
‘ and ''mot hard numbers' are used here to keep the use of
the French '"pas'')

Int: Where are the hard numbers according to you?

Jean: That one and that one. He points to the 9 and the 8 in the units

column in the second problem: 33@)
2
142

Int: And in this one? (Third problem)

(Problem #2)

Jean: The hard numbers are in the lower part 142
2 ﬂ (Problem #3)
398

In the tens column Jean also says there are hard numbers; they are in the upper

part in problem #2 and in the lower part in problem #3.

Int: In the first problem are there some hard numbers?
279
142 (Problem #1)
398
Jean: Of course not! The 9 and the 8 aren't together. There is a 2
‘ there. (He points to the 2 in the units column)
Int: And in the tens column are there any hard numbers?
Jean: No! there is a 4. (He points to the 4 in the tens column ‘'which

separates the 7 and the 9'")

In the early part of the interview we were led to speculate that perhaps Jean's
main difficulty is due to the rapidity of his mental additions, hence the re-
sulting in minor errors. But at this point there seems to be more than this
at play here. Once again we are led to speculate on ”what's.in Jean's head"
and we might attempt to formulate this as follows (at least for the moment):
"There exist combinations of two digits whose sum is greater than ten.
Jean calls these 'the hard numbers'. A combination whose sum is less

than ten, Jean calls 'the not hard numbers’' (les nombres pas durs).
Hard numbers must be placed one above another in a column. If they

are separated by a small number then they are 'not hard numbers'. The
sums of numbers depends on the position of the 'hard numbers'. If

the order is changed, the answers will be different'.

Now this is one interpretation of what might be in "Jean's head". We attempt

. other questions to negate or confirm these speculations.
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Int: When I was in school sometimes I would do additions by starting

‘ at the top and add going down. But sometimes I would start at
the bottom and add upwards. (We demonstrate using the third
problem;)
(Procedure A) 142 142 (Procedure B)
279 279
398 398
Int: If I did it once doing it this way (procedure A) and once doing

it this way (procedure B) do you think I would get the same answer?

Jean: (Very long pause)...Er...Here (Procedure A) the hard numbers
(9 and 8) are at the bottom. But here (Procedure B) if you start
at the bottoms, you start with the hard numbers. (Long pause)....
It's not the same thing. No...you have to do it this way

(Procedure A).

Int: But suppose I did it this way (procedure B) would it give the

same answer as doing it this way (procedure A)?

Jean: But it's not the same thing!! If you do it that way (procedure B)
. it's not the same thing.
Int: It might give another answer?

Jean: You have to do it to find out.
Int: Do you think we can know before doing it?

Jean: Well, of course not! (laughs)

Jean seems to have found the idea ridiculous. In his mathematics the position
of numbers is important, and thus to say ahead of doing it if the two procedures
will give the same answer seems absurd to him (''you have to do it to find out').
In the arithmetic of mathematicans the commutative law holds, but in Jean's

mathematics:

A+ B+C % C+B+A 4 B+ A<C, etc. This is consistent
with his categories of "hard numbers" and ''mot hard numbers'. Problems #1, #2

and #3 are not the same in this system, and the appearance of 'different answ-

ers' is also consistent.

Is Jean a '"learning problem" or a ''creative mathematician''?




132.

CMESG/GCEDM 1980
Review Group I

CALCULATORS

Group leader: Claude Gaulin

INTRODUCTION

In 1979, during the CMESG/GCEDM conference, a working group discussed many
aspects of the problem of the utilization of minicalculators in schools,

including the following:
- uses of calculators in Canadian schools: the current situation

- existing materials about pedagogical uses of calculators: reports
and recommendations, books and articles, teaching materials, re-
search papers and monographs, bibliographies, etc.

- situations when it is appropriate / not appropriate to encourage
the use of calculators in the classroom

- uses of calculators for pedagogical purposes, e.g. to foster the
understanding or the dynamic application of concepts, properties,
algorithms, etc. or to investigate patterns

- some particularly interesting problems to investigate with a hand-
held calculator

- possible impact of calculators in the future upon curricula, teach-
ing methods and evalution in schools

- potential value of "pseudo-calculators' (electronic learning aids
like DATAMAN) and of calculator games

- sensitization of teachers to uses of calculators in schools: objec-
ives and means to achieve it.

Concerning the work done then, those interested are invited to read p.81ff in
the Proceedings of the CSGME / GCEDM conference held in Kingston in June 1979.

The 1980 review group on calculators had two objectives: wupdating of the
information compiled last year and discussion of new aspects of the problem
of the utilization of minicalculators in schools. Four people accepted to
contribute and stimulate the discussions by means of four short presentations:

Claude Gaulin: The situation at the international level
Shirley McNicoll: The current situation in Canada
Alistair McIntosh: Extension of & project in England
Roberta Mura: Calculator accuracy
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THE SITUATION AT THE INTERNATIONAL LEVEL
A. Updating of information compiled last year

The number of publications about the utilization of minicalculators
in schools continues to grow at an incredible rate. That rate is
unprecedented in mathematics education, for any other topic.

Besides the existing materials compiled by the working group on
calculators last year, it is important to mention the following,
which have appeared since that time:

Calculators: A Categorized Compilation of References,

by Marilyn N. Suydam ERIC / SMEAC June 1979
Investigations with Calculators: Abstracts and Critical
Analyses of Research, edited by Marilyn N. Suydam

ERIC Calculator Information Center Jan. & June 1979

"The Impact of Electronic Calculators on Educational
Performance”, by Dennis Roberts. Review of Education
Research, Spring 1980, Vol. 50, No. 1, pp. 71-98

B. Recent recommendations 1w H.S.4.

Reference has been made last year to the position statements of the
National Council of Teachers of Mathematics about Calculators in

the Classroom (Sept. 1974 & Sept. 1978), as well as to the recom-
mendations contained in the NACOME report ("Overview and Analysis of
School Mathematics Grades K-12", Conference Board of the Mathe-
matical Sciences, 1975) concerning the utilization of calculators
for teaching mathematics in schools.

In April 1980, the N.C.T.M. has released an important :report:

AN AGENDA FOR ACTION Recommendations for School Mathe-
matics of the 1980s

which is 1likely to be very influential in mathematics education
in coming years. Among the eight major recommendations, the third
insists that

"Mathematics programs must take full advantage
of the power of calculators and computers at
all grade levels”

and leads to the following recommended actions:

3.1 All students should have access to calculators
and increasingly to computers throughout their
school mathematics program

3.2 The use of electronic tools such as calculators
and computers should be integrated into the core
mathematics curriculum

3.8 Curriculum materials that integrate-and require
the use of the calculator and computer in diverse
and imaginative ways should be developed and made
available.
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C. Increasing concern for calculators at the international Level

The use of calculators in mathematics education has been much dis-
cussed in several international conferences, since the panel discus-
sion on "What may in the future Computers and Calculators mean in
Mathematics Education?" which was very successful during ICME 3 at
Karlsruhe in August 1976. For example, an international colloquium
took place in Luxemburg in 13978 about "Calculators in School Teaching”.
During the 5th Interamerican conference on mathematical education,
held in Campinas (Brasil), one of the major activities was a panel
on calculators and computers in mathematics education.

It may be of interest to observe that six activities during ICME 4,
to be held at Berkeley in August 1980, will deal exclusively with
uses of calculators for mathematics teaching.

On the other hand, as part of the Second International Mathematics
Study, information has been compiled about the situation in wvarious
countries with respect to the utilization of hand-held calculators
in schools. As a result of that work, Marilyn N. Suydam {(Ohio State
University) has prepared an important document entitled

"Working Paper on Hand-Held Calculators in Schools"
(March 1980)

which contains reports from 16 countries (including one from Canada,
written by Walter Szetela, U.B.C.), as well as a Synthesis of Natio-
nal Reports, which certainly constitutes the most_up—-to-date docu-
ment available about the situation at the international level. That
document should become public during ICME 4 next August.

D. Research activities with calculators

(A copy of the paper Synthesis of National Reports referred to above
was handled to each participant in the review group for internal use.
Comments were made about research activities with calculators, fol-
lowing the content of pages 74-75.)

See appendix: "Synthesis of National Reports”.

Claude Gaulin
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‘ THE CURRENT SITUATION IN CANADA (summary)

During a sabbatic leave from McGill University in 1978-79, I conducted a
survey of Elementary School Mathematics in Canada, specifically: the nature
of provincial curricula as perceived by ministries of Education, school and
teacher education personnel. Based on the responses from 111 interviews
held in all ten provinces over a ten month period, I indentified common pri-
orities and concerns and reported these in a document dated January, 1980.
Among the brief observations noted was the lack of recognition of the future
impact of calculators on elementary mathematics.

In response to a question regarding the use of calculators, six Ministries of
Education reported that no definite policy had yet been established (Nfld.,
P.E.I., N.B., Ont., Sask., and Alta.), two provinces reported a policy at
secondary level only (Man., B.C.) and two provinces were considering usage

at the elementary level (N.S., Que.).

When asked a similar question, school and teacher education personnel agreed
that greater use of calculators should be considered, but only at the upper
elementary levels. Among the school areas where there have been research
studies conducted or where calculators are being used as a supplement to the
regualr program (in computational skills), where the following:

- Montreal: Protestant School Board of Greater Montreal has recently
adopted its calculator policy (encouraging use of calculators at
all levels, including 1-3 and L.D. classes).

— Hamilton: Michael Silbert issued a report and recommendations in
1977 on the Handcalculator and Its Impact on the Classroom.

- North York: 1In 1976, Campbell and Virgin reported on An Evaluation of

Elementary School Mathematics Programs Utilizing the Mini-Calculator.

L J

~ Edmonton: The Edmonton Public School Board has developed an extensive
resource manual for teachers in the elementary shcool: Calculators in

the Mathematics Classroom.

Faculties of Education reported that very few courses are available for pre-
service teachers, but calculator units are included within existing 'Methods'

courses. A number of courses and workshops are offered in In-service programs,

and among personnel mentioned where Drost (Nfld.), Gaulin, Mura, and Craig
(Que.), Vervoort, Siebert, and Connolly (Ont.), Neufeld, Holmes (alta.),
Szetela (B.C.).

Shirly McNicol

.......................
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EXTENSION OF A PROJECT IN ENGLAND

During the 1979 CMESG conference, the working group on calculators examined
the report

"A Calculator Experiment in a Primary School"
by A. Bell, H. Burkhardt, A. McIntosh & G. Moore
(Shell Centre for Mathematical Education, Uni~
versity of Nottingham, 1978)

of a project which took place in a primary school. An extension of that
project has now been initiated in 13 Elementary schools and 2 High Schools,
and it is currently entering its second year.

The principles on which the Extension Project is based are:

1. The calculator in the elementary school is an educational aid,
rather than a tool children should learn to use.

2. The immediate aim should be to use the calculator to aid the
present curriculum: only later will changes to the curriulum
be considered.

3. Parents must be kept informed at all stages of the purposes and
effects of the work, through lectures, workshop sessions and
information sheets.

4, All teachers in the schools are invited, but none are compelled, to
be involved.

5. Worksheets and small units should first be produced in response
to the teachers' demands for material in specific areas and
circulated to all teachers in the schools.

6. When a substantial number of these have been produced, they
can be organized to indicate relevant content areas, ages.

Gaps can then be identified and filled.

7. Emphasis is placed on observing, assessing and recording the
reactions of teachers over time.

8. The end-product should be a useful collection of calculator mat-
erial and a report,.

Up to now, we have reached the following preliminary conclusion:

Calculators do not change the classroom habits of teachers, although
at times they threaten them. If calculators are to be used by the
majority of teachers, then they will be used in a variety of ways
corresponding to the perceived purposes of mathematics teaching.
Major take-over programmes will produce a back-lash if they ignore
this.

Alistair J. McIntosh
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CALCULATOR ACCURACY

The purpose of this presentation is to draw attention to a few questions that
are generally neglected by a majority of calculator users (including both
students and teachers), and yet would be quite valuable in improving both
their competence in the use of calculators and their understanding of some

mathematical ideas.

The first question is: what are the numbers a calculator displays and works
with? The reason why such a question is usually negiected, is probably that
it doesn't even occur: the digits and the operation signs of the keyboard
look familiar, and so do the numbers appearing on the display. Once the ques-
tion is raised however, it doesn't take long to establish that the calculator
works with a finite subset of the rational numbers. Moreover these ''calcu-
lator numbers" are not homogeneously distributed: they are denser around
zero, while becoming more and more sparse as you move away from zero towards

either the largest (positive) or the smallest (negative) number in the system.

After realizing that the calculator universe cannot include every real number,
the next question is: how does a real number get translated into a calculator
number? This leads to the familiar topics of truncating and rounding off

It is a good opportunity to discuss the extra digits carried by many types of

calculators (e.g. calculators with an 8 digit display that actually compute on

10 digit numbers).

The third question is: what are the properties of the calculator number system?
For any given type of calculatdr, a list of examples can be devised showing

that the calculator number system lacks most of the properties one would expect
it to have: 1t is not closed under addition or nultiplication, neither opera-

tion is distributive and so on.

This may be quite amusing to someone having unconsciously assumed all along that
the calculator arithmetic was the same as the usual one. This exercise may
also be of pedagogical interest in that, by asking to look for peculiarities in

the calculator arithmetic, it draws attention to properties of the usual number
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systems that would otherwise go unoticed because too familiar.

Once it has been established that the calculator arithmetic is different from
the usual one, the next question is: how much different? 1In other words:

how accurate is the calculator? In answering this question, the notions of
error and of relative error are introduced. After pointing out that relative
errors are usually quite small, one can give examples of situations in which
they are not. It is also interesting to give examples of situations in which
even a small error can make a big difference (e.g. trying to decide whether

539 is a divisor of 66 541 707 by executing the division on a 4 function calcu-

lator, can lead to the wrong conclusion).

The question of calculator accuracy also gives an opportunity to point out
that the accuracy of a result depends on the accuracy of the data as well as
on the accuracy of the computation: a result may contain meaningless digits

even if the computation hasn't produced any round-off error.

The above questions are designed to make calculator users aware of the prac-
tical, and therefore approximate, nature of calculator computatioﬁs. All the
topics mentioned are quite familiar to anybody having taken a course in numeri-
cal analysis, however, they are not common knowledge among everybody else,

and this includes the majority of mathematics teachers.

Calculators have created a situation in which it has become important that
a much larger number of people get acquainted with a few basic ideas of numeri-

cal analysis.

Robert Mura
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"APPENDIX 139.

ABSTRACT FROM "Working Paper on Hand-Held Calculators in Schools"

ITI. Synthesis of National Reports (M. Suydam, March 1980

As one reads the reports in the previous section, one is struck by
the similarity of the issues and concerns about hand-held calculators that
are being faced in the 16 countries. Some divergence is found, however,

in how the issues are being resolved in various countries.

1. Trends, predictions, and prevailing opinions about curricular
implications of calculators

"New ideas have often met with public resistance,' as Szetela notes
(p. 19). Calculators were quickly acquired and are in common use by
scientists, engineers, economists, and other professionals; almost every
household has one in some countries (e.g., Switzerland, the United States).
Yet, although calculators have been in some schools since 1973 (e.g., in
the United Kingdom), many of the reports indicate that mathematics teachers
may be reluctant to use them. [They generally have been welcomed by teachers
of other subject matter, especially the sciences, where calculators are
often considered a part of the student's expected equipment (e.g., in
Australia), and in non-academic courses (e.g., in Japan)]. Moreover, there
is increasing resistance as grade level decreases; that is,primary teachers
are most resistant to their use, while secondary teachers have accepted
them to a greater extent, especially as a calculatiomnal tool, and university
teachers allow their use with almost no concern (except in some instances
where they ignore calculators, as was noted in Brazil). A quotation from
the United Kingdom expresses the picture at the lower elementary level:

... the attitude of primary school staff to the calculator
ranges from an enthusiastic welcome through passive toler-
ance to hostility. (Bell et al., 1978 cited on p. 56)

Fielker adds:

While some are willing to look into the possibilities, the
majority are worried that arithmetical skills will be for-
gotten. (p. 56)

Cheung notes that, in Hong Kong,

In the primary schools, the use of the calculator is not
formally and widely accepted in the classroom because both

- parents and teachers fear that the calculator might become
a crutch to children of this age range and thus impair the
learning of the basic computational facts and skills. (p. 25)

Shimada adds that, in Japan,
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Generally speaking, it seems that many teachers are reluctant
to introduce calculators in their classes, partially because

of their belief that at the elementary school level teachers

must concentrate on fundamentals and ... students must

master basic skills in computation without special aids, and

partially because of monetary problems involved and a fear of
new change. (pp. 36-~37)

Also from Japan comes the comment that at the secondary level, teachers
are '"theory-oriented" rather than '"practice-oriented" and therefore keep
numerical complexity at a minimum; thus, they do not feel the need to use
calculators.

In West Germany, it is similarly felt that calculators should not be
used before or during the development of computational skills. The calcu-
lator is allowed only after grade 7 or 8 in the official regulatidns of all
11 ministries of education.

Szetela notes that in Canada

School boards are keenly aware of the objections and concerns
of parents toward calculators and hesitate to pursue an
uncharted course utilizing calculators without strong public
support. (p. 19)

In the United Kingdom, Fielker reports that

Furthermore, some employers have been vociferous in their
demands for arithmetic without calculators. It is sometimes
difficult to persuade teachers that calculators are not
detrimental to arithmetical health, in spite of continuing
evidence in the U.K. and from abroad that the use of calcu-
lators improves ability at computation. (p. 56)

And it is noted that in Canada, it is believed that ''Calculators should be
used to supplement rather than supplant the study of necessary computa-
tional skills" (p. 21).

In countries like Thailand, the issues have ''mot been seriously con-
sidered" yet, since calculators are less available than in some other
countries. New Zealand provides another instance in which there is little
argument about the use of calculators:

Little concern has been expressed by teachers, parents, or

the community either for or against the use of calculators

... There has been no strong pressure to introduce calculators
into the curriculum, nor to exclude them. (p. 40)

Use in schools tends to be on an informal basis, depending on the initia-
tive of individual teachers within an individual school. _
Nevertheless, a statement from Australia is indicative of the status

in most countries:



141.

During 1975 and 1976, both individual teachers and-education

.' systems began to realize that they would have to come to
terms with the calculator, and that process of adjustment is
still underway. (p. 5)

Over and over, similar arguments are raised for using or not using
calculators at various schools levels (but especially at early levels).
Thus, among the points favoring the use of calculators as a teaching-
learning device are:

» attainment of more time for "genuine mathematical content"”
including new content, and for teaching concepts

» emphasis on problem-solving strategies and mathematical ideas
rather than routine calculations

¢ use of more practical examples and problems with realistic data
e support for heuristic and algorithmic processes

e increase in motivation

s enhancement of discovery learning and exploration

s attainment of speed and accuracy, with relief from tedious cal-
culation

¢ enhancement of understanding
‘ ¢ lessening of the need for memorization
Most telling of all is the comment that, since their role in society is
increasing, students should learn how to use calculators.
The points cited for not using calculators involve:

¢ fear of dependence on calculators as a crutch, which will "damage
the development of children, making them less capable of intellec-
tual achievement"

e tendency to fail to criticize calculator results

e non-availability to all students, since they cost too much for
some (thus enhancing the gap between "haves'" and "have-nots')

s creation of a false impression that mathematics is computation
e insufficient research on long-term effects '
e reduction of achievement in basic computational skills
. » decrease in understanding of computational algorithms
| » lessening of ability to think
¢ lessening of ability to memorize

e reduction of motivation to learn computational skills and mathe-
matical principles, or to think through mathematical problems

- ' It is obvious that fear of loss of computational skills with paper and

pencil is the predominant concern.
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2. Research activities with calculators

The amount of research evidence being accumulated on the effects of
the use of calculators varies aéross countries. 1In some, there is little
or no research activity (Australia, Austria, Hong Kong, Ireland, Japan,

New Zealand, Switzerland, and Thailand seem to fit this category). In
several others, a limited amount of research is being conducted by college
or university faculty and/or graduate students, usually with the focus on
the secondary school level or occasionally the upper elementary level
@Belgium, Brazil, Canada, Israel, and West Germany appear to.fit this
category).

In the remaining three countries, the form of research is more exten-—
sive, but still varied. In the United Kingdom, the Durham Education
Committee, the School Mathematics Project, and the Shell Centre for Mathe-
matical Education have been most heavily involved. Experimentation has been
largely exploratory and infdrmal, with the emphasis on ascertaining what
could be done with calculators and on the development of comparatively
short curricular sequences, with formal data-comparison studies at a2 mini-
mum. In Sweden, the activity has been organized in a somewhat comparable
but more centrally controlled fashion. The first directives from the
Board of Education came in 1975; this past year some trials started at
various grade levels from 4 through 12. ARK (Analysis of the Consequences
of Calculators) is coordinating a wide program of research and development,
étudying the effect of calculators as an aid for calculation, as an aid
in changing the methods in the present curriculum, and as an aid in changing
the content of the present curriculum. -

In the United States, over 100 studies have been conducted, most in-
dependent of the others and most using an experimental design in which the
achievement of calculator and non-calculator groups on various curricular
topics or modes.of instrucgion héve been compared. Almost all such studies
indicate either higher achievement or comparable achievement when calculators
are used than when they are not used. A handful of studies has looked at
learning-oriented quesstions, in an attempt to ascertain how learning of
mathematical ideas (rather than merely achievement) can be iﬁproved with
the use of calculators. In addition, less~formal curriculum development
studies have been underway, to develop sequences for instruction at most
grade levels. The majority of such work has concerned integration of the

calculator into the existing curriculum; far less attention has (thus far)
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.been given to revising the curriculum to integrate calculators. This
research and development work is proceeding at several levels, with univer-
sity mathematics educators, supervisors of mathematics, and teachers
collaborating in some attempts and working largely independently in others.
While federal funding has supported some studies (including a number of
grants directly to school systems), other work has proceeded solely be-
cause an individual (including many doctoral candidates) felt the need to
pursue the topic and collect evidence.

Across countries, the overwhelming majority of the data -~ from both
formal experiments and informal experimentation -- has supported the con-
clusion that the use of calculators does not harm achievement scores (in
particular, computational scores). From the few studies focusing on the
point, there is indication, in fact, that use of calculators can promote
computational skill achievement, as well as the learning of other mathema-
tical ideas.

There is continuing need for informal research by teachers at the
classroom level to establish and evaluate ways of using calculators to in-
" vestigate both existing and new topics in the curriculum. Similarly,
mathematics educators need to continue efforts to ascertain how the calcu-

lator can serve best as a tool to promote learning.

3. Instructional practices with calculators

The need for curriculum development is evident in the comments from
several countries; for example, a comment from Austria indicates

A main obstacle for intensifying the use of calculators is
the fact that neither the curriculum of mathematics nor the
schoolbooks are related in any way to the needs and possi-
bilities of the calculator. (pp. 11-12)

The Australian reports adds:

For the mathematics classes, there has been a more systematic
consideration of how calculators might be used, not merely

to carry out calculations ... but also to attack new types of
problems, or old types of problems in new ways. (p. 6)

In the report from Ireland, it is noted that

Teaching methods and course content may need to be revised
. to take advantage of calculator techniques. (p. 29)

And the Canadian report points out that

... teachers would prefer to wait [to use calculators] until
materials ... are written. (p. 21)
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"Restrained enthusiasm' and a '"lack of bold projects for implementation'
are also noted (p. 23). There is need to incorporate additional work

on such topics as estimation and approximation, significance of answers,
mental arithmetic, rounding, and flow charting; the limitations of calcu-

lators also need to be taught.
In most countries, as the report from Belgium notes,

There is still some quarreling going on between two groups,
the one stimulating the use of the calculator only as a com-
putational tool and the other willing to take more advantage
of calculators as an instructional aid. (p. 13)

It seems fairly evident that, given the concern by parents and teachers
about students learning paper-and-pencil computational algorithms, these

will not rapidly disappear from the curriculum in most countries. Fielker

notes that

Even among the more enthusiastic schools, the calculator
has been assimilated into existing curricula, and no one
so far has altered the curriculum to tzke account ¢f the
calculator. However, there is enough development taking
place to indicate the way things eventually should go.
(p. 56)

He indicates that paper-and-pencil algorithms will persist as only part of
an 'armoury of techniques'. Pupils will design their own algorithms, and
the focus will be on the development of algorithms for calculators and

computers. Thus, he writes:

... one questions whether ... written arithmetic is any
longer necessary. ... What is required is an ability to
check that answers are reasonable; hence a facility with
"single digit" arithmetic, and a sense of the size of
numbers to be expected in real situations [is needed].
(p. 57)

In Israel, similar concern is expressed for algorithmic thinking, but the

focus is

not to try to revolutionize the mathematical curriculum,
but rather to modify it by putting emphasis on algorithms
for solving meaningful problems and carrying them out to
completion. (p. 31)

From Japan comes this comment:

If we admit an assumption that calculators are always
‘available in any classroom, then emphasis might be shifted
from mastering a certain set of prescribed algorithms to
developing various algorithms based on fundamental properties
of number, and grading difficulty by number of digits in com-
putation might become not so meaningful. - (p. 38)
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However, few textbooks have incorporated use of calculators.

Sweden is relatively advanced in curriculum development compared with
most other countries. New curricular sequences integrating calculators
are being tested. In West Germany, Brazil, Argentina, Israel, the United
States, and the United Kingdom, there are some smaller-scale efforts to
develop ¢alculator-integrated curricula. While the Swiss report indicates
that '"changes in curricula are for the time being not necessary because
of the use of calculators" (p. 47), curricular guides may include use of
galculators as aids; such statements have also been included-in many other
countries. Thus, the official syllabus for New Zealand recommends the use
of calculators, but only at Form 7 (for 17- and 18-year-old students). 1In
Hong Kong, the new mathematics syllabus for secondary schools attempts to
incorporate the use of calculators, including decreases in emphasis on
some topics and the addition of several new topics. In most countries
reporting recommendations, the use of calculators is suggested after grade
7 —- that is, after initial teaching of computational skills is completed
and they have presumably been learned.

A matter of concern to many persons -— though at a lower level than the
concern over use of calculators in elementary schools, associated with fears
over loss of computational skills -- is the concern over their use on tests.
The report from Ireland provides a particular illustration of this. Calcu-
lators were used on examinations in 1974 and 1975. Then:

Public awareness of a possible social discrimination in the

use of calculators in examinations was fanned into life by

an article in one of the leading daily newspapers; the Minister
of Education became worried, and calculators were banned from
the public examinations in 1976. They have been banned since
then . . . (pp. 28-29)

In Australia, school inspectors began in 1977 to recommend that stu-
dents be permitted to use calculators on public examinations. By 1980,
virtually all examining boards will permit the use of calculators on
grade 12 examinations. From 1980 on, the calculator will also be allowed
in the Hong Kong Certificate of Education examinatioms.

By 1978, four of eight boards administering the General Certificate
of Education Examination in England were permitting use of calculators on
Ordinary ievel, and two others permitted them at A Level; the Scottish
Board was permitting them in all examinations. “However, they are not

allowed on the English Certificate of Secondary Education examinations (and
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.therefore most schools have not used calculators with average and below-
average pupils). )

In New Zealand, on the other hand, some locally based regional
examinations for low achievers in mathematics do incorporate the use of
calculators, although they are not permitted in national school-level
examinations. Calculators (including programmable types) are allowed in
secondary~-level examinations in Sweden, but not in grade 9. The policy in
West Germany is that calculators are allowed on tests in grades 8-13 when-
ever calculation is not a goal of the test (calculators are not used
below grades 7 or 8 in the instructional program).

In the United States, calculators are not allowed on standardized
tests (because of their construction and norming), and most teachers do
not allow their use on any mathematics tests. The College Entrance
Examination Board is considering the need to modify existing tests or
develop new tests on which calculators will be used, however. Their actions

could have an impact both on other test developers and on the use of cal-

culators in instruction.

4. Student outcomes, attitudes, and concerns about calculators

Students are generally positive about using calculators. Some teachers
(in Belgium), however, reported that students quickly lose interest "'when
they realize that much thinking is involved in working with them" (p. 14).
Whether for this reason or another, the initial high level of motivation
that is usually attained when calculators are first introduced is rarely
a lasting phenomenon. (After all, the calculator is a tool; consider the
chalkboard: does it keep children excited day after day?)

It may well be, however, that 10& achievers who have continuously
failed in mathematics may find that the calculator provides a means to
help them succeed. And as the curriculum changes, some anxieties about

mathematics may be relieved, causing a long-lasting metivational effect.

5. In-service activities on calculator use

Little cohesive planning of in-service activities for teachers, to
help them place the calculator into perspective and develop strategies for
using it effectively, was reported. Professional associations of teachers,
local or national educational authorities, teachers' centres, and universi-

ties have shouldered the burden of sponsoring conferences, meetings, seminars,
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workshops, short courses, and/or discussion groups. There has been little
systematic planning for these, however: they seem to arise upon demand,
with little attention devoted to creating a demand so that teachers will
be prepared to cope with calculators (and other technological phenomena
which could impact upon schools).

Articles have been published in journals in most (but not all)
countries reporting, although the number of such publications, and of
books, shows a wide variance from country to country. In the United
States and West Germany, information centers provide an additional means
of disseminating materials to teachers (and to others interested in the
use of calculators).

As was noted in the Canadian report; the in-service activities are
"not as widespread as needed" (p. 22) and "it can hardly be said that [cal-

culator materials] are sought by a tidal wave of teachers” (p. 22).

6. General background on amount and type of use of calculators

Three generalizations about calculator use seem appropriate:

(a) The higher the age level, the more likely students are to own
or have access to calculators.

(b) The higher the grade level, the more likely that calculators are
used in schools.

(c) Four-function calculators are most used in elementary schools,
scientific calculators in secondary schools, and programmable
calculators by the college years. Calculators with algebraic
logic appear to be most widely used (especially in pre-college
years), probably because they are more widely available at lower
prices.

Calculators are either bought by individual pupils (sometimes through
school-organized plans) or by schools. 1In Japan, the Ministry of Education
subsidizes one-half the cost of equipping schools with calculators, accord-
ing to a schedule, and limited federal funds are available in some other

countries (e.g., the United States) for purchasing calculators.

Concluding Corment

The terms "fluid situaticn' and ''cautious approach' appear in the
reports, and would seem to characterize the situation in many countries.

In at least one country, New Zealand, '"Other issues in mathematics education
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... appear to be of greater priority' (p. 41).
The Australian report notes that the need to preserve a reasonable
arithmetical facility will continue to be argued. But, as Fielker notes:

Unless we effect the necessary changes in educational
attitudes, it could be that the classroom will be the
only place where arithmetic is done by hand! (p. 58)
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CMESG/GCEDM 1980
‘Review Group II

MATHEMATICS EDUCATION RESEARCH
WHAT 1S IT ABOUT IN CANADA?

Thomas E. Kieren%®
University of Alberta

Mathematics education research like all research represents a guest
for knowledge. What is this knowledge about in Canadian mathematics

education research?

in exploring this question it is useful to cite four recent state-
ments about knowledge. Bateson (1979) maintains that useful knowledge must
be about something. In seeking knowledge, or in any mental functioning for
that matter, Hostadter (1979) suggests that one can function in a mechanical
or an intelligent mode, but human beings usually try to bring meaning to
mechanical functioning. Such meaning is developed from isomorphisms with
reality and relys on symbols as mental triggers. Finally persons should

build up constructs about realities which are extensive and connected

(Margenau, 1961).

These comments have parallels in mathematics education.

1. Useful mathematics education knowledge must be about something.

2. Mathematics education researchers can function mechanically or
intelligently, but tend to bring meaning to their work.

3. Meaning in mathematics education comes through isomorphisms to
appropriate reality.

L, Mathematics education ideas should be extensive and connected.

How can mathematics education research be congruent with these
statements. At the 1979 CMESG meeting Easley discussed the relationship
between the researcher's space of interest and the mathematics education
reality for the teacher or student. When the projection of the research
space has only limited contact with teacher-student reality, such research

has two problems. Philosophically, it is not about that which it should be.

* John Travers of the University of Alberta helped in preparing the survey
here.
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Practically, its results can be safely ignored by teachers. Easley ad-
monishes researchers to so develop their research, that it projects onto a

significant area of practice.

Bauersfeld (1976) discusses mathematics in education in terms of
matter meant, matter taught and matter learnt. |If one considers each of
these as a vertex of the triangle of mathematics research, such research

would focus on mathematics curriculum development and analysis, mathematics

instruction and mathematics knowing, learning and developing respectively.

To follow Easley's direction the center of this 'triangle' would be student

mathematical experiences and mathematics classroom experiences.

In terms of this research triangle one can make a number of
observations with respect to mathematics education research. First, as
would be true anywhere, because of its proximity to classroom experience,
the research and development efforts of teachers is both most prevalent and
probably most important. This research, generally informal in nature, is
informed by the classroom actions of students. It can and under Easley's
model likely will be informed by more formal mathematics education research.
Some of this research occurs in natural classroom settings, focusing on
tearners in action or teachers in action. This research often uses partici-
pant observer or stimulated recall methodologies. While there is a quantity
of such research in Canada using mathematics classrooms, much is done by
persons interested in administrative or personal aspects; hence such research
while informing mathematics education does not generate mathematics education

knowledge.

One form of curriculum research prevalent in Canada is evaluation.
This work generally occurs under the aegis of the various provincial govern-
ments, but has been extended in a variety of ways by researchers particularly

in British Columbia as well as in Alberta and Ontario.

Another form of research which has a long history in Canada is the
analysis of mathematics with the purpose of providing a sound basis for

curriculum development. Such research has been done recently with respect to



several aspects of geometry, rational numbers, and the real plane. In
conjunction with evaluation studies, calculus in school mathematics also

has been considered.

There have been a number of recent “'learning-knowing'' studies in
Canada. One area of emphasis has been problem solving. Studies of processes
used in solving non-standard problems have been considered both for young
children (3 - 8) and high school students. The heuristics used by high

school students have also been considered.

There have been a number of studies based on the observation of
children and young adults working on tasks which might be considered subject
oriented. The subject areas of such tasks are ratios, rational numbers and

algebra.

One '"learning-knowing'' study was related more directly to instruction.
In this research, students in an active project oriented environment in ratio
and rational numbers were studied. A number of comparative performance

differences were noted favouring a process oriented approach.

Another kind of learning-knowing study, which was a focus of a
working group at the 1980 CMESG meeting, pertained to diagnosis. Here the
object was to identify student performance difficulties and suggest alternative
teaching interventions. Another teacher related study along this line is on-
going and its objective is to observe the effects of training teachers in the

use of clinical methods.

Finally there is a body of recent Canadian research on teachers and
teaching. Much of this research focuses on teacher characteristics and not
surprisingly much of the work has been done with pre-service elementary
educatioh majors. There has been work on the mathematics anxiety of teachers
and also how this can be alleviated. There is research on pre-service teacher
performance in mathematics related to various methods course settings as well

as on pre-service teacher attitudes.
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in addition to the rational number study mentioned above some
research has focused on methods of instruction. Some of this research:
which also has a curriculum aspect, has considered the impact of calculators

and to a limited extent computers, on instruction at various levels.

Attached to this report is a sampling of recent or on-going
research in Canada. Some information came from a survey of recent Canadian
publications. Other material was produced as a result of a request for
information about on-going research. It is appended here in the form found
or received. This survey is in no way exhaustive, but does give an indica-

tion of recent Canadian mathematics education research activity.

The Canadian Mathematics Education Study Group has as a goal to
keep its members informed about on-going activity. |In addition, through its
meetings and stimulated interaction of members, it can prod research into
being better projected onto the world of mathematics student and teacher at
many levels. Thus such research has a better chance of generating
mathematics education knowledge which is useful, meaningful, extensive and

connected.
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CURRICULUM RESEARCH

Dieter Lunkenbein; Universite de Sherbrooke. '‘Le concept de groupement de

Jean Piaget comme outil de la rationalisation des interventions
didactiques"

Content analysis - instructional development - mathematics learning
and development.

Study of the relevance of the notion of grouping as an organising

structure of conceptual contexts, as a model for the description of

mental images of the learner and as an element to determine strategies

for teaching interventions.

Fernand Lemay; Universite Laval, Québec. Une Etude structurale du comptage;

mathematics learning and development.

Approche de 1'arithmetique dans une perspective ordinale. Au moins 6
niveaux d'apprentissage- sont distingués. Le comptage emerge comme
lobject d'exploration'’. Vision rénovee des algorithmes de calcul

(Textes disponibles).

Fernand Lemay; Universite Laval, Quebec. Gentse de la géoméfrie; mathematics

learning and development.

Poincaré a par]é'de la géom&trie projective comme &tant la ''geométrie de
la lumigre''; cette vision est poursuivie avec acharnement. Plusieurs
parties realis@es: ''Le projet de la g.'", 'Germes de l'activitg
gSomatrique'’, "Etincelles et groupe projectif', . . . “Synthese

géométrique des nombres'',

Fernand Lemay; Universite Laval, Quebec. Modele reel du plan projectif

complexe; mathematics learning and development.

Vers un nouveau modele, peut-@tre plus ''intuitif" que celui de von

Staudt.
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Fernand Lemay; Universite Laval, Québec; Geométrie projectives finies

.- *a . . .
associees aux polyedres platonigues; mathematics learning and

development.

Aspects exemplaires d'enseignement de la géométrie par les geométries

finies.

Crawford; Queen's University.

Basic Skills and Understanding in School Mathematics; Evaluation Study,

Mathematics Skills and Learning.

Two related studies are underway. The immediate objective is to make

a survey of national and state-wide assessments of competency in basic
skills in school mathematics. These include the first and second
National Assessments in the U.S.A., the assessment in England under the
supervision of the Department of Education and Science, and similar
assessment movements in Canada, particularly in Alberta and British
Columbia. Analysis of such surveys will then be made to identify areas
of strength and weakness, so that learning and teaching of problem areas

can be improved.

A second objective is to compile an inventory of those skills deemed
basic by the mathematics education and teaching community. This will
be done by analysing the make-up of the various surveys, and sampling

the views of specialists and organizations.

A third and more long-term objective is to define more adequately whét

is meant by a '"mathematical skill' and to relate the acgquisition, of
skills in selected basic areas of mathematics, e.g., computation,
estimation, and approximation the level at which the mathematics is
"understood'', thus linking the study to the on-going research of Dr. R.R.
Skemp on "'intelligent learning'" and its relationship to mathematics

learning.
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Bramwell, J.R., Vigna, R.. Ministry of Education, Ontario. Evaluation

Instruments Locally Developed in Ontario; annotated catalogue.

Describes evaluation materials developed by testing personnel, curriculum
specialists, researchers and teachers from across Ontario. Seven major
types listed: Achievement tests, Achievement tests - Diagnostic,
Attitude scales, Behaviour rating scales, Personality tests, Observation
checklists, Questionnaires and surveys. For Mathematics there are 64

Achievement tests listed, 11 Diagnostic tests, | Observation checklist,

1 survey.

Assessment Instrument Pool (0AIP), Ministry of Education, Ontario; evaluation

study.

For distribution in fall of 1980. Intent is to provide assessment
instruments (''test items') directly related to the objectives of
Ministry guidelines. Loose-leaf binders will be sent to each school.
These will contain: assessment instruments, codes for indexing them to

objectives, examples of student writing, province-wide standards in
certain areas, material to act as standards on such affective aspects

as listening, speaking and writing. There are expected to be more than

L,000 test items for mathematics.

Al Olson, University of Alberta; Geometries.

Various extensive curricular analyses involving non-metric measure
(decomposibility) and the geometry of shape. Curriculum materials for

junior high students have been developed and tested.

Some Recent Publications

1. Murray McPherson
What do Teachers and Pupils Think About the Mathematics Programs in

Manitoba.

Man Math T 6:1:10-11 0'77
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2. Achievement in Basic Skills: A Longitudinal Evaluation of Pupil Achieve-

ment in LA and Mathematics (Review) - H.G. Hedges, CJED L4:1(1979).
g 5¢& 8 over 40 years - 1976-1938-1954

a. average grade level in 1975 was higher than that of students in the
1930's and 1950's,

b. g 8 students in 1975 performed consistently less well in arithmetic
computation and reasoning.

c. g b5 to 7 today outperform in fundamental operations

3. Achievement Results from the B.C. Mathematics Assessment - David F.

Robitaille, James M. Sherriil, CJED V&4, No. 1, 1979, p 39.
March 1977 - 100,000 students - grades 4, 8, 12

Achievement relatively good -~ computational skills, knowledge of

terminology, and at grade 4 and 8 problem-solving.

Areas needing improvement - comprehension of fraction concepts,
comprehension of geometry and measurement concepts, and problem-

solving at the senior-secondary level.

L, James M. Sherrill and David F. Robitaille

Comments on the Mathematics Assessment Results: Problem-Solving

Vector 19:2:17 - 31 p'77

5. James M. Sherrill
Provincial Learning Assessment Program - Geometry.

Vector 19:3: 13-38 Mr'78

6. Victor Steblin and lan D. Beattie
Math Education in B.C. Local Curriculum Development: Questionnaire
Results
Vector 19:1:8-14



10.

13.

157.

David F. Robitailie and James M. Sherrill
Provincial Learning Assessment Results: Highlights

Vector 19:1:19-24 0'77

Sue Harberger
Report of the BCAMT Senior Secondary Questionnaire {(concerning
math education in B.C.)
Vector 18:4:5-8 Jn'77

John R. Bramwell and Roxy Vigna
Evaluation Instruments Developed Locally in Ontario

Ministry of Education (Ont.) 1979

E.W. Surgenor and V.H. Fick
Relating Criterion Referenced Tests to Specific Learning Outcomes
(Interim report)

Educational Research Institute of B.C. 1978 (Rep #78:23)

Alberta assessment of school mathematics. Condensed report. A.T. Olson,
D. Sawada and S.E. Sigurdson. Edmonton: Alberta. Minister's

Advisory Committee on Student Achievement 1979. S4p bibl. tabs.

David F. Robitaille

Provincial learning assessment program - instructional practices

Vector 19:2:13-23 Jn'78

John V. Trivett
Forward to the basics
Vector 19:3:25-38 Mr'78
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TEACHER AND INSTRUCTION RESEARCH

D.J.

2. Jim

Bale, University of Regina. An Exploratory Study of Computer

Aided Problem-Solving. (Instructional Development/Math Learning)

The purposes of this study are as follows: 1. To write a program
that can be used by a person trying to solve a math problem in the
interactive mode; one that helps the student by reacting to his
attempts with Polya type hints. 2. To study patterns of problem-
solving by interpreting the computer printouts of these problem-

solvers.

Vance, University of Victoria.
Handheld Calculators and Percent - Curr. In., evaluation study.

A calculator-assisted unit on ratio and percent was taught to a group
of Grade 7 students. Calculators do not reduce the amount of instruc-
tion needed on basic concept, estimation, and problem-solving skills.
Calculators do permit students to solve and investigate a greater
range of verbal and non-routine or open-ended problems involving

extensive computation. Student attitudes were positive.

Carroll, J. Gershman, E.J. Sakamoto; 0.!.S.E., CARE CA! Network,

Intermediate Mathematics; Instructional development.

A CAl network involving 52 terminals in 21 schools. Courses are all
at the Intermediate Level (Grades 7 to 10). Topics are: Arithmetic:
Whole Numbers, Fractions and Percent, Integers and Rationals,
Applications; Algebra: Algebra, Equations; Measurement; Probability.
French and English versions are available. Branching strategies,

interactive lessons and games are features.

Harrison, D.B., S. Brindley, M. Bye, University of Calgary.

Instructional Development: Study included the teacher-aided
development of an activity-oriented instructional package in

Grades 7 and 8 (ratio and rational numbers). It assessed student
achievement as well as the effect of the level of congruence between

student thought levels and instruction used.
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5. Werner Liedtke, University of Victoria.
Instructional Development: Observational Study - Case Studies -

S]ow-Learners in the Early Grades

Curriculum Develcpment: Observational Studies - Games/Game playing

behavior: preschool children - Problem~Solving Settings for Preschool/

Kindergarten..

6. D. Bale, University of Regina.
Profiles of Elementary Education Students classified as Math Anxious.

(Math Learning (variables)).

Students given MARS and classified as Math anxious are being examined
for other characteristics and profiles are being drawn up in search
of patterns. Mathematics attitude, aptitude, mathematics background

and some personality traits are being measured.

‘ 7. 1. Burbank, University of Victoria.

Evaluation Study. (Data collected. Now being processed and analyzed)

Studying Following Relationships: (Elementary Teach.)

Math. Content Scores and General Math. Assessment

pa—
.

i " i and Practice Teaching

1" 1 " and Math. Attitude Scale

1 T 1 and Math. Method Scores

1 3 o and Reading Assessment Scores

and Grammar Assessment Scores

Math. Assessment Scores and Practice Teaching Scores
1 " " and Math. Attitude Scale

H H H and Grammar Assessment Scores

O W 00~ Oy Ul W N

H H H and Reading Assessment Scores
11. H " " and Math. Methods Scores
12. Practice Teaching Scores and Reading Assessment
‘ 13. " " " and Grammar Assessment
14, " " " and Math. Methods Scores
15. Math. Attitude Before Math. Methods and
H " After Math. Methods
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Comparison of Secondary Teachers and Elementary Teachers on
1. Math. Assessment

2 Math. Attitude

3. Grammar Assessment
L

Reading Assessment

Comparison and Relationship of:
1. Regular Students who Took 160 and Their Practice Teaching Score

2. Transfer and Diploma Students who Took Math. and Their Practice

Teaching Score

Some Recent Publications

1. W. Higginson

Book Reviews & Research . . Research and the Classroom Teacher

DMT Math. G. 16:1:50-51 577

2. T. Holens

Report of the Committee on the Use of Calculators in the Schools

Man Math T 6:2:16-17 Ja'78

3. James M. Sherrill
Survey on the use of hand-held calculators in mathematics classes in
secondary schools of British Columbia

Vector 18:4:9-10 Jn'77

4, J.H. Vance

Attitudes Toward Mathematics and Mathematics Instruction of Prospective
Elementary Teachers

AJER V24, No. 3 p. 16k

5. Renee Caron
Les attitudes et 1'apprentissage de la mathematique

Ont. Math. G 17:3:28-32 Mr'79

6. Jean-Paul Collette
Measure des attitudes des etudiants de college | a l'egard des
mathematiques

Ministere de 1'Education, 1035 de Lachevrotiere, Quebec GIR 5A5
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LEARNING-KNOWING RESEARCH

J. Hillel, D. Wheeler; Concordia University; Problem Solving Processes;

content-analysis-instructional development.

Analysis of problem-solving processes of approximately 100 high school
students solving non-standard mathematical problems while 'thinking
out loud'. Question: What does one learn from individual interviews

which can be transferable to classroom problem-solving activity.

Nicholas Herscovics, Universite Concordia; Jacques C. Bergeron, Universite

de Montreal;
The Training of Teachers in the Use of Clinical Methods

J.D. Burnett, W.C. Higginson, G.L. Hills, H. Osser and M.G. Schiralli;

Queen's University;
Mathematical Knowledge: A Study of Cognition and Metacognition
Mathematics knowledge, school mathematics, clinical interview.

A series of studfies on how students attempt to come to terms with
school mathematical knowledge. All of the studies used a form of
clinical interviewing. The children studied were from grades 7 and

10.

Reports:
Burnett, D. Educational Psychology and Mathematical Knowledge: An Analysis
of Two Student Protocols, 1978. 207 p.

- Hills, G.L.C. Through a Glass Darkly: A Naturalistic Study of Students
Understanding of Mathematical Word Problems, 1978. 37 p.

Osser, H. Making Sense of 1t? Trisha in the World of Bromdas, 1978. 15 p.

Schiralli, M.G. Language and the Child's Understanding of School! Subjects,
1978. 27 p.
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Burnett, J.D., Queen's University. A Structuralist Investigation of Students'
Mathematical Knowledge; mathematics knowledge, school mathematics,

clinical interview.

Twenty-four students from two schools in N.S.W. Australia (Grades

7 and 11) were studied using two variations of a clinical interview.
Complete protocols are available and are presently being analyzed
for evidence of student conceptions of topics presented as part of

the schools' mathematic curriculum.

Tom Kieren, University of Alberta. Rational Number Thinking in Children and

Adults; content analysis - mathematics learning and development.

A fractional number thinking test based on four rational number
interpretations was devised and 650 Grade 7 and 8 students tested.

A similar thinking pattern was observed in all interpretations, with
very strong differences in unit and non-unit fraction task

performance observed.

D. Sawada, University of Alberta. Cross-modal matching and number perception.
Studies the reaction of early school children to mathematical

(numerical) information presented visually, aurally or haptically.

L.D. Nelson, Problem-Solving in Young Children. A summarizing of many years

of research on the acts of young children in a variety of mathematical
settings. Available through the office of the Dean of Education,

University of Alberta.

Some Recent Publications

L. Pereira-Mendoza, Heuristic Strategies Utilized by High School Students.
AJER V25, No. 4, p. 213

Most common heuristics - systematic cases or patterns, symmetry, and

analysis. Utilization of heuristics tended to be problem dependent.

T.E. Kieren and B. Southwell, The development in children and adolescents of
the construct of rational numbers as operators. bibl. tabs.
AJER 25:4:234-247 DEC 1979.
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CMESG/GCEDM 1980

. Review Group III

VERS UNE INTEGRATICN DE LA RECHERCHE
A LA FCRMATION ET AU PERFECTIONNEMENT
DES ENSEIGNANTS*

par

Jacques C. Bergeron, Université de Montréal
Nicolas Herscovics, Universite Concordia

SCMMAIRE

L'initiation & la recherche peut valoriser 1'enseignant et lui permettre
d'innover dans sa classe. Les &léments de la recherche 3 intégrer dans la
formation et le perfectionnement des maltres doivent &tre choisis selon

les exigences didactiques de chaque discipline. Ceci est illustré dans le
cadre  de la didactique de la mathématique dont la nature abstraite et form-
elle pose de sérieux problémes pédagogiques. Des méthodes de recherche
permettant d'observer et d'analyser la pensée de 1'éléve sont illustrées

par des exemples. Il est suggéré, que pour qu'une intégration rationnelle
de la recherche 3 la préparation des enseignants puisse un jour étre faite,

des efforts analogues soient poursuivis dans d'autres disciplines.#*%

*Articleé paru dans le twmero du printemps 1980 'de la Revue des Sciences
de 1'Education (Vol.6, No.2.)

*% L'8laboration de notre version de 1'exp@rimentation didactique soviétique
a 8té& subventionnéde par 1'Université& de Montr&al (CAFIR, 1978).



164.

‘ 1 INTRODUCTION

En Formation initialea, /’Universitd
goldt {(ntrodulre dans ses programmes wne
fnitiation 8 /a recherche... et /a re-

cherche doit d8ére /’une das voles orga-
nisdes du perfectionnemant.

(Commission d’'étude sur la formation et le
per fectionnement des enseignants. Rapport -
mai 197¢, p. 60).

Dans son rapport au Ministére de 1’Education du Québec, la
Commission d’Etude sur les Universités recommande !’intégration
de la recherche a la formation et au perfectionnement de
1'enseignant afin de luil faire acguérir des méthodes et des
concepits qui /ul permetient de rester cspable d’innover, de
percevolr /e changement et de restructurer ses perspecti-
ves. De plus, elle suggére que les types de recherche a dévelop-
’ - per solent ceux qui permetient dJd’amé/iorer /a qual/iitd de
; !/ ’dducation, /a valewr dducative des dcol/es et /a crolssan-
ce optimale des &/6vaes. Elle souligne enfin qu’'il faut va/o-
riser et sortlir de /’i{sol/ement /es recherches spontandes
des enselgnants.Ces propos justifient le besoin d'une telle
intégration tout en évitant d’entrer dans la controverse de ce

qu’est la recherche.

On ne peut cependant ignorer ce qu’en pensent les enseignants.

Certains croient que la recherche en Sciences de 1'Education

demeure le domaine du professeur d'Université ou du chercheur

professionnel oeuvrant dans un centre de recherche; qu’on y accé-

de qu'une fois inscrit dans un programme de deuxiéme ou de

troisiéme cycle; que les méthodes de recherche applicables sont

celles des sciences naturelles et qu'elles se doivent d’&tre

quantitatives; que les problémes abordés sont souvent si théo-

riques et si loin de la réalité que leur étude n'apporte aucune

aide pratique. D'autres estiment que certains travaux présentés

au premier cycle, dans le cadre des cours réguliers, et dits

. projets de recherche, constituent réellament de la recherche

' quand souvent ils ne se limitent qu’a un relevé de la littératu-
re.
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‘ ' La Commission interpréte la recherche dans un sens plus large
que les enseignants et elle semble convaincue que l’'initiation a
certaines méthodes leur permettra d’ innover dans 1'exercice de

leur profession. Sans chercher a définir la recherche, nous pen-

sons qu'elle se caractérise par une application consciente et mi-

nutieuse de certaines méthodologies éprouvées. Il ne s’agit pas
d"introduire au niveau du baccalauréat toute la gamme des métho-

des de recherche employées par les chercheurs professionnels. Il

faut plutdt en identifier les éléments pouvant &tre assimilés par

les futurs-maitres et utilisés par les enseignants eux-mémes dans

leur classe.

Les éléments qui pourraient &tre inclus dans la formation de
I'enseignant doivent &tre jugés en fonction des exigences didac-
tiques de la discipline considérée. En effet, chacune d’elles
possede ses propres problémes et ses propres didacticiens [on
n'‘enseigne pas la mathématique comme on enseigne la musique].
C'est donc & eux que doit revenir la tache de détermimer pour
leur domaine particulier quels sont les aspects de la recherche
. qu' ils jugent accessibles et utiles au maitre. Evidemment, de la
‘ somme de tous ces travaux se dégageront des éléments communs, ce
qui permettra une intégration & la fois mieux coordonnée et plus
rationnelle.

C’est dans cet esprit que nous décrivons les problémes parti-
culiers a l’enseignement de la mathématique et que nous détermi-
nons les aspects de la recherche pouvant aider & les résoudre.

2 PROBLEMES PARTICULIERS A L’ENSEIGNEMENT DE LA MATHEMATIQUE.

Les recommandations de la Commission s’avérent des plus inté-
ressantes pour les programmes de formation et de perfectionnement
des maftres en mathématique, vus les problémes particuliers que
pose l'enseignement de cette discipline. En effet, la mathéma-
tique étant une science formelle , par opposition aux sciences
expérimentales telles que la physique, la chimie ou la biologie,
son contenu se distingue difficilement de sa forme de représenta-
tion. La communication de concepts mathématiques s'avérant péni-

. ble sans 1'emploi d’une représentation symbolique, il en est ré-
sulté une tendance a se centrer sur le jargon, sur la notation et
sur la manipulation de symboles.
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Jusque dans les années cinquante, c'est justement ce & quoi se
limitait l'enseignement de la mathématique (la mémorisation et la
manipulation d'un tas de formules éparpillées). L’essentiel du
renouveau des vingt derniédres années a consisté en une tentative
d’unification des diverses notions enseignées par |'introduction
de concepts unificateurs (ensembles, fonction, ...) et de struc-
tures algébriques (groupes, anneaux, corps, espaces vec-
toriels,... ). Bien que permettant un développement précis et lo-
gique de la matidre, un tel programme exige un formalisme et un
vocabulaire excessifs (Kline, 1973) au détriment de 1'aspect
psychologique de 1'apprentissage (Skemp, 1871). Il a été trop

" facile de croire que 1'éléve assimile un concept simplement en

mémor isant son nom et qu’'il donne nécessairement un sens aux
symboles en apprenant & les manipuler.

De récentes études psycho-pédagogiques indiquent que c’est aux
niveaux symbolique et formel que se situent les problémes d’ap-
prentissage. Carpenter et Moser (1879) ont montré qu’'aprés deux
ans d’arithmétique des enfants de deuxiéme année avaient plus de
difficultés que des enfants du préscolaire, face & certains pro-—
blémes raisonnés, Ginsburg [19??j lui, a rapporté que des en-
fants ayant des difficultés en arithmétique écrite se débrouil-
laient trds bien si on les laissait compter sur leurs doigts.
Méme au niveau secondaire, des é&tudiants maftrisant la notion de
pente d’une droite au niveau graphique, s’y perdaient avec la
formule (Herscovics, 1880]). Ainsi, la majorité des éléves sem-

blent pouvoir acquérir une compréhension intuitive d’un concept

mathématique tant que sa représentation demeure non formelle. Ce
n'est que lors de sa formalisation que des différences dans leurs
habiletés pourraient &tre décelées.

L’'enseignant qui nhe se rend pas compte de ces difficultés tend
a enseigner d'une fagon formelle et perd ainsi dés le départ une

grande partie de la classe. Par contre, en utilisant des repré-
sentations intuitives et une approche relationnelle, il en
atteindra certes un plus grand nombre. Pour beaucoup d’'éléves,

ce n'est que lorsqu’'il y a eu un tel accrochgge intellectuel
qu’'ils peuvent formaliser des notions mathématiques et se
construire ainsi une signification pour les symboles. Une telle
démarche implique que 1’enseignant doit distinguer entre le con-
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tenu et la forme mathématique d'un concept. De plus, il doit
pouvoir analyser les observations recueillies auprés des
étudiants pour juger si les représentations qu'il a é&élaborées
sont & leur portée. Dans le cas contraire, il doit en inventer
des nouvelles, en un mot innowver.

3 TENTATIVES D’ INTEGRATION.

En didactique de la mathématique, plusieurs tentatives ont été
faites dans différents pays pour rapprocher la recherche de l’en-

seignement.

Aux Etats-Unis par exemple, le NCTM (National Council of Tea-
chers of Mathematics), la principale association regroupant les
enseignants de la mathématique des niveaux primaire et secondai-
re, publie une revue entiérement dédiée a la recherche (Journal

for Research in Mathematics Education). A l'origine, elle visait
les maftres, mais ses articles, exclusivement psychométriques,
semblent n'avoir intéressé que les chercheurs. De plus le NCTM

organise, lors de ses congrés annuels, des activités touchant la
recherche, mais peu d'enseignants y participent.

En France, on avait doté une vingtaine d'Universités d’'un IREM
(Institut de Recherche sur 1’Enseignement des Mathématiques) dont
la fonction principale é&tait de recycler les maftres a l’ensei-
gnement des mathématiques modernes. Seuls les IREMs de Bordeaux,
d’Or léans et de Strasbourg sont encore impliqués dans la recher-
che et n'y participent, & titre d’auxiliaires, que quelques
enseignants.

En Union Soviétique la recherche en didactique de la mathéma-
tique se rapproche de 1'enseignement. La plupart des études
traftent d'un aspect ou d’un autre du programme scolaire.
Quoique les enseignants choisissent eux-mémes, selon 1'habileté
des éléves, ceux qui seront les sujets d’expérimentations didac-
tiques ,ils n’en demeurent pas moins des auxilliaires (Kantowski,
1879).
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Ces essals de rapprochement visaient a faire participer
I'enseignant & la recherche universitaire (Gaulin, 1978), mais en
laissant entier le probléme de la transformation de celui-ci en
chercheur [au sens large) autonome. Seuls l'Angleterre et le Qué-
bec ont été témoins de quelques modestes tentatives un peu mieux
orientées dans cette wvoie. Depuis bientdt dix ans la principale
association de professeurs de mathématiques d’Angleterre [As-
sociation of Teachers of Mathematics)] encourage ses membres a
s’ impliquer dans la recherche. S'adressant a eux, UWheeler (1870)
caractérisait en ces termes l’enseignement sci{enti{figus:

/a technigue principale de [/ ’homme de
sclence est d’agér sur /a situvation danrns
/aguelle survient un phénoméne afin de
/a changer et d’observer /es changements
alns! provogués. C’est cetie technigue
qul permet /’'diude scientifigue du pro-
cessus o' ’'spprentissege de [’enfant. £//e
ne regquiert nul/lement gque /es phénoménes
Studids pulssent &ére contrd/és ou (so-
/8s des sitwatlons ou e//es surviennent.

Le ré/e du scltenti{figue n’est pas de se
retirer aftn d’observer, mals d’'aglr et
de continuer 8 observer.

Bishop (1971, 1972, 1875) a proposé la notion de /’ensei-
gnant-chercheur. Pour lui, la recherche c'est towte tentative
systématique de cuell/lette d’'dvidences sans nécessairement
wtl/iser Jdes statistigques ou des groupes=—-itdmoins. Parmi
les sujets de recherche suggérés aux enseignants, on trouve |'é-
tude de cas, l’enregistrement de legons sur bandes magnétiques
pour fin d'anaigse, et l'expérimentation dans sa propre classe de
divers types de comportement personnel. Quoique ne touchant ni &
la formation, ni au perfectionnement des maitres, ces suggestions
font état d'une conviction en la capacité des enseignants & faire

de lavreqherche.

Ici au Québec, le seul essail d’'intégration s’'est limité a
1"introduction de la recherche-acéion dans le programme PERMA-
MA (Perfectionnement des Maftres en Mathématiques). Cela semble
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un excellent moyen de permettre a l’enseignant de prendre
consclence de ses capacités a résoudre des problémes pédago-
giques, mais ce genre de recherche demeure wvulnérable aux cri-
tiques visant des méthodologies jugées non-scientifiques (Commis-
sion d’études, p. 52).

~ En somme, en aucun pays a-t-on réussi a vraiment intégrer de
fagon systématique, rationnelle et scientifique la recherche & la
formation et au perfectionnement des enseignants. Selon Bauers-
feld (1878), tant gqu'’on ne transformera pas /es programmes
ds formation et de perfecitionnement, /a concepition de /’'en-
sel{gnant-chercheur demeurera wune witople. Néanmoins, avant de
proposer des modifications de programmes faut-il identifier les
éléments de 1'activité de recherche les plus profitables aux
enseignants.

4 ELEMENTS DE LR RECHERCHE UTILISABLES PAR L‘'ENSEIGNANT.

Comme nous 1'avons mentionné& auparavant, les éléments de la
recherche utiles a l’enseignant dans sa classe doivent &tre jugés
en fonction des exigences de la discipline considérée. En mathé-
matique, il ne suffit pas de savoir qu'un éléve a trouvé la ré-
ponse a un probléme car, au point de vue pédagogique, il est tout
aussi important de connaftre les processus de pensée employés.
Pour y arriver, ’enseignant doit pouvoir analyser 1'aspect co-
gnitif de la matiére, tant au point de vue théorique que pra-
tique. Nous décrivons ci-dessous les éléments de la recherche
susceptibles de 1’aider a analyser une situation pédagogique a
1'aide de modéles de compréhension et de modéles d'apprentissage
(aspects théoriques), puis, a planifier ses interventions et &
les réaliser a 1’'aide de 1’entrevue clinique et de |’expérimenta-
tion didactique (aspects pratiques].

4.1 ASPECTS THEORIQUES

L’'apprentissage de la mathématique requiert bien plus que la
simple mémorisation de régles. Ce p/uws peut &tre décrit comme
signification, compréhension, {nsighé, adaptation & la réalité,
etc. Bauersfeld (1976) indique qu’il est important de distinguer
entre la structure mathématique ("la matiére signifiée"), la
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transformation de celle-ci par Il’enseignant (["la matiére
enseignée’ ), et son assimilation par 1'éléve (" la matiére appri-

se” ].

Pour que l'enseignant puisse prendre conscience de ces dis-
tinctions, il doit posséder les moyens de faire 1'analyse concep-
tuelle d'une notion, et pour qu'une telle analyse ait une portée
didactique, elle doit se situer dans un contexte cognitif et pé-
dagogique. Il est donc essentiel, dans un premier temps, de lui
présenter des modéles théoriques qui lul permettent de décrire
les composantes de la compréhension et de l’apprentissage.

De tels modéles ont été spécialement congus pour décrire dif-
férents modes de compréhension et pour identifier les différentes
étapes de l’'apprentissage des concepts mathématiques. Evidemment
ce n'est qu’en appliquant ces modeles & l’analyse de notions pré-
cises telles que 1'aire, ou la numération, que l'enseignant pour-
ra se décentrer des produits de 1’'apprentissage (réponses écri-
tes) pour s'attacher davantage aux processus de pensée,

L’exemple suivant, une analyse de la notion d'aire au moyen
des modéles de la compréhension, permettra de mieux apprécier la

puissance de cet outil didactique.

Modes de compréhenéibn de la notion d’aire

Bruner (1960) fut le premier a décrire deux modes de compré-
hension en contrastant la pensée analyltique (étapes explicites,
pleine conscience des opérations et des informations pertinentes)
a la pensée intuitive (perception globale et implicite d’'un pro-
bléme, inconscience des processus utilisés pour l’'obtention d’'une
bonne ou d'une mauvaise réponse). Skemp (1976) a fait la dis-
tinction entre la compréhension instrumentale (1’'application de
régles sans raisons) et la compréhension relationnelle (savoir
quoi faire et pourquoi). Jugeant ces deux moddles complémentai-
res, Byers et Herscouics [1977] les ont réunis en un nouveau mo-

déle qui incorpore la notion de compréhension analytique & celle
de compréhension formelle caractérisée
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» par la capacité & relier les symboles et la notation aux
idées mathématiques pertinentes;

s par la capacité a combiner les idées mathématiques dans un
enchafnement de raisonnements logiques.

Ces modéles de la compréhension sont accessibles et utiles aux
enseignants. Cela nous a été démontré lors d’un atelier réunis-
sant un groupe d'enseignants-conseillers pédagogiques du primaire
(Herscovics, 1878). En moins de deux heures ils ont pu identifier
divers modes de compréhension de la notion d'aire a partir d'une
discussion de l’erreur suivante.

La plupart des enfants vont donner "20" comme aire d'un rec-
tangle de dimension 4 par 5. Mais peut-on inférer qu'ils com-
prennent quand on sait que, méme a la fin du primaire, un grand
nombre d'éladves donneront la méme réponse pour l'aire de la fi-
gure ci-dessous?

2

oll

5

Ces enfants font preuve d’'une compréhension'instrumentale de
la notion d'aire du rectangle qu’ils généralisent Iincorrectement
a d’autres figures. Le rectangle étant une figure trop spéciali~-
sée pour leur permettre de construire la notion générale de l'ai-
re, des figures arbitraifes. telles la feuille d’érabie, doivent
8tre utilisées dés le début (Bergeron J.C., Green A., 1969).

Bien que facile, la notion générale de l’'aire est souvent con-
fondue avec la notion de surface: on peut toucher & la surface
mais on ne peut pas toucher a son aire quil est la mesure de la

sur face. Une compréhension intuitive de ce concept se fonde sur
T"1dée de recouvrement en posant la question de quantité, mais
sans entrer dans celle de mesure. Plusieurs moyens peuvent amener
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1'enfant & en prendre conscience: activités de coloriage de figu-
res, de découpage de tissus, de recouvrement de livres, etc. Evi-
demment, nous écartons les recouurements partiels (i.e. par des
piéces de monnaie) et les recouvrements superposés. Des probleé-
mes peuvent &tre posés sur l'invariance de l’aire, sujette & cer-
taines transformations de la figure donnée, i.e. faudra-t-il plus
de peinture pour colorier une figure lorsqu’elle est découpée en
mor ceaux?

Une compréhension relationnelle se manifesterait par une quan-

tification mesurable de la notion de recouvrement. Une figure
comme la feuille d’'érable serait recouverte de carrés qu’'il s'a-
girait de compter. Comme le recouvrement ne peut se faire exac-

tement, la réponse trouvée ne serait qu’'approximative, quitte a
&tre précisée par l'emploi d'unités de mesure de plus en plus pe-
tites.

Cette technique de recouvrement suivie d’un comptage peut aus-
si s'apprendre d’'une fagon instrumentale. Ceci peut &tre vérifié
indirectement en donnant & 1'enfant moins de carrés que nécessai-
res pour recouvrir la figur@ donnée. Si celui-ci donne comme me-
sure de l'aire le nombre de carrés en gsa possession [sans que
ceux—-ci couvrent complétement la surface), il y aurait &uidence
d’une compréhension instrumentale (compter des carrés).

Une compréhension formelle de la notion générale de 1 aire se-
rait celle représentée par 1'intégrale de Riemann .[f[x]dx.]
(évidemment, il ne s’agit pas au primaire d’introduire *la notion
de la limite d'une suite de sommes de Riemann]).

Etapes d’apprentissage de la notion d'aire

Vu 1'échec en didactique de la mathématique des modéles d'ap-
prentissage basés sur une théorie behavioriste, notre approche se
place carrément dans le contexte de la psychologie cognitive.

Il n'y a pas de modéle d’apprentissage universel s'appliquant
& tous les niveaux scolaires et a toutes les activités mathémati-
ques. La théorie du développement intellectuel proposée par Bru-
ner (1966, 1973) semble particuliérement utile pour décrire la
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formation de concepts au primaire; le modéle d’apprentissage de
Dienes (1970) s'applique surtout a 1'enseignement de structures
algébriques; celui de Herscovics (1978) n’a été utilisé Jjusqu'a
présent que pour l’apprentissage de l'algébre au secondaire.

Comme un modéle cognitif de |'apprentissage ne peut ignorer
les modes de compréhension, de méme il ne peut ignorer les modes
de représentation. Bruner en congoit trois: le mode de représen-
tation par l’'action (enacéive), le mode de représentation par
1'image (iconic), et le mode de représentation par le symbole,
les symboles n'étant plus une image de l'objet (symbo/ic). Cha-
cun de ces moyens de représentation peut condenser différentes
quantités de connaissances mais leur emploi dépend de 1'&ge ainsi
que du développement intellectuel de 1’enfant qui, normalement,
passerait par ces trols modes de représentation, dans exactement
cet ordre., Il nous met en garde contre un enseignement trop hati-
vement centré sur le symbolisme. D'aprés lui, un enfant qui n’'a
pas vécu asgsez d'expériences avec les deux autres modes n'a aucun
moyen de s’'en sortir lorsque ses opérations symboliques ne lui
permettent pas de résoudre son probleme. La notion d'aire, dis-
cutée plus haut, servira & préciser les étapes correspondant a
notre modédle d'apprentissage qui est basé sur ces trois modes de
représentation.

Les activités de recouvrement et de découpage se situent sans
contredit au niveau de la représentation par 1'action. Méme
lorsqu’il s’'agit de mesurer, il faudrait que, dans un premier
temps, l’enfant ait l'occasion de recouvrir plusieurs figures ar-
bitraires avec des petits carrés qu’il peut compter. L'aire d’une
sur face, sujette & certains changements produits par découpage,
par rotation, par translation, etc., deviendra ainsi quantifia-
ble, et elle apparaitra comme invariante sous ces transfor-
mations, renforgant par le fait méme l’assimilation de cette
notion. Ce n'est qu'aprés beaucoup d'activités concrétes et
var iées de recouvrement et de mesure de l'aire correspondante que
la représentation iconique serait utilisée.

L’enfant pourrait maintenant recouvrir la figure étudiée d’un
quadrillage (images des carrés) et compter tout simplement les
carrés du recouvrement. L’emploi d'un quadrillage de plus en plus
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fin améliorera |'approximation. C'est & 1'essence de la notion
de 1’'intégrale de Riemann, laquelle n’est abordée qu'au niveau
collégial. Mais c’'est avec des figures plus spécialisées que
nous pouvons atteindre une certaine formalisation.

En effet, ayant acquis la notion générale de l'aire, l’enfant
peut maintenant l'appliquer a un rectangle en comptant les carrés
utilisés pour le recouurir. Si ensuite on le fait immédiatement
passer a la formule de l'aire, celle-ci n’aurait alors pour lui
d’'autre justification que de donner la méme réponse sans qu’il
puisse expliquer pourquoi {i.e. compréhension instrumentale de la
formule]. Une meilleure compréhension peut &tre obtenue lorsqu'on
porte 1’attention de 1’'éléeve sur le fait que chaque rangée com—-
porte le m@me nombre de carrés.Donc la somme totale peut &tre ob-
tenue par 1'addition répétée qui se traduirait par une multipli-
cation du nombre de rangées par le nombre de colonnes. Ceci jus-
tifierait la validité de la formule Rire = base x hauteur d'oU
une compréhension formelle de l'aire du rectangle.

L'acquisition d’une compréhension formelle de 1'aire du rec-
tangle peut a son tour servir de base pour justifier la formule
de l'aire d’'autres figures géométriques telles le triangle, le
parallélogramme, le losange, etc.. Par exemple, il est facile de
faire construire par l’enfant un rectangle ayant la méme base et
la m&me hauteur qu'un triangle donné. Il ne s’agit alors que de
découper les morceaux du rectangle et de les superposer sur le
triangle pour découvrir que l’'aire du triangle est exactement la
moitié de 1'aire du rectangle, soit Rire=1/2 (base x hauteur)
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‘ 4.2 ASPECTS PRATIQUES

Les moddles de la compréhension permettent & 1'enseignant de
s'orienter vers l’aspect cognitif de 1’apprentissage. Cependant,
la validité de ses analyses demeurera toujours hypothétique tant
qu’il ne les aura pas vérifiées dans la pratique en les confron-

tant & la démarche intellectuelle de 1'éléve. Evidemment, une
recherche qui vise & pénétrer la pensée de l’étudiant implique
nécessairement |’étude de cas. Les techniques courantes em-

ployées dans de telles études sont l'entrevue clinique, qui per-
met de faire un diagnostic ([Opper, 1977; Easley,1877) et Il'expé-
rimentation didactique soviétique (Menchinskaya, 1969; Kantowski,
1978), qui incorpore la dimension enseignement a 1’'entrevue
clinique, permettant ainsi d’étudier sur le vif pendant qu’ils se

forment, les processus de pensée de 1’'éléve.

L’entrevue clinique

On sait que la plupart des erreurs que font les enfants en

'inattention, mais bien a de

mathématique ne sont pas dues a |
fausses régles qu'iis se sont construites, regles qui leur
paraissent parfaitement logiques (Erlwanger, 1975; Ginsburg,
1877). De méme, il est bien connu qu’a la base des difficultés
qu’ils éprouvent a développer certaines habiletés mathématiques,
on retrouve des difficultés a construire les schémes qui les sous-
tendent. Dans le premier cas, les éléues peuvent nous indiquer
les régles qu'ils appliquent, mais dans le second, on ne peut pas
s'attendre & ce qu'ils nous communiquent les schémes qu’ils n’'ont
pas encore construits.

Par contre, pouf 1'alder & poursuivre la construction des
schdmes amorcés et a corriger ses fausses ragles, l'enseignant a
besoin de déterminer le niveau du développement cognitif de l’en-
fant. Nous croyons que ce n'est qu'a travers un questionnement
flexible et subtil, /’enirevwe c/inigque, que le maitre peut
parvenir & cerner ce développement cognitif et amener 1l'enfant a
dévoiler les causes de ses difficultés.
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L'entrevue clinique se préte particulierement bien & 1'étude
des processus cognitifs (Easley, 1877). Cette technique de re-
cherche, mise au point par Piaget, est spécialement congue pour
mettre & jour des témoignages sur les opérations intellectuelles
en jeu (Opper, 1877). L'expérimentateur qui dirige l’'entreuue
peut, suivant un questionnement standardisé ou semi-standardisé,
interroger le sujet sur ses actions, ses démarches, ses hypothe-
ses, la généralité ou la réversibilité de ses concepts.

Cette technique étant bien connue de tous les chercheurs, nous
ser ions mal venus de consacrer plus de temps a la décrire. Tou-
tefois, l’exemple suivant en confirmera l’intérét pour l’'ensei-
gnant,

Le graphe d’une équation & deux variables est défini comme
étant l’ensemble (infini) de tous les points du plan dont les
coordonnées correspondent aux solutions de 1’'équation. Afinsi, le
graphe d’une équation linéaire consiste en un ensemble de points
formant une droite. Ceci ne pose aucun probléme aux enseignants
qui‘eux, congoivent la droite comme un ensemble de points, mais
tel n'est pas le cas pour la majorité des élaves (Kerslake,
1977). En effet, si on demande aux étudiants combien de points
contient un segment de droite donné, ils peuvent tout aussi bien
répondre awcun, wun, deux, ou trentel Des entrevues cliniques
de quelques &lé&ues du niveau du Secondaire III ont montré que ces
réponses, loin d’'8tre idiotes, reflétaient leur perception (Hers-
covics, 1879): le sujet répondant awcwrn ne voyait nullement le
rapport entre le point et la droite; celul répondant wn expli-
quait qu’'il pensait au point milieu; et pour celuil répondant
deux il s'agissait des points terminaux du segment.

A 1'occasion de ces travaux nous auvons repris une expér ience
de Piaget et Inhelder (1847) sur les notions de point et de con-
tinuité. La tlche consistait a subdiviser un segment de droite,
puis a répéter 1'opération indéfiniment dans le but d’imaginer la
forme vers laquelle tendrait le morceau ultime. Voici un extrait
de 1'entrevue d'un sujet aprés qu'il eut fait quelques subdi-
visions:

15
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Peux-tu continuer a subdiviser encore longtemps?

Hum, non, pas trop longtenmps.

Combien de fois?

Environ 4 ou § fois.

Pourquoi?

Ca deviendra trop petit pour travailler avec.

Et si tu imagines que c’est un élastique et que tu peux 1’é&ti-
rer?

Si on 1l’élire jusqu’d ce que c’est aussi long qu’un des nor~-
ceaux on pourra le faire (diviser) autant de fois qu’avant.

Et qu'est-ce qui restera a la fin?

Quelque chose de si pelit qu’on ne pourra pas le voir.

Et dans ce petit bout, il y a combien de points?

(surpris) Des points?

Penses~tu que le dernier morceau aura une forme?

Oui, si on le regarde au microscope.

Et quelle forme penses-tu qu’il aura?

Un carré.

Un carré?

Je pense que oui, car une ligne a une épaisseur,

Revenant alors a la notion de point:

Voici deux points. Combien de points penses-tu pouvoir mettre
entre ces deux-ci?

Méme grandeur... environ 30.

Et s’'ils 8taient plus petits?

$’ils étaient plus pelils de moitié...s60,

Et s’"ils étaient encore plus petits?

Vous pouvez, j’imagine, vous pouvez y metire des milliers.

Et ¢a donnerait?

Ca ressenblerait & une droite, une droite.

Tu me dis que ces points te donnent une droite, mais qu’une
droite n'est pas faite de pointsl

C’est vraiment difficile de dire ce que c’est un point. Car
il y a des gens qui tracent un point comme ga [fait un point
avec son crayon). Un point veut dire le centre, comme ¢a. Donc

je pense qu’une "droite de points™ ne serait pas plai comne

ceci (indique une droite tracée 3 la rdgle). Mais si vous avez
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un point et un autre point, <c’est comme wune wvague

(il dessine 0880~~~

Il est éuvident que cet élédve n’avait pas fait abstraction de
la notion de point et qu'il la confondait avec celle de disque,
c'est & dire "un point ayant une dimension®. Une telle confusion
pouvait faire dire au sujet mentionné ci-dessus que par deux
points on peut faire passer pl/usieurs drofies , ce qu'il
expliquait par le dessin suivant.

Expér imentat ion didactique

Bien que 1’entrevue clinique se réuéle un bon instrument dia-
gnostique de la pensée de l’'éléve, elle ne fait pas intervenir la
composante enselgnement qui, pour nous, est un moyen d'aider

1'éléve a construire ses schémes. L'enseignant qui prépare sa
legon présume qu’elle peut &tre suivie pas a pas par celui-ci.
Mais, le grand nombre d’enfants manifestant des difficultés

d’'apprentissage indique que ce n'est pas toujours le cas. Une fa-
gon de remédier & ce probléme serait de uvérifier & chaque pas,
par un questionnement approprié, 1'opportunité de modifier son
plan d'instruction.

La méthode dite expérimentatlion didactique sovidtigue in-
corpore & l’entrevue clinique la dimension enseigrnement et per-
met de suivre les schémes de l'enfant pendant qu’ils se forment.
Cette méthode porte sur de petits échantillons d’éléves soumis a
un enseignement. Les données sont obtenues dans un cadre cli-
nique par enregistrement des réponses écrites et verbales, puis
analysées selon des critéres qualitatifs. Elle est longitudinale
et elle implique plusieurs rencontres pendant lesquelles le plan
d’'enseignement est constamment modifié suivant les observations
recueillies [Kantouwski, 1979].

Cette technique, mise au point par des chercheurs soviétiques,
se centre sur les aspects qualitatifs de la pensée et de 1'ap-
prentissage. Elle vise A reproduire d'une fagon systématique les
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processus de pensée et a les étudier sur le vif alors qu'ils se
forment sous 1’'influence de divers enseignements. Cette méthode
permet & la fois de découurir les changements qui ont lieu au
cours des legons et de suivre chez un méme &léve l’'é&uclution du

processus mental [Menchinskaya, 1868 a,b]).

Nous pouvons illustrer la valeur de l’expérimentation didacti-
que en décrivant quatre problémes pédagogiques dont nous avons
pris conscience lors d'une expérience portant sur la construction
de la notion de pente [Herscovics, 1880). Ces quatre problémes
peuvent paraftre mineurs & l'enseignant, qui lui pense d’une fa-
gon formelle, mais chacun d'eux peut s’avérer un obstacle majeur

pour 1’'élave.

1. Nous désirions introduire de fagon concréte la notion de
pente d’'une droite en la reliant & la notion de pente d’un es-
calier. Nous avions demandé & trois étudiants du niveau de secon-—
daire III de dessiner dans un plan cartésien un escalier nontant.
Il ne nous était pas venu a 1'esprit qu’aucune confusion soit
possible étant donné que le sens positif des axes détermine de
fagon wunivoque le sens d’un escalier montant. Ce n’est que
lorsque les sujets nous ont signifié qu’ils pouvaient tout aussi
bien descendre que monter un méme escalier que nous nous sommes
rendus compte du besoin d’expliciter la convention habituelle.

AN
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2. Nous avions demandé aux éleéves de dessiner trois escaliers
montants en variant la dimension du giron [partie horizontale de
la marche) et celle de la contremarche {partie verticale]. Nous
voulions des escaliers dont la contremarche soit égale au giron,
soit le double du giron, ou en soit la moitié.

YA

xV
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En les comparant, les étudiants nous ont dit que la pente d’un
escalier dépendait a la fois de la longueur de la contremarche
(c) et de celle du giron [g].En leur demandant ensuite d'exprimer
cette dépendance nous nous attendions a ce qu’'ils 1'expriment
sous forme d'un rapport (g ou %].Cependant. c'est sous forme
d’'équation qu’'ils se sont exprimés [(i.e. 2g = ¢ dans le cas du
deuxiéme escalier).Evidemment, le passage de 1’'équation au rap-
port g qui définit la pente a pu se faire facilement.

3. Nos éléves avaient pris conscience du besoin d’une conuention
pour distinguer entre la pente d'un escalier montant et celle
d'un escalier descendant et avaient accepté la conuention ha-
bituelle (positive dans le premier cas, et négative dans le se-

cond). v A | (
. 4*
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Contrairement & notre attente, 1ils ont par la suite ignoré
cette convention qu’il fallait sans cesse leur rappeler; Ce
n'est qu'en inversant le probléme ([dessiner un escalier corres-
pondant & une pente négative) que la convention a été maltrisée,.

4. En posant la question "Est-ce qu'il est sensé de parler de
la pente d'une droite?" les &léves se sont bien rendus compte que
cela était relié au travail précédent sur les escaliers. Mais
aucun d’eux n'a pu faire le lien. Méme la demande "d'attacher un
escalier 3 une droite donnée”™ n'a rien produit et il a fallu de
fait le dessiner nous-mémes. La pente de la droite a pu é&tre
alors définie comme étant la pente de l’escalier qui s’y rattache.
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Ces quatre exemples montrent que la nature formelle de la pen-
sée de l’enseignant |'empéche souvent de prévoir si ses étudiants
peuvent le suivre dans sa présentation. L’'expérimentation didac-
tique lui permet de prendre conscience des difficultés qu’'ils é-
prouvent et d'ajuster en conséquence son intervention pédago-

gique.

*

CONCLUSIONS

Nous avons identifié et illustré par des exemples les éléments
de la recherche que nous croyons utiles aux maftres pour
1’enseignement de la mathématique.Rinsi, avons-nous concrétisé
les recommandations de la Commission d’Etude sur les Universités
du Québec qui, comme nous, souhaite 1'intégration de la recherche
a la formation et au perfectionnement des enseignants dans le but
d'améliorer la qualité de 1’é&ducation.

Notre approche découle d’une philoscophie qui congoit 1'ensei-
gnant comme le levier principal permettant de rehausser la valeur
éducative des écoles.Cette conuviction s’appuie sur 1’expérience
des vingt derniéres années dans notre discipline alors que des
millions ont &té investis presqu’exclusivement dans 1’é&laboration
de programmes et de textes scolaires, sans obtenir les résultats
escomptés.Ces échecs peuvent &tre attribués a 1’ignorance de la
psycho-pédagogie de 1'apprentissage et au manque de préparation
de l’'enseignant. Pourtant, il est bien évident qu’aucun programme
ou texte scolaire ne peut en soi répondre adéquatement & tous les
problémes rencontrés en classe.Le besoin de former des ensei-
gnants autonomes et capables d'innover n'est donc pas fictif,
mais bien réel.

1Y)
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Il ne suffit pas & 1'enseignant de vouloir &tre autonome et de
vouloir innover:il doit en avoir les moyens.lLes éléments de la
recherche que nous fauorisons les lui fourniraient.S'il peut les
assimiler , il atteindra un niveau plus professionnel, celui
o ’enseignant-chercheur.L'application minutieuse des méthodes
que nous suggérons rendra sa recherche plus scientifique, ce qui
aura 1'effet de la wvaloriser et d'en faciliter la communi-
cation.Un tel enseignant, tout en étant plus ouvert aux inno-
vations qu'on lul recommande, deviendra aussi plus critique quant
a leur portée pédagogique qu’il pourra vérifier lui-mé&me par 1’é-
tude de cas.

C'est en fait 1'étude de cas qui se situe au coeur de notre
formule d’intégration.En effet, nous pensons qu'une initiation 2
cette pratique est essentielle pour se sensibiliser aux processus
de pensée propres a l'enfant et pour analyser la valeur pédagogi-
que d’une intervention. Les moddles de compréhens ion et d’'appren-
tissage fournissent un cadre de référence a ces analyses et per-
mettent une évaluation plus fine dépassant le simple niveau des
habiletés instrumentales.Une telle évaluation est indispensable &
1'enseignant qui doit fonctionner dans une classe hétérogéne et
se préoccupper de la croissance optimale de chaque éléve.La ten-
dance actuelle a intégrer aux classes réguliéres les enfants en
troubles d’'apprentissage ne fait qu’augmenter les exigences
auxquelles il doit répondre.En effet, selon la Direction Générale
Supérieure du Ministére de 1’Education du Québec (MEQ, Parsé,
1979), il faudrait que dans le cadre du baccalauréat spécialisé
en Education préscolaire et en Enseignement primaire, tous les
candidats soient préparés a faire un travail de prévention, de
dépistage et de correction des troubles mineurs d’adaptation et

d’apprentissage.

Les éléments de la recherche auxquels nous nous sommes atta-
chés débordent le domaine de la mathématique et ils pourraient
&tre appliqués sans trop de modification aux programmes de forma-
tion et de perfectionnement en didactique des sciences de la na-
ture,par exemple.En sciences humaines, par contre, 1l appert &
prime abord qu’au moins l'entrevue clinique et l’expérimentation
didactique pourraient s’avérer profitables mais c’'est en fin de
compte aux didacticiens de ces disciplines d’'en juger.
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Si dans un premier temps il s’agit de déterminer les aspécts
de la recherche utiles & la pratique de l'enseignement, il faut
dans un deuxiéme temps étudier la question tout aussi importahte
touchant leur assimilation par les maftres. Cette question a été
sondée au cours de quelques études-pilotes. Dans certains de nos
cours de formation et de perfectionnement, tant au niveau primai-
re que secondaire, la possibilité d’enseigner & nos étudiants les
modéles de compréhension et d’apprentissage, et de les initier a
I'entrevue clinique a &été explorée. Des résultats assez pro-
metteurs Jjustifient une étude systématique de la question. De
plus, wune wversion de 1'expérimentation didactique que nous
Jjugeons a la portée des enseignants a été congue
(Bergeron,Herscovics, 1878).

Nous avons entrepris un projet de recherche qui s'échelonne
sur trois ans et qui porte sur la vérification d’hypothéses con-
cernant des moyens concrets d'intégrer ces é&léments de la re-
cherche & la formation et au perfectionnement des maitres, et la
fagon d'évaluer les progrés accomplis.

Nous serions heureux d’'échanger des commentaires et de re-
cevoir de nos collégues, leurs critiques et suggestions.
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CMESG/GCEDM 1980
Special Group I

PROBLEM-SOLVING

E.J. Barbeau

In Grade 10, I had a course in North American geography. This was made parti-
cularly vivid by a teacher who had travelled extensively in Canada and the
United States, and could give a first-hand account of the many regions. Like-
wise, I had a French teacher who had lived for a time in a French-speaking
country. And again, there are English teachers who have acted in plays, music
teachers who perform in groups and biology teachers who are active naturalists.
How many mathematics teachers are there who have done some mathematical ex-
ploration of their own, and are thus able to bring to their classes the same

immediacy brought by teachers of the other subjects described above?

The current emphasis on problem-solving worries me. Perhaps a third of the
talks at a conference or papers in a journal are addressed to this topic. The
yearbook of the NCTM focusses on this area, and the publishers are moving in
with a vengeance. Problem-solving promises to be in the 80s what New Math was
in the 60s. "Polya'" will replace '"Piaget'" as the buzzword among educators.
There is a danger that it will become a fad, a religion, with its stereotyped
techniques and compelling prophets. Will it be reduced to a bag of jargon and

procedures to be imposed upon our hapless students?

We are not wrong to exalt problem-solving in the curriculum. Like the New Math
of the 60s, problem~solving promises to overcome sterility in much of our teach-
ing by catching students up in the process of doing mathematics and permitting
them the satisfaction of understanding what is occurring. The abuses I have
just outlined can be avoided if the teacher is zealous in mediating through

his own personal experience and techniques and theories bombarding him/her from
all directions. Before all, the teacher should allow time for solving problems
on his/her own. These need not be advanced and should spin off lots of material

to share with a class or club.

The following examples are suitable for teachers or for students in high schools.
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i1.. Egyptian fractions, (a) Express 2/n, where m is an odd integer,
. as the sum of distinct reciprocals of positive integers, Repre-

sentations which are short and involve smaller denominators are
preferred.
(b) For which values of n can 3/n be written as the sum of two
distinct recipreccals of positive integers? )
(¢) Paul Erdos has conjectured that for each positiv. integer n,
except 1 and 2, 4/n is equal to the sum of three distinct recipro-
cals of positive integers. How far can you go towards estadblishing
this?
(Children may use different stategies to get the required repre-
sentations, and should be encouraged to describe them.)

2. Summing powers of digits, (a) Take any number. Sum the digits.

Repeat the vrocess. What eventually happens? Here is a problen
W s

from an International Clympiad paper: Start with 444
44&#4

its digits to get A. (Approximatsly how many digits does Llb
have? Roughly, how big is A?) Sum the digits of A to get B.
(Kow big is B?). Sum the digits of B to get C. Show that C must
. be a single digit number. (You have to do two things: get an idea
of the size of C, and find its remainder when you divide by 9.
This remainder will be the same as that obtairied when you divide
Y hants by 9, because cof "casting out 9s",)
(b) Is any number equal to the sum of the squares of its digits?
What happens if you start with any number énd repeat the process
of summing the squares of its digits over and over?
(c) The same as (b) with the word "squares" replaced by "cubes",
3. Iterations., (a) Start with any positive integer and perform this
operation: if it is even, divide by 2; if it is odd, nmultiply by
3 and add 1. What eventually happens if you repeat this operation
over and over? (If we start with 7, the chain obtained is
7, 22, 11, 34, 17, 52, 26, 13, 40, 20, 10, 5, 16, 8, 4, 2 1, 4,

~

(b) Write four numbers at the corner of a square. Form a new

L BN 2

Square array who members are the absolute values of differences
of adjacent members of the original sguare, What eventually

hz ns? . v? (7 .

) . appens? How do you know? (The square array (317, L6, 12, 8)

leads successively to (15, 34, 4, 23), (19, 30, 19, 8}
(11, 11, 11, 11), (0, 0, 0, 0).)
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(¢c) Take a 4-digit number. (Allow O as a first digit.) Reverse

its digits and take the difference of the two numbers.,

Repeat. What eventually happens?
The sets (1, 2, 3) and (1, 2, 2, L) have the interesting proverty
that the sum of the cubes of the members of each set is equal to
the square of the sum of the members., Can you find other such sets?
Multiply 142857 by 1, 2, 3, 4, 5, 6, 7 and see what happens. Can
you account for the phenomenon ovserved? Can you find other numbers
with similar behaviour?
Given two positive integers, the product of thelr greatest common
divisor and least common multiple is equal to the product of the

two numbers. How do you account for this?

Geometrv

7.

9.

10.

11.

12.

13.

You have asguare chocolate cake which is uniformly iced on top and

down its sides. Show how to divide it among nine people so that
each slice is connected and each person gets exactly the sane
anount of cake and icing. ’

Show how to cut a cube by a plane in order to get a cross-section

which is a regular hexagor.

Show how to cut a regular tetrahedron with a single straight slice
to get two congruent (identical) halves. Identify the cross-section

figure.

What is the angle between two adjoining face diagonals of a cube?

An isosceles triangle has its equal sides both of length 1 metre.

What is the largest possible area it could have?

Given a quadrilateral, form a new one whose vertices are the mid-

points of the sides of the original one. Can you say anything

special about the second quadrilateral? Reveat the process. What

happens? '

Find the smallest number k such that every obtuse-angled triangle

can be cut into k acute-angled triangular pieces,

Combinatorics

14,

A man gets on a streetcar at one terminal loop and rides to the

other terminal loop. The whole jourrey takes an hour and he passes
12 streetcars going the other way. How many streetcars are there

plying the route? A woman comes to a stop and just misses a
streetcar, How long can she expect to wait for the next one?
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15. In the solitaire game of Clock, what is the probability of
getting all the cards turned over?

. 16. You are given five weights of distinct nagnitudes and an equal

arm balance. What is the smallest number of comparisons necessary
to ensure that the weights are arranged in ascending order of
magnitude?

17. The game of SIM is played as follows. Put six dots on a page.
Player A joins two dots with a red line. Then player B joins two
dots with a green line. They play alternately, A using red, B
using green and no pair of dots being joined more than once.

Thus there are at most 15 moves., The winner 1is the first person

50 complete a iriargle in his own colour {i.2. arrange that there
are three of the given dots, any pair of which are joined by an
edge of his colour). Can the game end in a draw? Can either player
assure a win?

18, Play this game on a 4x4 grid of squares. Player A uses red and
player B uses green and they play alternately. Each colours an
uncoloured square with his own colour, but is prohibhited from
colouring any square adjacent along a side to a square he has
already coloured. Thus, there can be no wo ad jacent red squares
or two adjacent green squares, The loser is the first person with-
out a possible move. Can the game end in a draw? Can either player
assuré a win? ‘

19. Four couples meet for dinner. There 1is some shaking of hands.

No one shakes hands with his/ner spouse, and no pair shake hands
more than once. When all this is done, cne of the men asks each
of the others how often he/she shook hands and gets a different
answer from each. How often did his wife shake hands? (I got this
one from H. L. Ridge, with whom I shared a masters course for
teachers., After some initial puzzlement, the group was encouraged
to try to model the situation, a procedure leading to both fun
and enlightenment, )

This is but a sampler, Card tricks and puzzles of the Instant
Insanity or string-and-ring topological variety that you can pick up
in shops are often very good for the sort of mathezmatical resasonine
which can lead to sudden flashes of insight, Mathematical racreati;n“
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and esszys, by Ball and Coxeter, is an excellent source of topics.
Teachers should also patronize at least one journal that purveys
problems; good choices are Scientific American (which has a rezgular
column by Martinm Gardner), Crux lMathematicorum (editors F. G. B.
Maskell, Algongquim College, Ottawa), Jcurnal of recrzational mathe-
matics and Mathematics magazine. I have a bibliography and a
collectionr of about 200 problems which I can send to anyone on
request., Write to me at B201, University College, Univercity of
Toronto, Toronto M5S 1A1l.
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CMESG/GCEDM 1980
Special Group II

USE OF GATTEGNO'S NUMBER ARRAY
by
Martin Hoffman
Arthur Powell

On Tuesday, 10 June, at the 1980 conference of CMESGGCEDM, an 'ad hoc' session
was held to examine a technique and a rationale for teaching different bases of
numeration via a number array developed by Caleb Gattegnol. This technique had
been parenthetically mentioned by Gattegno during the Saturday discussion

session held after his conference lecture/seminar on ”nothings”z. This technique
is illustrative of how an awareness of the infinitesimal quantities of energy,
which Gattegno calls '"nothings', expended in thought processes could be applied

within a science of mathematics education.

Lack of sufficient time to adequately investigate questions and concerns that
participants raised during the discussion session stimulated Martin Hoffman

and Arthur Powell to organize an ''ad hoc'" session. In addition to the expressed
purpose for Gattegno's injection of this technique into the discussion session,
we have found it to be a pragmatic tool in certain teaching situations. Having
both worked with Gattegno and employed this technique in classrooms and in
teacher training workshops, it was an opportunity for sharing experiences and

exchanging viewpoints on the topic.

Gattegno's example concerned the following array of numerals:
1 2 3 4 5 6 7 8 . 9
10 20 30 40 50 60 70 80 90
100 200 300 400 500 600, 700 800 900

and the simple introduction of .a vertical line between any column or after the
column headed by the 9. This device offers learners an immediate entry into

any base of numeration.

~ .

)
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With the above array and the use of a pointer, any numeral from 1 to 999 can
be generated. For example, the numeral 572 can be generated by pointing to
the 500 on the bottom row, the 70 on the middle row, and the 2 on the top row.
The numeral 815 is generated by successively pointing to 800, 10, and S. Using
this technique, it is clear how the ordered sequence of numerals from 1 to 999
can be generated. As you try it, you can become aware of when and why you
move from one numeral to the next and from employing one row to two and then

to three rows.

Another activity can be created by inserting a vertical line between two columns
in the array of numerals and imposing the single rule that only those signs
which appear to its left are to be used. If the vertical line is placed between
columns headed by the 7 and 8, as illustrated below, then this new system is

that which is commonly referred to as the octal system of numeration or Base VIII.
1 2 3 4 5 6 7 8 9
10 20 30 40 50 60 70 80 90

100 200 300 400 500 600 700 800 500

In this activity, the common system of numeration, Base X, is represented by
the state when the vertical line has been placed immediately after the column

headed by the 9. Bases beyond Base X can also be studieds.

In this approach, for each base of numeration, Roman numeral subscripts are
used with numerals to indicate the magnitude of the sign "10". Once, however,
it has been established that the domain or '"world" of conversation is a given
base, then reference to that base need not be given. For example, in Base V,
the sign 13V can be written and read ''thirteen'. This avoids the difficulties
learners experience when 13 is read as ''one three base five'. The approach
allows learners to develop feel for and insight into various bases of numera-
tion without specific reference to the common base. The distinction between
the concept of magnitude and the label given to that magnitude, which is
obscured by the conventional way of reading numerals in bases other than the
common one, is made more accessible. It also becomes clear that in all systems

of numeration the "base" is in fact '"10'".
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Additionally, in the "ad hoc'" session, time was devoted to developing an al-
gorithm for performing subtraction in Base V. The algorithm is based on an
awareness of complementary numbers; for example, complements in 10 and com-
plements in (10 - 1) = 4*. The following unordered pairs represent the com-
plements in 4 and 10, respectively.

(0,4, (1,3, (2,2), (3,1), (4,0)

(0,10), (1,4, (2,3, (3,2), (4,1), (10,0)

100 10000
With this understanding, subtractions like - 21 and - 3413 can be
24 1032

done by inspection and without the need to 'borrow'.

One of the fundamental notions that mathematicians work with is that of trans-
formations. For instance, in algebra and topology a consequence of this notion
is isomorphism. An understanding of this applied to subraction in Base V can
lead to the attitude, on the part of learners, that a given difficult problem
can be transformed into an easier equivalent one. Thus, the transformations

that one might perform on the problem

122 . 123 133
_ 34 can be to see it as _ 40 and then - 100 so that the result 33

is immediately perceived.

The question that was then proposed was whether this approach could be applied
in Base X, the common system of numeration. Since it is the mathematics or
the 'algebra of the situation' which is invariant, only the arithmetic changes
as one switches from one system of numeration to another. In the "ad hoc"
session, the subtraction algorithm, based on complements and transformations,
which had been developed in Base V was easily transferred to and applied in

Base X.

It has been our experience that this approach and this way of naming numerals

in different systems is more accessible to learners and teachers. Historically,
"the incorporation of the study of bases of numeration in the elemen-
tary mathematics curriculum has led to a great deal of confusien for
both teachers and learners. As usually presented, the topic is intro-

-*———-‘— ‘ . ! ’ - s . -
The domain of conversation, unless explicitly changed, is Base V.
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duced in a most illogical manner (ex: ''base five is the base where

there is no five'!) and the fundamental, and educationally valid,
reasons for studying different bases of numeration are either neglected
or misunderstood. This is evidenced by the common emphasis on exer-
cises involving conversions from a given base to 'base 10', which not
only places unwarranted stress on this base, but also results in the
side-stepping of valuable understandings into the world of numbers the
study of bases can yeild. These exercises thus become one more instance
of sterile, mechanical computations to be performed by students

without insight into why they are being asked to undertake them."

There are a number of situations in which we have discovered this approach to
be an effective pedagogical tool. In our work with older students in programs
designed for underprepared college students, remedial classes in elementary
and secondary schools, and adults in continuing education programs it is an
opportunity to re-examine areas which previouly presented difficulties. The
study of fractions, decimals and operations on these objects, and quick calcu-
lations can be worked on in a base of numeration other than the common one.

It presents a challenge with a novelty that they accept as worthwhile, and it
avoids those reactions traditionally expressed when they are asked to ''re-
learn" old material. In this way, "... teachers will enable them to overcome
their feelings of frustration and boredom, while ensuring that they come in

contact with the essential insight they need to make sense of operations and

. . 6
their properties."

In teacher training workshops, in addition to the investigation of the con-
sequences of a ''world" in Base Z and becoming aware of the invariant algebra
when applied to the common base of numeration, teachers are in a situation to
examine the conventions of traditional mathematics curricula, Their stress on
presenting méthematics as factual units, rather that as an intellectual activity
in which perception and process are its foundations, can be realized to be that

which undermines the enthusiasm that learners can have for mathematics.
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Special Group III

MATHEMATICAL FILMS

Twice during the CMESG/GCEDM 1980 meeting, participants had an opportunity to
review eight geometry films1 produced by Caleb Gattegno. These sessions were
not activities which were part of the deliberations of Working Group 3. Never-
theless, since they treated geometrical ideas, made an exciting appeal to ones
sense of aesthetics, and stimulated spirited discussions of their potential
implementation as pedagogical tools, it seems that a few brief comments are in

order.

The Swiss mathematics educator, J. L. Nicolet, initiated the production and
use of silent hand-animated geometrical drawings on cellulose acetate as an

aid in his instruction to students 10 to 18 years old. He produced about thirty
films of this type, each film lasting between 1 to 6 minutes. Nicolet's ori-
ginal methodology for teaching through his films was to have learners sum-
marize that which was invariant in the dynamic images which passed before

them on a screen. Thus. learners would produce for themselver that which the

film maker had in mind.

Caleg Gattegno has synthesized Nicolet's original films, expanded their content,
and recently employed computer-generated images for the animation of mathematical
situations. His work has led to the production of seven new films under the
general heading 'Animated Geometry". In accordance with Nicolet's upproach,
these films are also silent and contain neither captions nor labels. Now,

however, no particular methodology is suggested by Gattegno.

Following the viewings, the films were discussed with respect to their peda-
‘gogical utility and use in teacher training programs. They were seen as
tools in the education of learners geometrical intuition, allowing for the
generation of knowledge of spatial relationships through onc's perception.
Teachers could then seize the given opportunity to challenge learners to enter
into a dialogue with oneself as to the situations being perceived in a film.
In the process of such a dialogue, the unfolding of the story of the film
occurs inside the learners. Thus, the wealth of dynamic geometrical images

becomes a part of the experience and referential baggage of the learners.
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The role of the teacher will naturally depend upon many variables: the size

of the class, the age of the learners, the availability of paper, pencils,

chalk, yarn, compasses, and the like.

as many times as 1s required and time permits.

The films, being short, can be shown

Exercises, basing actions upon

perception, will be suggested by the acquired awarenesses of the class.

These films are aids in furthering the goal of geometry teaching/learning as

an activity of geometers, supporting a pedagogy that views geometry as a process

rather than a product.

1The titles and showing times of the films viewed are:

1
2
3.
4

Families of Circles in the Plane 4 1/2 mins.
. Angles at the Cirgcumference 6 1/2 mins.
Common Definition of the Conics 4 mins.
Locus of Points from which Two |
Circles are seen under the Same
Angle 4 1/2 mins.
Poles and Polars in the Circle 4 1/2 mins.
Definitions of the Right Strophoid 4 mins.
. Epi- and Hypocycloids 4 mins.
Foundations of Geometry 16 1/2 mins.

(Examples of the use of films with elementary school students and a discussion

of geometrical intuition and mathematical films can be found in Volume II of

Gattegno's For the Teaching of Mathematics.)

Arthur Powell



