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INTRODUCTION

Appendix 1 A Selected Bibliography on Imaging, 111 It is a pleasant task to write a few remarks to Introduce the procecdings of
Imagination, and Mathematics the sixth annual meeting of the Canadfan Mathemat bes bBducat ton Study Group
~ Sandy Dawson and Arthur Powell (Group canadien d'étude en (Hdncti(!m‘ des mathémat fques), not least because
2 Imager—y in Calculus (Subgroup Report) no one could be sure at the time of the [irst mecting that a means would be
- Ralph Staal 122 found to sustain and consolidate a small common interest group in such geo-
3 Utilisation Des Images Dans L'Appr‘en‘tissage graphically difficult circumstances. The Study Group owes an immense debt
du concept de Limite Au Niveau Collegial to the Science Council of Canada and subsequently to the Social Science
- Mario Lavoie, Ernestine Lepage, and and Humanities Research Council for their generous support during the past
Yvan Roux 123 five years - a support that has always been given without strings and without
interference in the management of the Study Group.
D Problem Solving in the School Curriculum
- Sol E. Sigurdson 130 The Group has benefited, too, from the loyal support of a sizable core of
members who have, over the years, established a "tone" for its meetings that
Topic Groups: makes an immediate impact on first~time participants - a tone that conveys
that everyone's contribution is welcome, that listening is a positive action,
P Women and Mathematics and that disagreements can be aired without abrasiveness. A lack of the
~ Roberta Mura 15? competitive, individualistic and self-regarding climate of so many scholarly
and professional group meetings is one of the Study Group's more remarkable
Q Educational Uses of the History of Mathematics achievements.
- Dick Tahta 164
This atmosphere does not prevent good work being done, as these and earlier
Panel Groups: proceedings demonstrate, But one might wish that some of this work could
have more impact on mathematics education in Canada (although I don't for-
Developing Mathematical Talent get the unnoticed effect brought about just by the participants taking
~ Edward Barbeau, Claude Boucher and back to their own situations what they themselves have learnmed). Can the
Stanley Erlwanger . 165 Study Group "externalise" some of its activity and make it publicly avail-
able in an accessible form? This seems to be a question that the Group is
Identifying and Developing Mathematical Talent more and more wanting to address.
- E.J. Barbeau . . 166
I believe that in the future we must think about, and experiment with, a suit-
The Organization of the Annual Contests and able form which such public interventions might take. The Study Group has
the Mathematical Summer Camps of the worked out a form for its meetings which facilitates interaction and productive
Association Mathematique du Quebec work. It should not be too difficult to give the same careful attention to
~ Claude Boucher 168 the business of communicating productively withothers involved in the task
of teaching mathematics.
Developing Mathematical Talents A Point of
View - Stanley Erlwanger 177 David Wheeler
Chairman/Président
Special Group: . CMESG/GCEDM
Geometry Subgroup/Sous-Groupe de Geometrie
- D. Lunkenbein 183
List of Participants 186



EDITOR*S FOREWARD

As with previous proceedings, the organization
reflects the organization of the meeting itself. The agenda
included two lectures, four working groups, two topic
groups, and a panel group. Frovision was also made for a
computer workshop as well as other ad/hoc groups.

The two lectures wers given by Philip Davis of Brown
University and Gerard Vergnaud of the Centre National de la
Recherche Scientifique in Paris. Each of these lectures
is included in these proceedings.

Reports from each of the study groups, the topic
groups and the panel group are also included. These reports
include statements by the group coordinators of the group's
activities or copies of addresses by the group participants,
A copy of Dick Tahta's remarks was not available for Topic
Group @ however an abstract of the session is included.

A report from D. Lunkenbein of the deliberations of
the Geometry subgroup is also included. Thisg subgroup
has grown out of a study group from prior meetingsof CMESG/
GCEIM and more detail on the group can be found in previous

proceedings.

Dale R. Drost
Editor

(iv)

Lecture 1

TOWARDS A PHILOSOPHY OF COMPUTATION

Speaker: Philip J. Davis, Brown University

Despite the omnipresence of computation in today's world,
a philosophy of computation has hardly emerged. It is
appropriate for us to promote such philosophical discuss-
ion, for, as mathematiclans, and scilentists, we need to
know what methodological and conceptual roles computation
plays with respect to our subject. As citizens we need
to know what kind of a physical and mental world computa-

tion will bring about.

A number of classical dichotomies will first be described.
These include the mind/matter split, the objective/sub-
gjective split, the finite/infinite split, the deterministic/
stochastic split, the liberty/security split, the temporal/
nontemperal split, the spatial/symbolic split, etc. Are
these dichotomies mwerely pseudo-problems or are they funda-
mental tensions out of which the creativity of mankind

flows?

The role the computer plays in these basic dichotomies will

be discussed.
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TOWARD A PHILOEOPHY OF COMPUTATION
by
Philip J. Davis
Division of Applied Mathematics
Brown University
Providence, R.I.
Ladies and Gentlemen:

I am delighted to be here this evening and I am greatly
honored by your invitation to speak. When the arrangements
committee asked me to talk about the role of the computer in
mathematical education I drew back. Although for the past
fifteen or twenty years, I have been propagandizing for nore
computer involvemgnt in the college mathematics curriculum,
my current concern is less about the specifics of courses,
of hardware and software, than about the philosophical impli~
cation of the increasing mathematization and computerization
of the world. At any rate, the committee was agreeable to a
broader and fuzzier address, and out of 1t, hopefully, may
come something of use in education.

The word "toward" in the title of the address emphasizes
that at the present moment there 1s hardly a subject as '"the
philosophy of computation"; it also stresses my own inade-
quacies in the philosophical line. When I have done speak-
ing, I shall not have presented a systematlc and fully devel-

“oped positilon, but only a few groping remarks on what I con-
sider to be the Ilmportant issues that such a philosophy should

deal with.

1. This Cartesian Age.

I need hardly tell this audience that computers and
computer science is where the action is now. 1In this area
there is activity, ideas, motivation, energy, enthusiasm,
money, jobs, prestige. The accomplishments of computers
span the range of human concern. And, as 1f to make the
whole enterprise even more characteristically human, there
are now computer millionaires and computer criminals.

Will the field saturate? The present signs read: not
in the forseeable future. But, of course, all this might
have been said of the railroads 125 years ago.

There is considerable evidence that the brightest and
the best students who in my generation would have elected a
career in mathematics or physics are now selecting computer
science. Mathematics is losing to computer science in a
number of ways; gaining in others; and some computer imper-
ialists assert that mathematics can not only be exploited by
computers, but can also be created by them.

When did this computer revelution which sweeps us all

along in 1its stream begin? Shall we say 1t began in 1944

when Howard Aiken and the Harvard group designed the Mark 17

Shall we push the date back to 1889 when Herman Hollerith
patented a machine for tabulating population statistics?
Shall we move the date further back to 1833 to Charles

Babbage's Analytical Engine or to 1805 with the automation
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of the Jaquard Loom?

Let me suggest that the computer revolution began on
November 10, 1619 in a well-warmed room Iin a small German
village. On that date, René Descartes a Frenchman, then
twenty three years old, experienced a revelation. We may,
with some justification, date the wmoderu world from that
moment.

The experience, Descartes tells us, was preceded by a
state of intense concentration, excitement and agitation.
His mind caught fire., He was possessed by a Genius and an
idea was revealed to him in a dazzling and almost unendur-
able light. Later, in a state of exhaustion, he went to
bed and dreamed three dreams that had been predicted by the
Genius. He was so struck and so bewildered by all of this
that he began to pray. He vowed that he would go on a pil-
grimage. He vowed that he would put his life under the pro-
tection of the Blessed Virgin.

What was the ides that Descartes saw in a burning flash?
It was no less than the unification and the illumination of
the whole of science, the whole of knowledge even, by one
and the same method. And this method would be applicable
in an almost automatic fashion.

As with all good programmers, Descartes provided us

with uneven documentation.

Eighteen years passed before he gave the world more
details of this grandiose vislon; such as he gave are con-
tained in the famous "A Discourse on the Method of properly
guiding the Reason 1in the Search for Truth in the Sciences;
also: the Dioptrics, the Meteors and the Geometry, which
are Essays in this Method". 1In this "Discourse" Descartes
reveals that his method forl"properly guiding the reason"
1s the method of mathematics. Mathematics, that is, the
science of space and quantity, with the logical underlay
provided by the Greeks, was the simplest and surest of all
the conceptions of the mind. Why should it not form the
proper basis for a universal method?

Descartes was a brilliant mathematician. He thoughe
of himself first and foremost as a geometer and claimed that
he was in the habit of turning all things into geometry.
Ironically, though Descartes felt himself to be a geometer
first, his method, by 1its very success, reduced geometry,
in the visual and humanistic sense, to a minor role. The
drive to quantification denigrates all that can not be thus
treated. It splits the world into what 1s numerical and
formalizable and what 1s not, and often compels the latter
to masquerade as the former,

As we know, the reduction of geometry to algebra by
use of Cartesian coordinates represents a turning point In

the history of mathematics and in the history of ideas. As



the French poet and essayist Paul yalgy observed "It won
him the most brilliant ‘victory ever achieved by‘a man whose
genius was applied to reducing the need for geniﬁs”.

In geometry itself, the culmination of the victory
occured in 1931 when the mathematical logician Alfred Tarski
proved - in the theoretical sense at least ~ that all problems
of elementary geometry can .be "automated out'.

The vision of Descartes became the new spirit. Two
generations later, the mathematician and philoscopher Leibnitz,
with even worse documentation than Descartes; talked about
the "characteristica universalis”. This was the dream of
the universal method whereby all human problems, e.g., those
of law, could be worked out rationally, systematically, by
logical computation.

In our generation these visions of Descartes and Leibnitz
are implemented on every hand.

If we can locate a flow of information that we want
to process in some logical sense, then we are inclined to
call it computation. The view of computer science, currently
in a state of extreme euphoria, is that practically every-
thing is computation. This provides a unitary view of the
_universe. The slogan of the neo-Cartesians is

"Computo ergo sum'.
I compute, therefore I am. This 1s neat. But it is also

dangerous.

It confronts us with loss of meaning. Loss of meaning
in our personal lives. Loss‘of meaning in how we relate to
our fellow humans. Loss of meaning in how we relate to and
interpret the cosmic processes., In sclence there are no
theoretical truths, only models from which conclusions may
be inferred with some reliability. In mathematics there are
no truths, just paradigms of non-contradictory systems. In
our social outlook, we are afraid to specify preferred be-
havior. We live by cultural relativism in the name of tol-
erance.

Against this background which has been developing for

several hundred years, against the "Cogito ergo sum', the assumption

that ultimate individual identity and meaning lies in the
intellectual process itself, the computer scienFists, the
artificial intelligencers, the mechanical brain people, now
stand up and assert that what wé previous thought was uni-
quely human, our thought, ourvintelligence, is easily sim-
ulated by a silicon chip and a bilt of electric current. We
feel debased and diminishedby this view. Though religions
had assured us that we are dust and will return to dust, we
imagined for ourselves a momént of intellectual glory in
between when we thought,we reasoned, we computed. No won-
der we shriek to the heavens when this uniqueness is threat-
ened. We seek other avenues to meaning; through utility,
through aesthetics, through etﬁich through assertions of

free will, through religious values all of which seem



momentarily free from the processes of digitalization. Or,
we allow ourselves to be co-opted by the process, and assert
that the medium 1Is the message, the transformation of formal

symbols is itself the only and ultimate meaning.

2. The Philosophy of Computation and Its Pursuit.

What 1s the philesophy of computatlen? The subject
hardly exists except as a subset of the philosophy of mathe-
matics or as a label for interminable discussions as to
whether the computer thinks. Perhaps we can help to create
such a philosophy.

The word 'philosophy' has popular sense. One says: my

philosophy of life is early to bed, early to rise makes one

healthy, wealthy, and wise. Or, in computer science one says:

my philosophy of programming 1is never to use a 'go to', or
my philosophy of ordinary differential equations is always
to use the Runge-Kutta method. This 1s practice, strategy;
and this is not what I want to talk about,

What, then, should the philosophy of computation talk
about? Well, classical philosophy in the hands of Aristotle,
discusses the true, the good, the beautiful. So we may ask,
as starters: what 1is true about computation; why should I
‘believe a computation? What 1s good about computers; why
should I allow the computer revolution to continue in its
course? What 1s beautiful about computation; where and iIn

what way does the computer create and enhance aesthetic

-G

values? One knows also that classical philosophy discussed
many other things; fbr‘example, the nature of knowledge and
its rela;ion to perception, the idea of perfection, the idea
of the divine. These discussions, too, should be capable of
admitting computer extensions.

Another philosophical question 1s "Does the computer

think? Is the brain a computer? What, in fact, is thinking?
This question has preempted the bulk of the phiiosophical
writings, and the infant philosophy of computation in many
minds is synonymous with 1it.

There are many ideas, then,which the philosophy of com-
putation ought to discuss and one should insure, especially
in its early days, that it does not focus on some few at the
expense of wide coverage. We can learn from the philosophy
of mathematics. In the last seventy year;, although this
subject might profitably have discussed a wide variety of
things, the philosophy of mathematics has come to be almost
The focus has primarily been on one question: why is mathe-
matics true and how do we know 1t 1s true?

I bélieve there are two reasons for this preoccupation
with an ultimately unprofitable question. The first reason
is to be found in Bertrand Russell, in his work and person-
ality. One of the very great figures in the modern philoso-

phy, Russell lived an unusually long life and a colorful life.
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Courageously eccentric, an extraordinarily brilliant writer
when he chose to pOpulérize, He was 1influential for more

than two generations: Why did Russell stress the question
about the truth of mathematics? We know the answer, because
he tells us in his autobiographical writings. The intellect-
uals and scientists of his generation experienced a loss of
faith in the revealed truths of religion. Religious truth
having vanished for them, they sought to find a firm basis
for truth in mathematics. Hence the question: 1s mathemat~
ical knowledge indubitable?

The second réason reflects a change in philosophers of
science. A hundred years ago, the philosophy of science was
pursued by the scientists themselves, men like Peirce, Maxwell,
Mach, Whitehead, Russell, Poincaré, Hilbert; but around fifty
or sixty years ago, philosophy of science became a subject in
its own right, pursued by people who were not scientists, and
who had limited personal experience with what it meant and .
felt to create and discover new things. In mathematics this
second group latched onto the principal tople: foundations,
and never let go. There is some evidence of a turn around.
We have begun to see articles such as "Restoring the Mathe-

matician to the Philosophy of Mathematics'.

3. Some Topics for the Philosophy of Computation.

I have mentlioned how the true, the good, and the beau-

tiful might ﬁrofitably be discussed within the context of

=11~

world computerization., Let me now suggest some topics with
a more technical aspect.

What is the relationship between mathematics aud the

computer? As mathematicians and educators, we ask "How has
each enhanced the other?" '"How has each conflicted with the
other?" '"What i1s the relationship between computable struc-

tures and existential structures, between the finite and the

infinite?" For example: how is it that we are able to use
Considiaing That
the computer productively in mathematical analysis the
. N

statements of real variable theory make no sense on a real
world computer?

There are currently three distinct formulations of cal-
culus which are lobbying for exclusive rights in the class-
room. There ig the traditional way of limit theory with its
deltas, and epsilons. There is the wgy of nonstand-
ard analysis with its hyperreals, restoring infinitesimals
at the cost of instaliing filters; ultrafilters, or ideals
and quotient rings. There is the way of constructive, algo~-
rithmic, computable mathematics. Will the real calculus
please stand up? All three are cortect in context, but none
of them provides an éccurate description of what really goes
on in the practise of numerical analysis.

Qhat are the loglcal limitatious of computation? How

does the programming environment, sensibility and intuition,

pare with that of mathematics? What 1s the relationship

com-—
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between language, symbols, mathematics and computation?

What is the relatiouship between computation and phy-

sics? ’

Should a theory of physics be computable? What rea-
sogs do we have for believing the Church Thesis and the
physical Church thesis? These theses assert that all com-
putation is reducible to that which can be carried out on
a Turing machine and its pﬁysical realizations.  What are
the limitations on computation implied by quantum physics,
by relativistic physics, by thermodynamics? In view of
the fact that 1in a model one part of the universe is modelled
by another part (physical or mental), why should it all re-
duce to a very special kind of mechanism known as the digi-
tal computer? 1Is the computer just a big pencil and a big
wad of paper or is it more than that? Does quantity and
speed of computation change quality? Can quantity of com-~
putation go "critical" and become "supercomputation'? What
is the relationship between time and mathematics and compu-
tation? Didier Norden has pointed out that "Mathematics
has been defined as the one scientific subject in which
time is irrelevant". Norden says this 1s an inadequate view,
and so do I, but explication is required.

Finally, is the whole universe a computer? This 1is not
a recent view put forward by computer enthusiasts; on the
contrary, it goes back as far as Pseudo-Aristotle (De Mundo,

300 B. C.). According to thils writer, God is a mathematician.

-13-

He makes his will known through computations which drive

the world in a mechanistic fashion. His will can be known
if we study mathematics and make the proper.models. Give

or take God, this is still a popular view of the "unreason-

able effectiveness" of mathematics in physics.

4, The Way of pichotomy.

There is yet another way in which the philosophy of
computation might be déveloped. Open the fundamental doc-
ument of Cartesianiam, the ”Discours de la Méthode" to its
title page. There, beneath the title has been placed a
colophon which depicts a man cultivating his garden and
acting under the divine inspiration of Jehovah. We may
take this little picture go be symbolic of the split of the
universe into the world of mind and the world of matter, or,
in a later but parallel terminoclogy, into software and hafd—
vare.

Philosophy is confronted with numerous dialectical
dichotomies or splits. There is the mind/matter split (the
distinguished philosopher of science Sir Karl Pop:r has re-
cently found it useful to split this into three). There is
the subjective/objective split. There is the finite/infinite.
There is the deterministic/probabilistic, the spatial/kinaes~
thetic/symbolic~-linguistic, the time/space, the temporal/

eternal, the freedom/constraint splits, and numerous others.
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Do these dichotomies lead ouly to pseudo-problems or are

they the fundameuntal teusions out of which the creativity

of mankind flows?

At any rate, a description and interpretation of these

splits as they operate.within computation is a program of

the first importance.

5. Why Philosophize?

Speaking jocularly, one might say that all decent sub-
jects need a philosophy. Art has a philosophy as does lit-
erature. Science has a philosophy, mathematics has a phil~
osophy. Computer 8dcilence needs a philosophy. In it would
lie the cachet of respectability.

As a mathematician, living in a Qorld that is being in-
creasingly mathematized and computerized,. I want to know
where my subject stands with respect to this trend. I want
ta know what meaning I can give to the symbols that are
created by humans and increasingly processed by machine, or
created by the machine and consumed by humans.

Finally, there is the area of social concern. I want
to know whether there 1s salvation oy damnation in the com-
puter. Or 1is 1t just one more thing that we play with?
Claims have been staked out on elither side of the line. The
brilliant mathematician I. J. Good sees in the computer, and
in the "superthought" of the "supercomputer" the only way out

‘of the mess that mankind finds itself in. Here 1s the com-
puter as messiah.

On the other side, the humanistic writer on technology,

-15-

Lewis Mumford, worries that raw technology, computer driven,
will destroy the human.élements of civilization. Joseph
Weizenbaum points to the instabilities created by the auto-
mation of decisions. A generation agos the religious con-
vert Simone Well, sister of the Princeton mathematician .
André Weil, wrote "Money-mechanism-algebra. The three mon-
sters of contemporary civilization'". Money, mechanism, al-
gebra. Put them together and they spell - not mother - but
computers.

Kkkdkhk Kk kkhkkk*

I began my talk with the vision of Descartes of a uni-
versal,automatic method. Cartesianism - rationalism -
judges men by their activities. Systems of exclusive sal-
vation,which the age of enlightenment bverthrew,jpdged men
by their beliefs. I live in the Carteslan age and am glad
that I do. But actions, when formalized_and automatized
tend to become devold of meaning. They lead to formalism
and emptyness.

It is great to be a Cartesian; but one shouldn't push

it too far.
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- or as a difference relationship

between states (included in each other)

99@

Example 4: Robert had 8 marbles before playing with Ruth.
He has now 3 marbles. What has happened during the game?

between compared quantities (no inclusion relationship)

5]

[¢]
Example 5: Susan has 3 doilars in her pocket. Betty has 8. How
much less does Susan have? Or how much more does Betty have?

between transformations

O

r=-n iy [t
PR A S SR O '
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Example 6: Fred has played two games of marbles. In the second
game he has won 3 marbles. He does not remember what has happened
in the first game. But when he counts his marbles, he finds

that he has won altogether 8 marbles. What happened in the
first game?

21~

Other examples could be:

——> . N find the second

transformation

or
C:> find the first

~ A transformation

transformation

or find the overall
BN
>

and so on.

One can easily imagine the difficulties that children
may meet in extending the meaning of subtraction from their
primitive conception of a "decrease", to all these different
cases. Each case requires from the child some relational cal-~
culus (calculus of relationships) enabling him to choose the

right arithmetic operation 8 - 3.

Psychologists and maths educators have already devoted
much work to the study of such problem-solving situations
(see Carpenter, Moser, Romberg, 1981). The analysis of stu-
dents' procedures and failures is most enlightening. It shows
a slow development, over years and years, of children's con-

- ceptions of addition and subtraction. A psychogenetic approach

is relevant and valuable not only for the elementary school
level, but also for the secondary level. Think of the difficul-
ties raised by "Chasles relationships" for 14-and 15-year-olds.
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There may even be a comnlete decalage between the student's
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abs (B) - abs (A)
AB + BC =»AB = AC - BT

concention and the mathematical model.

children's conceptions of addition and subtraction fit better
to a unary-operation model than to a binary-operation model.
As a matter of fact, ‘
nal and unary operation of Z unon N (in the discrete case},
which models very well the increase of a quantity,

gen

g€ Ry

or as an internal binary composition of two elements of M

(+

(or Dy)  (+t)e R (or D)

[ -

tye discrete case

which models very well the combination

qeN

geR, (orD,) teR, (or Dy) continuous case

Both models are not totally equivalent to each other for

students. This discrepancy has heavy consequences for symbolic
representations of addition and subtraction, as we will see

later.

]
L]
4]

te N discrete case

For exampie, young

addition can be viewed either as an exter-

continuous case

of two quantities.
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Teachers cannot just ignore the fact that students'
concentions are shaped by situations in ordinary life and by
their initial understanding of new relationships. They must

" do with this fact and know more about it. It is an absolute

necessity for them to know what primitive conceptions look like,
what errors and misunderstandings may follow, how these con-
ceptions may change into wider and more sophisticated ones,
through which situations, which explanations, which steps.

[t is essential for teachers to be aware that they cannot
solve the problem of teaching by using mere definitions, how
good they may be; students’ conceotions can change only if they
conflict with situations they fail to handle. So it is essential
for teachers to envisage and master the set of situations likely
to oblige and help students to accommodate their views and proce~
dures to new relationshions (inversion and composition of trans-
formations for instance) and new types of data (large numbers
or decimal numbers ...). This is the only way to make students
analyse things more deenly and revise or widen their conceptions.

Solving problems is the source and criterion of operational
knowledge. We must always keep this idea in mind and be able
to offer students situations aiming at extending the meaning
of a concent, and at testing students' competences and concep-
tions. This idea is crucial for researchers in France, at the
present time, in our effort to provide a theory of didactic situa-
tions and overational knowledge. ’

Most obviously, this view leads to practical considerations
in mathematics, and to practical goals of education. But I also
want to stress that there is no opposition between practical
and theoretical aspects of knowledge. They are both faces of
the same coin, and one cannot think of many practical compe-
tences in mathematics that would refer to no theoretical view
whatsoever; competences are always related to conceptions, how

weak these conceptions may be, or even wrong. I do not know
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of any algorithm or procedure, that would develop and live by
itself, free of any idea on the relationships involved. Reci-
nrocally, theoretical concents or theorems are void of meaning
if they cannot be anplied to any practical situation.

Still a problem is not necessarily practical. It may also
be theoretical; for instance, the extension of multiplication
and division to negative numbers is mainly a theoretical pro-
blem: multiplying a negative by a negative does not refer to
any practical problem (for 12-14 year-olds anyway), unless you
consider the use of algebraic calculus as a practical problem.
Theoretical questions may be related to different level com-
netences. For instance, the conception of addition as a unary
operation modeling the increase of a quantity, versus a binary
operation modeling the combination of two quantities, concerns

the bractical problem of representing many real life situations;

the extension of multinlication to directed numbers concerns
the coherence of algebraic calculus. Both theoretical problems
are related -.to competences, but not at the same level.

2. A developmental approach

Concentions and competences develop over a long period of
time. This is true not only for general characteristics of
thinking such as studied by Piaget and other psychogeneticians,
but also for specific contents of knowledge. For example, the
conceots of fraction and ratio have their roots in activities
tha{ are meaningful for 8~year-olds, for simple values as %
or z i and still the concent of rational number is a big and
long-lasting source of difficulty for 15- or 16-year-olds and
many adults.

As regards additive structures, although the first prin-
cioles of addition and subtraction are understood by 3 or 4-
year-olds, 75% of 15-year-olds still fail problems like the
followina ones:
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Example 7: John has received 45 dollars from his grandmother.
Then he goes to the store and buys different things. When he

counts his money, he finds 37 dollars less than he had before
receiving money from his‘grandmother. How much did he spend?

Example 8: Mr Dupont drives along the Loire valley 35 km west-
wards; then he drives eastwards. When he stops, he is 47 km
eastwards from his departure point. How long was his second drive?

The same 15-year-old students are taught Chasles' relaticn-
ship AC = AB + BC, which is directly related to example 8.
But nothing is said, in the curriculum, about composition of
functions which would help them in understanding better these
examples.

Psychologists have described some general stages of intellec-
tual development, but they have not paid enough attention to the
detailed paths taken by students to develop specific competences
like solving addition and subtraction problems of all kinds.

A good example though, is Noelting's work on ratio, but the
problems envisaged are too Timited, and Noelting's interpre-
tation of results tends to rely more on logical characteristics
than on mathematical ones.

A priority for research in maths education and psychology
is to make experiments on a large varijety of problems, so as
to make a better picture of the steps by which students handle
different classes of mathematical problems and use different
procedures, not equally powerful, to solve them.

First of all, it is essential to recognize the variety
of problem-structures and to analyze the relationships involved
and the operations of thinking and procedures necessary to
solve each class of problem. For instance it is not the same
operation of thinking to invert a direct transformation, or
to find a complement (see examples 2 and 3 above)-
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It is not eithér equivalent to solve a find-the-initial-~state
problem like example 3 by inverting the direct transformation
and applying it to the final state (dotted arrow), '

-2 5

[N

-
-
- -

By

‘el

or by making a hypothesis on the initial state (4 for instance),
applying the direct transformation, seing the difference from
the expected final state and then correcting the hypothesis.

- +3 7 (does not fit)

-~ +3

8 (0K)

Obviously, these procedures are not equally powerful and the
second one has only a local value, depending heavily on the
numerical characferistics of the variables involved. Small
whole numbers have properties that help children to solve many
problems by non-canonical procedures. A way to get students

to move to more powerful procedures is to use larger numbers
for which the canonical procedure is the only practical possi-
bility. In some other problems, it might be necessary to use
decimal or rational numbers. Brousseau (1981) has insisted a
lot upon the fact that changing numerical values is an important
didactic means of making students' conceptions move from pri-
mitive to more sophisticated ones.

But of course, this is not independent of the intellectual
development of students; and the description of the comparative
complexity of problems and procedures relies very strongly
unon a developmental anproach of mathematics learning. How-
ever, this description may be very partial and not even be
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understandable if the range of problems considered is too small
and the period of development too short., For the same class of
problems one may find a decalage of 3 or 4 years among stu-
dents in the use of the same procedure, correct or wrong; and
very often the behavior in one problem cannot be understood
unless it is related to the behevior in other problems. There
are strong correlations, strong hierarchies and also lots of
metaphoric substitutions in the handling of problems. This
consideration has led me to the firm conviction that it is
necessary to study the formation of rather large pieces of
knowledge: conceptual fields.

But before I explain below what a "conceptual field"
consists of, I need to stress my third point on invariants and
theorems in action. I also need to dive a short conclusion to
this short part on development.

The slowness of concept development is heavily underesti-
mated by teachers, parents, and curriculae. For instance it is
very often accepted that once students have studied a chapter
of mathematics they should know it, or at least a high percentage
of them should know it; and therefore it should not be necessary
to come back to it during the following school-years. Empirical
studies show that it would be wiser to study the same field
year after year, going deeper into the field each time, meeting
new aspects, and coming again on aspects studied before. )
This should be widely done through problems to be solved. Diffe-
rent problems usually require the mastery of different properties
of the same concept. It is essential to recognize this fact
in a developmental approach.
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3. Theorems in action and invariants

It is usually accented, in education, that action and
activity of students should be favored, in order to push them
to construct overational knowledge, i.e. lively and efficient
knowledge. But it is not so usually recognized that action 1in
situations and problem-solvina is concept formation. In what
sense is it concept formation? Here we come to a very important
theoretical point.

Mathematicians know what invariants are and I do not have
to exnlain in detail that, under certain sets of transformations
(or variations), some quantities or some relationshios remain
invariant: actually invariants are means of characterizing sets
of transformations. But mathematicians and maths educators have
not yvet fully acknowledged the fact, which is more snecific of
cognitive developmental nsvchology, that very simple invariants,
about which adults do not even think that they might vary, are
not invariants at all for young children and are even most
obviously varying, as first shown by Piaget:

- the number of eqggs when you change the arrangement;

- the quantity of orange juice when you transfer it from
a wide glass into a narrow one;

- the weight and volume of a piece of pnlasticine when you
change its shape.

Isn't it obvious that there is more water in the narrow glass,
since water gets to a higher level?

Invariants are a recurrent tooic in Piaget's work, down to
the nroblem of young babies' development, with the "permanent
object scheme". And yet Piaget has not fully recognized the
imnortance of many invariants, most important in mathematics
and ohysicsy relational invariants. By "relational invariants”
(this is an idiosyncratic exnression) I mean relationships that
remain the same over a certain set of transformations or a
certain set of variations (a ranqge of values for instance).
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Let me give an example in parenthood relationships: it is
not easy for a young boy to grasp the idea that the relationship
"son of" is all the same true for himself and his father,
himself and his mother; his friend Matthew and Matthew's parents,
and even his own father and his grand parents: how can his
father be both father and son?

Similar problems are raised for spatial relationships (behind,
to the west of ...), numerical relationships (bigger than,
bigger by n than, multiplte of ...) and others.

Beside these binary relationships, children at an early age
meet higher level relationships, which we usually call theorems.
They do not meet them in a real mathematical shape of course;
but they nevertheless do have to handle these theorems in action
and problem-solving,at least for cértain values of the variables.
This is my reason for calling them "theorems-in-action”.

The essential purpose, for a cognitive analysis of tasks
and behaviors, is to identify such theorems in action, even if
it is not easy to do so and come to an agreement upontheir behavioral
criteria.

Let me start with the example of the third axiom of the
theory of measure.

mo(x%y)=m(x)+m(y)
¥x, vy for % adequately chosen.

In the case of discrete quantities and cardinals this axiom
becomes:

card (XUY) = card (X

) + card (Y)
VX, Y provided XY = @

Such an axiom is necessarily used by a young girl laying
the table, when she counts the persons in the lounge and the
persons in the garden, and add both numbers to find out how
many persons there are altogether.
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It is a more efficient method than getting all the persons

in the garden and counting them all.

A large amount of research work has been done on the initial
tearning of addition that shows the emergence of such a theorem

in action.

The "counting-on" procedure, for instance, is a crucial

step in the discovery of such a theorem (or axiom). It conveys

another important theorem:

Ym, n o +1 +1 +1 ... +1 {s equivalent to m + n.
At least for small values S ——— e

n times

as an intermediary step between the counting-all procedure,
which does not suppose the axiom, and ‘the usual procedure in
its final state, when m + n is known as a fact or as a result
of the addition algorithm (for more details, see Carpenter,
Moser, Romberg, 1981, and especially Fuson's paper).

There are several other axioms and theorems involved in
the construction of the natural number concept as the measure
of discrete quantities. Some of them can be appropriated by
3, 4 or 5-year-olds. Some by 6 or 7-year-olds. Some are still
difficult for many 9-year-old children.

3 whatever objects are counted

-2 .wig N equivalent to 2 —13»

n ';tl, .119 equivalent to n igq
+1.00+1 equivalent to 2 *",
-2 lTa
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+1. ... +1 . +n
n — - equivalent to m —>
<_3A 4
n times

fovrn+m<10

- conservation of discrete small quantities

- card (AWB) = card (A) + card (B) provided ANDB # @
and AUB not too big.

- XeY =3 card (X) g card (Y) (inclusion problem)

Many other theorems can be identified that are necessary
to the solution of addition and subtraction problems as illus-
tated above in examples 1 to 8. It would be boring to enumerate
all of them; but I have said enough to conclude that the landscape
is more complicated than one expects it to be at a first glance.

The study of multiplicative structures shows also the
emergence of solutions to simple and multiple proportion pro-
blems that can be interpreted as the emergence of theorems in
action: these solutions have not usually been taught to stu-
dents and are not usually explicitly expressed by them. This
is the case for the isomorphic properties of the linear function.

fix + x') = f(x) + f(x')
f(N\x) NF(x)
FOW + Nx') = N(x) + Nf(x')

[

It would probably be nonsense to teach these theorems and
procedures formally to students. It is better to face them with
problems in which they may find it natural to use them (for
simple values of the variables for instance) and then help them

to extend the procedure to other values of the variables.

Anyway these isomorphic properties are more easily used

- than the constant coefficient property.

even in the case when the numerical value of a is simple (3 or 4).
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The psychological (and epistemological) reason for this,
is that variables x and f(x) are not pure numbers for students,
but magnitudes; -and it is not easily accepted by students to
look for the ratio of magnitudes of different kinds féil
(distance and time, costs and goods, weight and volume ...).

The above isomorphic properties of the linear function do
not raise the same sort of difficulty, because the extracted
relationships relate magnitudes of the same kind (for further
details, see Vergnaud, in press).

The isomorphic properties of the linear function are more
easily used than the constant coefficient, even when the only
procedure taught is the constant coefficient one. So we meet
the paradox that a theorem in action that has never been taught
as a theorem may be more naturally used than a theorem that has
been taught but has not really become a real theorem in action.

This raises two questions:

- How can we get theorems become theorems in actjon?
-~ How can we get theorems in action become theorems?

Let us never forget that theorems in action are relational inva-
riants. Like other invariants studied by psychologists, they

are associated with the feeling of obviousness: they are at a
certain stage of development taken as obvious properties of
situations.

How can we make students catch as obvious the relevant
prooerties of situations for simple values of the variables,
and then generalize?

X
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4, Conceptual fields

This is another idiosyncratic expression. Is it necessary?
and what does it mean?

An interactive conception of concept formation considers
a concept as a triplet (S, I,Y).

S : set of situations that make the concept meaningful
set of invariants that constitute the concept
Cf : set of symbolic representations used to represent
the concept, its properties and the situations
it refers to.

I will deal with the symbolic representations in the next
part of this paper.

Several considerations can be made now:

First: a given situation does not involve all properties of a
concept. If you want to address all properties of aconcept,
you must necessarily refer to several (and even many) kinds of
situations.

Second: a given situation does not usually involve just one con-
cept; its analysis requires several concepts. For instance,
additive structures require the concepts of measure, transforma-
tion, comparison, difference and inversion, the concepts of
unary and binary operations, the concepts of natural and direc-
ted number, the conceots of function , of abscissa and others.

Third : the formation of a concept, especially when you look

at it through problem-solving behavior, covers a long period of
time, with many interactions and many decalages. One may not be
able to understand what a 15-year-old does, if one does not

know the primitive conceptions shaped in his mind when he was

8 or 9, or even 4 or 5, and the different steps by which these
conceptions have been transformed into a mixture of definitions
and interpretations. It is a fact that students try to make new
situations and new concepts meaningful to themselves by applying
and adapting their former conceptions.
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As a consequence of these three reasons, I consider that
psychologists and maths educators must not study too small-
sized objects, because they would not understand the complex
process by which children and adolescents master, or don't
master mathematics.

A "conceptual field" is "a set of situations, the mastering

of which requires a variety of concepts, procedures and symbolic
representations tightly connected with one another.

This definition does not intend to be rigorous: it refers
to a set of problems (not strictly defined) more than to a
set of concepts; the description of its contents requires both
the analysis of situations and problems (i.e. the relationships
involved) and the analysis of students' procedures when dealing
with these situations. Symbolic representations such as diagrams,
algebra, graphs, tables ... may be crucial for the extraction
of relevant relationships, but may also be misinterpreted by
students and misleading. I will come to this point'in the next
part.

The best example of "conceptual field" I can give is the
field of "additive structures” in which I have taken many
examples. But there are many other examples.

multiplicative structures: understood as a set of problems
requiring multiplications and divisions. Although not inde-
pendent of additive structures, they make a specific field
inctuding simple proportion problems (even simple multipli-
cation and division problems are proportion problems) and mul-
tiple proportion oroblems which are (unfortunatly) not often
analyzed as such: area and volume for instance are rarely studied
with the help of the n-Tlinear function, which is actually
essential for their understanding. Ratios of magnitudes of the
same kind, and ratios of magnitudes of different kinds lead
to the concept of rational number and also to dimensional
analysis (product and quotient of dimensions). Vectorispacé
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theory is also involved in the analysis of linear combinations
and linear mappings.

Different sorts of.symbolic representations may be useful
to represent these problems: they are not equally meaningful
to students. It depends on the problems and on the students’
level of analysis: tables, graphs, equations have different
properties.

Spatjal measures: such as length, area, volume make a

specific field across additive and multiplicative structures,
involving both geometrical representation of space and arith-
metization of space.

Dynamics: such as coordination of distance, time, speed,
acceleration and force make a conceptual field of its own,
very important for physics, but also important for mathematics
in the development of such concepts as measure, function,
dimension ... For instance, it has been shown by Laurence Viennat
that the primitive conception of force, as proportional to speed,
is still alive among University students and even, in tricky
situations, among highly educated physicists.

Classes, classifications and boolean operations: constitute
another important conceptual field, related to other fields,
but having its own specificity. It also develops from infants'
first categorizations to the mastery of boolean operations

and inclusion relationship.

5. Representation and the problem of adequacy between signifier

Let me recall, in Table I, the main relationships involved
in additive structures and the three criteria that give account
of the differences between the first three cases.

- Table I around here -
(Ed note: Table I is on page 50)
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I have used distinct symbo!5hpggiaigaf%%gguﬁgﬂb1nat1on of
measures, transformation of a me €, an 0 represent natural

numbers (measures) and directed numbers (transformations, compa-

risons and other static relationships such as debts and abscissas).

This choice facilitates communication. If I had used algebraic

exnpressions, some information would have been Tost. All these
relationships and problems can be represented by equations in Z
(or R) but at the cost @nd profit) of identifying different
mathematical objects to one another.

- identifying natural numbers to positive numbers (and decimal
and real measures to R,).

- identifying the sum of measures, the application of a posi-
tive transformation, the combination of transformations, the
combination of static relationships, and the inversion of a
negative transformation to the same binary law of combination
in R and its signifier "+".

- identifying the application of a negative transformation,
the difference between measures, between states, or between
transformations, and the inversion of a positive transformation
to the same minus operation in R and its signifier "-%.

- identifying the equality sign to different meanings: is
the same element as, outputs, is equivalent to.

This is all very good and necessary, but under which con-
ditions, which explanations, and when?

The three criteria used in Table I to differenciate cases
I, IT and III show that case Il is characterized by a dynamic
asnect, the presence of a unary positive or negative operation
and the presence of a part-whole relationship between the ini-
tial and final states. If case Il is the primitive model of
addition and subtraction for children, as most empirical results
show, then one can expect some misunderstandings and some
difficulties in the handling of other cases.
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For instance, the equality sign may have for students
a different meaning from the mathematician's one, which is
mainly shaped by case I (internal law of composition in N).

By the way, Table I shows that, although distinct, three
criteria do not make eight cases but only three: this comes
from the fact that they are not independent. Still all three
of them are useful tools to understand the different difficulties
met by students.

But let me give more examples:

Example 9: Peter has 5 marbles. He plays a game with friends
and wins 7 marbles. How many marbles does he have now?

Example 10: Robert has just lost 7 marbles. He counts his marbles
and finds 5. How many marbles did he have before playing?

Example 11: Thierry has just played two games of marbles. At the
second game he has lost 7 marbles. When he counts his marbles

in the end, he finds that he has won 5 marbles altogether.

What has happened at the first game?

First, it is important to know that, although all three
problems can be solved by the addition 5 + 7, example 10 is
sdved about 1 or 2 years later than example 9, and example 11
is failed by 75% of 11-12 year-olds.

This can be explained by the fact that example 9 is
a "find-the-final-state-problem” (case II)

Em

whereas example 10 is a "find-the-initial-state-problem” {case II}.

-2
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and example 11 is a “find-the-first-transformation-nroblem" (case IV}

I will illustrate with three different symbolic systems

(equations, arrow diagrams, Euler-Venn diagrams) some ambiguities

of the solutions that can be offered by students:

Example 9 {see above)

5+ 7 =12
+7
5 ——> 12

A1l three representations can be accepted and represent both
the problem and the procedure to solve it.

Example 10 (see above)

problem procedure

D-7=5 5+ 7 =12

-7 +7
RN 5 —— 12
2 9 2
No Euler-Venn represen- 12}

tation of negative
transformations

sl [7]

..3 Q-

The symbolic representations of the problem and the pro-
cedure are different. Most students, at the elementary school
level, represent the procedure and not the problem. The Euler-
Venn symbolism is still worse because it does not allow the
representation of negative transformations.

Example 11 is still more difficult to handle in Euler-Venn
symbolism,and the two correct representations of the problem
are either the equation in £

x + (=7) = (+5)
or the arrow diagram:

{(when they find it) has nothing to do with the representation
of the problem.
Here is a last example:

Example 12: Janet has played marbles in the morning and in the
afternoon. In the mornina she has won 14 marbles. In the
afternoon she has lost 31 marbles. When she counts her marbles
in the end, she finds 23. How many marbles did she have before
playing?

The arrow-diagram of the problem is the following
=3

Among the solutions, right or wrong, that I have .found, I will
cite four of them:
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A. 23 + 31 =54 - 14 = 40

B. 23 + 31 = 54
54 - 14 = 40

"

C. 31 - 14 = 17 + 23 40

D. 14 - 31 = 17
17 + 23 = 40

Solution A exhibits a treatment of the problem which is quite
fair: starting from the final state, adding what has been Jlost
and subtracting what has been gained. But the writing violates
both symetry and transitivity of the equality sign.

Solution B does not violate any property of the equality sign.

It may be considered as better. But it is essentially the same
procedure as A, Like A it represents the procedure and not the
problem. The equality sign is probably taken as an output symbol,
not as an equality relationship.

Solution C leads to another comment. Although it also violates
symetry and transitivity of the equality sign, this procedure
consists of steps which are different from those used in proce-
dures A and B: it combines transformations first, and then applies
the result of the combination to the final state.

Solution D, which is essentially the same as C, shows a new
mistake 14 - 31 = 17. But if you think of it, it is not a mis-
take in the context of the particular procedure: the problem
is to find the difference between two transformations, one
positive (+ 14) and one negative (- 31). Is the student right
to be happy with his solution? My answer is yes.

So one can see the many sources of decalages between signi-
fiers and signified in additive structures and problems.

Some symbolic systems are quite unable to represent pro-
blems that imply certain relationships. Some symbholic systems
are not lTikely to help students to distinguish between the repre-
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sentation of problems and the representation of solutions.
And finally some symbolic systems may convey meanings that
stand far away from the mathematical standards. One big pro-
blem for research on teaching is "how can we fill the gap, or
help students to fill it?

I will now turn to a different example, which is clearly
related to additive structures, although it is more important
in geometry and graphs: the real number line.

The real number line considers numbers as dots on a line,
positive on the right hand side and negative on the left hand
side of an origin called 0. This is clearly a symbolic system.
What operations of thinking does it require from students to
read it and use it?

We have made experiments on this in Paris. The report has
not yet been published and only a short description has appeared
(Vergnaud and Errecalde, 1980).

I will only mention the main aspects of our results.

Having to place numerical data (weights, distances) or quasi-
numericat data (ages, dates of birth) on a long strip of paper,
with a line in the middle

[ : 1
1

]ine~a[

tength = 60 cm

students from 10 to 13 meet many kinds of difficulties. We collec-
ted more than 600 protocols, and not less than a dozen criteria
led to 50 or 60 different categories.

Let me start with a few questions about two protocols
concerning dates of birth.
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or they may cut the data and place end-to-end only the decimal
parts of them:

The author of protocoiX is satisfied with ordering regularly A d“ (b) m(c)

dots representing the dates, taking no account of the diffe- ¢

rent durations between dates.

The author of protoco]ﬂvepresents dates as segments, the length
of each segment corresponding to the rank of the month in the To overtake this diAficulty, there are several steps
year. Segments are placed end to end (no inclusion relationship -4
between durations). The day and the year are ignored. There is either o —
a confusion between event and duration and between the ordinal C

and cardinal aspects of the data.

Which protocol is nearer the final concept of scale or A
number 1ine? It would be hard to say because none of them is or
close to the final concept, which requires the synthesis between
the concept of order and those of distance and interval. But I Pl
consider protocol B as-a very first attempt to take durations A ®
into account. There would not be much to say about all this, or A

if protocols o« and 3 were just anecdotic exceptions. But nearly

one third of 10-year-olds' protocols are 1in categories similar

to & and ;3. . The Tast protocol is ambiguous because B is just above the segmenl
that represents the difference b-a (and not b). The same applies

A very important obstacle for students of that level to C
o C.

consists in the inclusion principle. The end-to-end protocols
illustrate the principle: "distinct signifiers for distinct At this stage, there are still some steps to go.
signified”, or else "no inclusion between excluded quantities".

. One of these steps consists of the identification of segments
When they represent weights a, b, ¢, d ... of newly~born babies, P : ’

with the right hand extremity, the left hand extremity being

many students produce such protocols as the following: o
jdentified as the origin.
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;_-————Au—————A transformed into O e A

Another step consists of reasoning on dots and intervals what-
ever the origin may be, even if it is not present on the strip
of paper.

;i{gfn 2 b-a c-b d-c

In two of the tasks used, the choice of the data and the scale
did not make it possible to place both the origin and the data
on the same line. So students were obliged to change origin

and/or reason on differences (b-a, c-b, d-c ...). Most of them
were unable to do so, even after five or six lessons on scales.

Other protocols show that the coordination between two
systems of units (meters and centimeters, kilogrammes and grammes, years
and months) also raises big difficulties. Some protocols repre-
sent the same data by two dots on two separate scales.

- Qrummey ‘ilos\‘hw\ld

| . i

[ |
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or even three segments in three different systems of units

e
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or even two dots on the same scale (reading
it with one unit above, and with the other unit beneath).

45
{ kilogram
—e
e *
b.%oamm.

In summary, reading and using a symbolic system like scales,
directly related to the very important mathematical concept of
"number line", requires several operations of thinking that
cHildren and young adolescents do not find natural at all.

Whereas it is fairly natural for children to represent
ordered magnitudes by ordered dots on a line, or magnitudes by
separate and distinct segments, it is most difficult for them to
coordinate both points of view and to accent the inclusion prin-
cinle: OA does not represent on]y'a, but also parts of all other
data

a<bhb<ec =3 0Ac 0B < OC

even when 0 does not aopear on the line.

6. Problems of methodology

Methodology is usually important in theemergence of a new
scientific field. This is also the case for research in maths
education. Psychology provides us with some sufficient tools,
for example clinical and critical interview techniques, desi-
gned experiments and questionnaires.

‘It is fair and very ihportant to use these methods as often
as possible. They can provide reliable and analysable information.
But they probably miss an essential point: the description and
analysis of the process taking place in the class-room, where
interaction with new situations and new objects-on the one hand,
interaction with the teacher and the other students on the other
hand, make the picture more comnlex and more evolutive.
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This paper is already very long, and I don't want to repeat
well-known advantages and defects of interviews, questionnaires
and designed experiments. A1l of them are useful techniques.
Each of them can be used, according to the question raised.
Interviews are better for the understanding of students' concep-
tions, designed experiments for reliable comparaisons and for
the control of the comparative importance of different factors,
questionnaires for large-scale assessments.

I would rather insist-upon the most specific method of
didactics: experimenting in the class-room. This is not an easy
job. It requires a long preparation, a good-sized and well-
trained group of teachers and observers and costly registration
devices.

A time-consuming part of the work consists of reading the
recorded tapes.

What is the most important, still, is the necessity to take
steps to get reliable information. Many observers in the class-
room only see anecdotes, the importance of which can be hardly
estimated. The challenge is to promote didactic experimenting

in the class-room as a reliable method providing repeatable facts.

I would Tike to stress three important needs:

1. the need to make as explicit as possible the cognitive
objectives of the sequence of lessons undertaken;

2. the need to dismiss carefully beforehand the choice of the
situations, the reason for sequencing them so and so, the moda-
Jities in which information is given and the question asked,
the numerical values of the variables, the symbolism used and
the explanations that should be provided;

3. the need to make explicit hypothesis about the behavior
of students and the events that might happen.
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One cannot observe well what one is not preparedto observe.
This oresubposes that the contents, and the situations through
which these contents are conveyed, is clearly analyzed before-
hand so that one may be prepared to "see" the meaning of events
and behaviors observed. It would be unrealistic to expect to
reach a high degree of reliability and repeatability immedia-
tely. Psychologists were faced with the same problem when they
started experimenting and interviewing: they were also faced
with the extreme variety of subjects' behavior. But when inter-
viewing subjects, you notice that regularities appear, and the
more subjects you see, the stablest the different patterns of
behavior appear to be.

Researchers are not in a position to give many examples
of repeated experiments in didactics. But it is a fact that,
when sequencing and observing the same series of lessons in
different class-rooms, with the same teacher or with different
teachers, at different levels or at the same level, one can
observe that some events happen and happen again and the same
coherently and hierarchically organized behaviors appear and
appear again.

Errors, procedures, spontaneous explanations and formu-
lations, ways of designating and representing things are most
enlightening.

The specific and rewarding aspect of the method is the
observation of the process of discovery by students, of the
contradiction between their initial conception and the situa-
tion to handle, of the conflict between different students'
points of view (working in groupns of three or four), of the
evolution of concentions and orocedures.

I can't see how we would be able to develop a scientific
approach of maths education without experimenting in the class-
room, under conditions that make this experimentation as
scientific as possible.
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The cost is heavy, and many improvements have still to
be found. But when you have to pay the price, the only thing to
do is to pay the price. Experimenting in the class-room is an
unescapable issue.

Conclusion

My conclusions have already been given all along this paper.
I will not repeat them again. I can only insist once more
upon the analysis of the mathematical contents involved in
situations. This analysis is essential. I also want to stress
the importance of a behavioral and developmental approach of
learning, and the importance of understanding students' actual
conceptions, behind their behaviors and verbal explanations.
I finally think that one must try to avoid all kinds of schema-
tism, because the landscape is complicated, and because meaning
and understanding cannot be handled without taking into account
metaphors, misunderstandings and the strange relationship between
words and meanings, between signifiers and signified.

I have sometimes been told by North-American friends that
they were surprised by the "struggle for theory" in France.
We may Struggle" too much. But some examples I have given are
convincing examples and show that symbolic representations are -
really a crossing point in maths education research.
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TABLE 1

Main additive relationships

I Combination of measures

[1-°- 0

IT Transformation of a measure

L T O
S~ A 0O 250
O
IV Combination of trans- vV Transformation of

formations a relationship

ITI Comparison of measures

VI

[
To
]

Q)
o ©

Combination of
relationships

Criteria differentiating cases I, IT and III

- presence/absence of a dynamic aspect
1T against I and III

- absence/presence of a directed relationship
I against II and III

- absence/presence of a part-whole relationship
(inclusion)

I1I against I and II
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Working Group A

THE INFLUENCE OF COMPUTER SCIENCE ON UNDERGRADUATE
MATHEMATICS EDUCATION

Leaders: Bernard Hodgson, Université Laval
Tony Thompson, Dalhousie University

In the last twenty years, there has been considerable
attention given to the general role played by mathematics
in cumputer science and to the kind of mathematics re-
quired in an undergraduate computer science curriculum,
But little seems to have been done about the influence in
the other direction: what effect on undergraduate mathe-
matics education does or should the recent development of
computing and computer science have? For example, should
the traditional calculus-linear algebra sequence which was
developed for the needs of Physics and Chemistry still be
considered as the starting point for a mathematics curri-
culum? Could discrete mathematics be considered as either
an alternative or as a preferable basis? More generally,
to what extent 1s the "finite" character of the computer

a motivational source for changes in the traditional
"infinite" approach to the education of mathematics majors?
With the discussion of these and other related issues,
this Working Group aims at identifying some general trends
in the subject while focusing on the actual situation in

Canadian universities.
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The Undergraduate mathematics curriculum generally, but especially
the Calculus sequence in the first two years has remained remarkably
constant over the last 15-20 years. This is in spite of substantial
changes in the high school curriculum (most Provinces include a large
introduction to Calculus in the final year), the very widespread use
of calculators, and now the rapid deployment of microcomputers.

It appears that this last will bring significant changes. This
is because {a) there is now a large body of scientific users of
mathematics (the Computer Scientists) with different problems and
different needs from the traditional "continuous” approach needed in
Engineering, Physics and Chemistry. (b) Computer Science is generating
genuinely new problems for mathematics which are unlikely to be solved
by Calculus methods; (c) Computer Science challenges and competes with
traditional mathematics for students; (see Appendix 2); there is a
danger that mathematics departments could follow philosophy departments

.. into "prestigious isolation and irrelevance" (W.F. Lucas in Mathematics

Tomorrow p. 68). Clearly the interests of students seeking a good
education are not best served by the mathematics department ignoring
Computer Science nor vice versa. There is urgent need for dialogue
to find a. good new approach to the two subjects together. (see Appendix
! by Lee Adler). The Working Group began by recognizing this situation.
The question then is not whether some changes are necessary but what
those changes should be. The discussion of this question began with an
examination of the article Computer Science, Mathematics and the Undergraduate
Curriculum in both by A. Ralston Amer. Math. Monthly, 88 (1981) 472-485.
The group found Ralston's suggestions unsatisfying. A brief summary of
the views of the group are found in Appendix 3 by John Poland.

Before being able to offer alternatives to the Ralston proposals
the group found it necessary to discuss the broad aims of mathematics
education. Though the conclusions were rather too general to be very
useful - the aims are to develop critical thinking, to develop a logical
approach to problem solving, to understand 'why' rather than 'how' -
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they did reinforce the view that the traditional first-year Calculus
course needs change. Since too often it is training in a long sequence
of skills rather than in understanding and critical thought.

The group thought that Ralston did not avoid this 'how to' approach.
Indeed his long list of topics, which would necessarily be covered
superficially, encouraged it. The group decided that to avoid this the
first year course should be based on a general theme rather than lots
of topics.

Several themes were suggested: Algorithms, Optimization,
Approximation, Applied Problems. In the limited time available,
individual group members worked on these themes and gave suggestions as
to how they might be developed in practice.

These are contained in Appendices 3, 4, and 5. These form the main
outcome of our deliberations.

It was realized that the nature of a course, especially the
emphasis on "how to', is very often determined by the examination
given at the end. Student attitudes are certainly very dependent on
this. Ed Barbeau developed some interesting alternatives to the usual
examination and these are given in Apbend1x 6.

Throughout the discussions it was emphasized (mainly by Joe Brody
and Peter Manuel) that University mathematics departments have not yet
come to terms with the Calculator, let alone the Computer. Dr. Brody
gave four reasons for making heavy use of calculators in his Calculus
classes

(1) Replaces the tedious

(2) Allows one to do new things

(3) Clarifies the underlying theory

{(4) Makes one think in new ways
and suggested that the Computer will do the same (except that its very
speed and power and the fact that one is not aware of all the intermediate
steps can be disadvantages). These views are elaborated in Appendix 7.
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Throughout the discussion the participants made reference to articles
and books they had found stimulating. These are gathered in the
bibiiographies in Appendices 7,8 and 9. There is a little overiap
(surprisingly how 1ittle!) but I thought it not Qorthwhile to edit
them into a single 1ist. I have also appended Ralstons bibliography as
Appendix 10.

Finally, I was asked to include an article by Jules Gribble and
my views on a combined mathematics, statistics, Computing Science
department. These are the last two Appendices.

Tov, Topr

25 /4/6
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Working Group A Report:

Appendix 1 June 15, 1982

This note is meant to serve as an appendix to the CMESG report from
the Working Group on the Influence of Computer Science on Undergraduate

Mathematics.

Computers affect all of our lives and probably will have an increa-
singly larger impact on the lives of people who have studied mathematics
than they have on the lives of the population at large. I believe that
it is our responsibility to make sure that our students learn to compute;

then, since our students have computation skill, to put into our courses

some of the mathemstical ideas which generate these techniques.

To solve or to mathematize problems which are formulated by others,
it 1s necessary but not sufficient to have a broad mathematical repertoire.
Mathematicians rarely work alone, usually form part of a team, and are
required to work on problems articulated by peoplglwith limited mathema-
tical training but experience in computing or data processing. Many
companies think of computing as mathematics and vice versa, and they put
no clear line between the two. Opportunities for interaction between
mathematics and its applications in industry or government are often
affected by computational techniques of increasing levels of mathematical

sophistication. To compute at all students have to know how to use the

computer correctly and efficiently; so they probably should know a few
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programming languages, the principles of programming, scome basic data
structures and techniques for manipulation in these data structures.
Therefore, so that mathematics students know Some computer scienceL
they should be counselled fo take computing courses. Computer scilence
thus should influence the choice of electives of students in undergra-

duate mathematics programmes.

Mathematics students who have taken computer courses have usually
enjoyed those courses and have acquired skills and techniques. Includ-
ing in our courses those wathematical ideas which unify many of the
methods learned in computer courses would allow students to see the
theory from which at least some of their expertise follows almost
automatically, and would give them examples of the applicability of
mathematics to the "real"” world. It has been said that the particular
choice of topics in a course 1s often less important than the oppbrtunity
for students to learn to do something difficult, have fun learning it,
and thereby gain the confidence to tackle another formidable task, In
particular, for those students who are In search of an education, have
alvays enjoyed mathematics courses, may someday find a job due to their
functional expertise in mathematics, but whose c4}eers wil] most likely
evolve along more general lines, a mathematics programme offers oppor-
tunities to: stretch their imaginatlon and intultion; practise logic,
precision and accuracy of theught; and learn the rewards of patience
and perseverance., Unfortunately many students can justify choosing a
programme less rigourous than mathematics based on the excuse that

teaching is the only job open to a mathematiclan. We must remind our
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own colleagues and assure our students that this claim is not true.
Linking computer techniques to mathematical theory would be one opera-
tional way of providing the counter-evidence. In addition this coupling
could harness some of the synerglstic energy which comes from teaching
material which 1s on the periphery of things which are fun to do, and

use it to attract more students into mathematics programmes.

In conclusion, I would like to recommend that the CMESG Study Group
try to find what computer knowledge our students should have, identify
the mathematical ideas which generate this knowledge, debate whether
this mathematics should be included in our curriculum, and, if so how

and at what point,

L.S. Adler
Concordia University
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LES ETUDIANTS DES SCIENCES MATHEMATIQUES AU
PREMIER CYCLE UNIVERSITAIRE

Bernard R. Hodgson

Département de mathématiques
Université Laval

Comme le souligne Tucker [6, p. 40], la valorisation des études
en mathématiques et en sciences provoquée par le lancement de Spoutnik en 1957
a eu comme effet une augmentation considérable des effectifs étudiants en ma-
thématiques; ainsi, aux Etats-Unis, le nombre de diplomés en mathématiques au
premier cycle universitaire &tait de 23 000 en 1970 contre 5 000 en 1956 (la
proportion &tait semblable aux 2e et 3e cycles). La tendance semblait telle que
le (BMS n'hésitait pas, en 1970, 3 prédire que le nombre de finissants serait,
en 1975, de 50 000. C'était sans compter avec le ressac anti-science provoqué
aux Etats-Unis par la guerre du Vietnam: il n'y eut en fait que 18 000 grades de
premier cycle décernés en mathématiques en 1974-75!

L'étude récente du (BMS [2] fournit des renseignements intéressants
sur la situation des diverses sciences mathématiques aux Etats-Unis. Ainsi
(voir [2, p. 11]), en comparant les dipldmés de 1974-75 et ceux de 1979-80, on
constate une diminution de 42% en mathématiques et en statistique contre une
augmentation de 145% en informatique, de sorte que prés des 2/5 des finissants

en sciences mathématiques en 1980 étaient des informaticiens (voir Tableau 1

ci~dessous). De plus, alors qu'en 1966, 4,5% des "freshmen' indiquaient vouloir
se spécialiser en mathématiques, ce pourcentage n'était que de 0,6% en 1980;
cette méme année, 4,9% des "'freshmen' donnaient comme spécialisation probable
1'informatique.

Le tableau suivant donne, pour les Etats-Unis, le nombre de

grades décernés au premier cycle universitaire en sciences mathématiques
(voir [2, p. 301).
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TABLEAU 1

1974-75 1579-80
Mathématiques 17 713 10 160
Statistique 570 467
Informatique 3 636 8 917
Actuariat 70 146
Mathématiques appliquées 886 801
Enseignement secondaire 4 778 1 752
Autres 164 580

Au Canada, on ne semble pas disposer de statistiques aussi
détaillées qu'aux Etats-Unis sur les étudiants des sciences mathématiques. Qui
plus est, certains des renseignements disponibles de différentes sources ne pa-
raissent pas concorder (par exemple [1, Tableau A.2] et [3]). Néanmoins, il
semble permis de croire que certaines des tendances rencontrées aux Etats-lUnis
seraient les mémes ici,

Le Tableau 2 donne, pour le Canada, le nombre de grades décernés

au premier cycle universitaire en sciences mathématiques; les données de la
partie (A) proviennent de [1, Tableau A.2], celles de la partie (B) de [4] et
celles de (C) de [5].

TABLEAU 2
1960 138
1965 263
1970 699
(A) 1971 911
1972 1 181
1973 1138
1974 2 415
(B) 1975 2 353
1976 2 223
1977 2 422
) 1978 2 423
1 663 mathématiques (pures, appl., stat., act., r.o.)
1979 X
1 009 informatique

D'aprés les renseignements que j'al recueillis auprds de Statis-
tique Canada, ce n'est qu'a partir de 1979 que la classification a &été modifiée
pour isoler les &tudiants d'informatique,de sorte qu'il ne semble pas possible

de distinguer davantage le champ de spécialisation pour les années antérieures a

61

1979. (On trouve dans le Tableau (.1 de [1] des projections, par sous=-champ
de spécialisation, pour les années 1974 3 1977; mais il apparailt difficile de
contrdler ces projections.)

On peut s'attendre 3 ce que cette évolution de la clientdle
étudiante des sciences mathématiques aura un impact certain sur les départe-
ments de mathématiques et leur corps professoral. L'&tude du CBMS commente
en ces termmes [2, p. 34]:

""Taking numbers of course enrollments as a measure, the
mathematical science departments are currently prospering.
Reasonable projections suggest that this prosperity will
continue into the near future, However, the pattern of
enrollments is far from optimal for the preferences of most
faculty -- with the decline in advanced mathematics students
and increase of less attractive, lower level courses. Those
students, greatly reduced in number, who continue to elect a
mathematics major are concentrating in applied areas,
statistics, and computing which are not the specialties of
most current faculty. The decline in numbers of potential
secondary school mathematics teachers is also an ominous
sign for the long-term improvement of school mathematics."
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Appendix 3
arpendix to "Influence of Computexs an Undergraduate Mathematics Education”. )
Canadian Mathematics Education Study Group, 1982 Annual Meeting, Kingston, Ontario.
By John Poland, Department of Mathematics & Statistics, Carletcn University,
Uttawa, Canada.

How can the first (and second) year university mathematics courses use

te momentum of the hype of the "computer age” to swing more students into an .
appreciaticn for the relevance, power and importance of the mathematical perspective?
This judo approach to curriculum revision would be more intelligent than simply ignoring
or fighting against the convictions of our young students that computers are the new
frontier. Here are some possible alternatives:

(1) The Ralston First Course: the following is an outline of the detailed syllabus
appearing in A. Ralston "Computer Science, Mathematics and the Undergraduate Curricula
in Both", Technical Repart 161, Lepartment of Computer Science, SUNY at Buffalo, 1980.
The course is broken into twelve units:
TPAISton's First Year Discrete Mathematics Course:

(1) Basics (I-notation, sequences and series,...)

(ii) Algorithms and their analysis (basics about what it is)

(iii) Logic (Propositional calculus, boolean algebra, predicates, relevance to the

verification of algorithms)

(iv) Limits (convergence, limits of discrete functions, series)

(v) Induction

(vi) Discrete number systems (fixed and floating point number systems, number bases)
(vi

{

{

{i) Combinatorial analysis (permitations, combinations, binamial theorem, Stirling) 1
viii) Difference equations and generating functions !
ix) Discrete probability (random number generators, basic queuing theory, analysis

of algorithms)
(x) Graphs and trees (tree emumeration, binary trees)
(x1) Iteration and recursion .
(xii) Basic Automata theory (finite state machines, Turing machines)

Scattered topics, treated superficially? The outline has the appearance of the
first, "background" chapter of a textbock, outlining the definitions and notations
to be used in the coming development. The power and importance of mathematical ideas
would be difficult to elucidate - in fact, no topic would have the time to be
explored in depth. For example, generating functions are notoriously difficult
to grasp; without any exploration of their use and power, a student entering
university would end up frustrated and unappreciative of the concept of a generating
function.

However, the text:

Alan Tucker "Applied Combinatorics" John Wiley & Scns, 1980, does generating functions

early, with many later applications, covers many of the Ralston topics, and has an
excellent problems—oriented style. Worth exploring.

(2) A more narrow approach, covering about half of the topics of Ralston First Course
put very basic to much of the mathematical aspect of algarithms, could be developed

by using the enjoyable and accessible text: .

. G. Berman and K.D. Fryer "Introduction to Combinatorics" Academic Press 1972

(3) A wore purely algorithmic approach could be devised arourd two basic topics
(a) algorithms for sorting and searching
(b) The mathematical mcdel of a computer
The idea of topic (a) would be to bring to the first-year level Chapters Two and
Three (Design of efficient algorithms, and Sorting and arder statistics) of:
A.V. Ao, J.E. Hopcroft and J.D. Ullman "The Design. and Analysis of Computer Algo— .
rithms" Addison Wesley 1974. For example: {al) Sorting -~ various situations; what it
1s; what ways can you think of to sort?
(a2) Notion of an algorithm, some sorting algorithrs; use of graph theory to
aiscuss them.
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, (a3) Comparing sorting techniques: which is better, what does better mean?
introduce o(n) and O(n).

(a4) The mathematics of comparing and calculating finite sums; approximations;
asymptot;g behaviour, Stirling's Formula.

.'I'he idea of topic (b} may be easier but more abstract. For example (bl) Turing
machires and scme basic things they can do.

(b2) More complicated calculations on a Turing machine

(b3) The universal Turing machine and the unsolvability of the halting problem

(b4) Other decision problems - an outline

(b5) The number of Twring machines: oountable versus uncountable

(b6) There are only countably many camputable reals.
I have taught all these latter topics to high school students with great success.
Reactions of some of my colleagues has been:

(cl) lopic (a) is too close to what is taught in computi i ;
) ing science courses; there
is too much overlap. But others have claimed that only the algorithms appear in the
Zoxrput.mg science course. not the detailed efficiency camparisons. This should be
difei (c2) The concepts o(n) and 0(n), and the comparison of algorithms, is too

ficult ard narrow 2 topic to present to students in their first year at university.

Most hardly know anything about computers and algorithms.

(4) _Another approach coul.d be to modify present calculus or linear algebra courses
to mcludel more computing-related topics: :

G: gtra.ng LJl.nearAAlgebra and its Applications”, Academic Press, 1976, is an exciting
g;ath;naippped lz.néara;’;1 algebra with computational discussions (including the stability
. gorithms, a note on LINPACK, the linear algebra ter e, i

appendix to the second edition). ’ ? e package, in &
Warner Steinberg and Robert J. Walker "Calculus: a computer oriented approach”, an
eq?erumntal textboo)_c oduced by the Center for Research in College Instruction of
Science and Mathematics, Florida State University, 1968, begins with the flow-chart
approach to computers, approximating solutions of equations, convergence, basic results
(mcltr_hng the'Squeeze.'meoran) which lead to finding areas and volumes by approximating;
then 1ntegrat_10n”and into differentiation, with many numerical and algorithmic ideas.
T}}omas Wonnacott Calculus; ~an applied approach” Jochn Wiley & Sons, 1977, begins

w}th approximating and defining e and has much interplay between the differencing
situations and the differentiation situation.

) Finally, I would like to add that finding ways in which camputers are helpfut,

in our ryamermtlcs courses (as in linear algebra or calculus), may not be a sigfxificant
J.ndicatxoq of the usefulness of a mathematical perspective to computer-bourd students.
Instegd, it may be more useful to search for topics, like the analysis of sorting
algorn:h:_rs or more interactive computer-and-mathematics problems, in which

ma;hemat.us offers a mathematical perspective on computing. "Ask not what computer
science can do for you; ask what you can do far computer science”!
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DECREASING THE EMPHASIS ON CALCULUS IN THE FIRST YEAR

E.J. Barbeau

Although calculus should continue to be part of the first year programme
in mathematica, it should not be the focus, Rather, various themes might be
chosen which involve mathematical ideas and techniques from many areas in-
cluding calculus, Three possibilities are approximation, optimization and
evolution of systems., For these, I will sketch out some topics which might be
covered; some of these will require a considerable amount of background mat-
erial.

A, APPROXIMATION
(a) Approximaring values of functions: distinguishing between linear and

nonlinear approximations,

uging interpolation and extrapolation formulae (finite differences),

discussion of appropriateness of techniques used,

use of the Mean Value Theorem of differential calculus to give an

approximate value, estimate possible error and decerﬁine whether an over-

or under~ estimate is found,

Taylor expangion with remainder.

(b) Approximating solutions of equations: use of Intermediate Value Theorem
for continuous functions (method of bisection% analytical and graphical
treatment of Newton's Method, example to illustrate possible behaviour of
successive "approximations', conditions for covergence of successive
approximations.

Hensel's Lemma -~ an adaptation of Newton's Method for solving
polynominal congruences (Let p{x) be a polynominal over Z, q be a prime.

Thinking of a number as being "close" to zero 1f it is divisible by very

large numbers, we can approximate roots of p(x) by solutions of p(x) & 0

(¢)

)
(e)

(£)
&
(h)

(a)
®)
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(mod + N) where N 1s large. By the Chinese Remainder Theorem, it is
enough to look at N equal to prime powers. Hensel's Lemma gives us a
technique for solving the céngruence for successively large powers of

a given prime. Thus, let .u be a solution of p(x) = 0 (mod qr) for which
p'(u) £ 0 (mod q). Choose w 8o that w p'(u) = 1 (mod qr). Then u -
wp(u) 18 a solution of p(x) = 0 (mod qzr). Proof: Write p(x) = p(u)

+ (x=-u)p' (u) + (x-u)zf(x) where f(x) is a polynomial over Z.)

Using integrals to approximate sums: the sum of the first n kth powers
Stirling's formula (A.J., Coleman, Amer. Math. Honthly 58 (1951), 334~

336 = Selected papers on calculus, p. 325)

Approximate Integration: estimates of log 2, W

Use of special approximating functions: pilecewise linear, pelynomials
(Weierstrass Approximation Theorem, Berstein polynomials Lagrange poly-
nomials% trigonometric pelynomials (statemeat of Dirichlet’'s Theorem;
Gibb's phencmenon)

spline functions

Least squares regression

Approximation in mean

Functions of more than one variable

B. OPTIMIZATION

Statement of the extreme value theorem for continuous functiouns

Use of differential calculus: tests for identifying whether exterme

value of a single~ or multiple~ variable function is maximum or minimum -
use of second derivatives,

checking signs of first derivative, examining difference between maximum/
winimum of a function and the function to see if it is readily identifiable

as always positive/negative,



(d)

(a)

(b)

()

(d)
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basic reasoning of the following type - f is continuous; it is known,
say using the extreme value theorem, that it has a minimum within a
certain interval; it can be seen the minimum cannot occur at the end
points; hence, f' vanishes at a minimum; 1t is easily seen f' vanishes
at a single point; hence, this must be where the minimum occurs
Optimization under constraints: linear programming (preceded by Gaussian
elimination and some geometric perception of polyhedra and planes which
intersect these)

Lagrange multipliers

Approximate optimization methods: use of lattice points

steepest descent

C. EVOLUTION OF SYSTEMS

Recursive relations: x

atl " f(xn), stability, fixed points, contraction

mapping, graphical analysis)xn = ax, + bxn + ... , difference

+1 -1

equations,

characteristic polynomials

Differential equations: exponential growth and decay

logistic growth

qualitative analysis of solutions using graphical techniques (isoclines)
solutions in closed form, separation of variables, linear first order
homogeneous and non-homogeneous equations

approximate solutions, polygonal method

Financial mathematics: bonds, annuities, sinking funds

life contingencies, Gompertz' Law

Kepler's Laws derived from Newton's Laws (0. Toeplitz, The Calculus:

a genetic approach)
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It can be seen that a ihorough treatment of these topics involves
not only calculus, but a considerable amount of algebra. The aim is to
develop a sound intuition ana flexibility in thinking; proofs are given
only insofar as they advance this aim. There is quite a bit of scope

for the use of a calculator.
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The Second Semester of Calculus

In the 1981 CUPM report on the Mathematical Sciences, the subpanel on
Calculus argues that Ralston (AMM 88 No. 7 1981) has gone too far in sug-
gesting calculus be replaced by discrete mathematics, and suggests that in
the freshman year the first semester of calculus provide a basic introduc-
tion to differentiation and integration (as at present) but the second
semester explore applications of calculus to discrete mathematics and
modelling. I agree with this, and wish to comment on this second course.

It should present problems, hopefully from the '"real world" (scientific
or aesthetic), which tend to be quite naturally modelled as discrete prob-
lems. But, as so often happens, discrete methods may have insufficient
power to analyze these problems, whereas if they can be modelled as con-
tinuous problems, they often yield to the methods of calculus.

Let me mention briefly three examples.
1. Generating Functions. In problems of enumeration or probability one

often wishes to find a sequence (ai) where a; is the number of type
i , or the probability of event i etc. It may be very hard to calcu-
late the a, directly or discover their asymptotic properties. An
analysis of the real-valued function G(x) = Xaix1 -often solves some of
these problems. For example Knuth in the Art of Computer Programming
Vol. 1, 1968, shows how G can be used to calculate the nth term of
of the Fibonacci sequence 1, 2, 3, 5, 8, ...

2. Differential vs Difference Equations. In modelling the change of gene

frequency under the process of natural selection, it is most natural to
take a discrete time model, and write the gene frequency p' in one
year in terms of the frequency p the year before. A non-linear dif-
ference equation p'-p = sp(1-p)/(l+sp) 1is obtained which is difficult
to analyze. A continuous time model leads to the corresponding differ-
ential equation %% = sp(l-p) which can be solved.

3. Sums vs Integrals. In a population let 2y be the probability of
living (from birth) to age n and let m be the number of offspring
an individual can expect to have between age n and n+l . These
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numbers are called life history parameters and population biologists
are interested in analyzing them. For many purposes, their analysis is
facilited by using a continuous variable x for age, with m  now
being the instantaneous expected birth rate at age x . For example
let E(n) be the expected future number of offspring of an individual
of age n . At birth E(0) 1is small due to the probability of death
before maturity. For large n , E(n) is small because of the effects
of senility. In between E(n) is large and we ask when it is a
maximum. This requires analysis of the sum E(n) = 'zn %% L The

continuous model maximizes the integral E(x) = xf00 iz my dy which
calculus can easily handle. x

Peter Taylor
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ALTERNATIVE MODES OF EXAMINATIONS

E.J. Barbeau

Examinatlon questions might be given to the students in advance.
At the actual examination itself, no notes or aids would be allowed.
The student should have assimilated the solutions sufficiently to write
down in a restricted amount of time a coherent and accurate solution.
One might object that the more parasitical students may simply try to
memorize someone else's solution; however, it has been found that very
often a student writing down something he really does not understand
very often reveals this in his exposition.

Alternatively, the student might be given a passage from a book
to study (perhaps a book in some applied area). At the examination,
he would be presented with an excerpt and asked to fill in missing details,
explain the procedure used or adapt a method to a similar situation.

A multiplicity of examinations might be available for a given
course. During the course of the year, the student should develop an
opinion of his ability, and on this basis can choose to write an examina-
tion of one of the following types:

Type l: Very straightforward questions, successful completion of
which gives a maximum gradt of 70%.

Type 2: Basically straightforward with some multiple-step pro-
blems, successful completion of which gives a maximum grade of B80Z.

Type 3: Problems of a more penetrating type, successful completion
of which gives a maximum grade of 100%. )

The ratlonale behind this regime is to encourage the student to get some
sense of his level of understanding of the material studied.

- CONCORDIA
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UNIVERSITY

June 16, 1982

Dr. Tony Thompson

Department of Mathematics,
Statistics and Computer Science
Dalhousie University

Halifax, Nova Scotia

B3H 4H8

Dear Tony:

I am sending the required appendix and list of references., The appendix is not
self-explanatory, for it would require another page or two. It is already slightly
longer than the limit of two pages required - my apology. If, in the references

to this appendix, you would like to add some information, then maybe these points should
be stressea.

a) In the appendix, we wanted to attempt to illustrate that there is much more to
the presence of the calculator iIn the classroom than calculation. The calculator
is a tool which may stimulate and help sustain thinking, as well as expand its
spectrum.

b

~

The examples prevent a variety of problems picked from different areas of
Mathematics, for example, great loss in number of significant digits may be
fatal in,

(1) Finite difference methods for solution of partial differential equations,

(i1) Solution of quadratic equations, axzf bx+ c = 0, where b»ac, etc.

c) The teaching of Mathematics using the calculator has already shown an improvement
in:
(1) understanding the theory - for example, definitions, theorems,
(11) interest in the subject itself.

d) Since a calculator soon becomes a tool which everybody will carry as easily as
a pencil, the question of re-evaluation of the undergraduate curriculum may become
of crucial importance.

I believe that I have helped a little, but if at any time ycdu think I can do something
more within the aims of the study group, please do not hesitate to ask.

JB/rw Sincerely yours,
Encl.: ,

. : A
P.S. If it is possible, send me a copy of the report as soon as oL

you can. Thanks.
J. Brody
Assoclate Professor
Department of Mathematic

SIR GEQORGE WILLIAMS CAMPUS
1455 DE MAISONNEUVE BLVD. WEST
MONTREAL, QUEBEC H3G 1M8
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THZ ROLE OF THE POCKET CALCULATOR IN TEACHING OF MATHEMATICS

Jozef Brody
Concordia University

e consider a few examples in order to demonstrate the various
contributions a calculator can make to the process of solving
croklems.

EX2MPLE 1: Find the value of: V19820000 - v19815999 to 10
significant digits (or on as many as the calculator in use per-
nits).

EXAMPLE 2: Evaluate (-8)1/3

EXAMPLE 3: Find the derivative y' 1if y = cos x2 +2 .

EXAMPLE 4: A box with a square bottom and volume of 32m3 costs
20¢/x¢ for the top and the bottom, and 15¢/m? for the sides.
\vhat are the dimensions of the least expensive box?

EXAMPLE 5: Evaluate the definite integral J“(I—VQ Y/ (lv/x ) dx,
using the integral rutine on the calculator. /¢

In the first example the direct calculation gives much 1255 than
the example requires (a good answer is usually 1.123.107%).

It is a nice illustration of the necessity for rationalization in
crder to get the required accuracy as:

1 -
vI1982000 + v1981999

1,123099373.107¢

Irn the second example one usually tries to calculate the reguired
value using the following sequence of keys:

Some calculators will display the error message. Why? Is (-8)1/3
a well-defined expression? What about (-8)2/% 2 1Is the value. the
same as the one of /-8 2

In the third example cne uses the calculator to evaluate the
function and separate the value of the variable x from the
actual computation. The value for x is therefore stored in the

memory first : x»M followed by the computational sequence:
—_ == e —
reox+ 2= cosl .

-?3_

X

This sezuence is illustrated in the b
conmputational scheme in the Figure 1. [xq
The problem asks for the derivative 3 usx
dy,/dx i.e. the change of the output }u+ﬂ
variable respect to the change of the - v=x2+2
input one. The basic computational ]VU” R
steps change the value on the display . w:t&2+2
and therefore ask for different va- [cos w] ’
riables along (x,u,v,w and y). The T
basic transformations (functions) /3“‘
offer the following derivatives: y=coslx+2

Figure 1
g—izzx,%=1,g«\‘—j=1/2ﬁ,§§=~sinw;qivingthe

dy . dy x aw x dav da _ _ x sin w

required answer as: =
9 dx dw dv

du ¥ ax = ~
This gives a specific model for the chain rule in the differential
calculus, and the proof using the limits becomes clear and obvious.

The fourth example belongs to the category of so called word
problens. The first step may be a choice (estimate) of dimensions
feasible with repect to the conditions (constraints) in the problem,
let's say 4 by 4 by 2. To remember these one asks the student to put

one c¢f them into the memory, let's say 4 (»M). This way the dimensions

can bs c;lculated as: RM , RM , 32 + x , and the validity
can be checked by the calculator. The total cost C is then:

o Ty — Ty R B
ce ¢ ownowoan 2 xo20 w8 a2 (2] [ k] ] s (2]

= 1120¢ = 311.20.

Algepraically then: C(x) = 40x + i%g— , which simplifies the compu-

40 E@EB 1920 EH&{E'

The stress is on the concept of a function being a transformation
expressed as a sequence (an algorithm) of basic transformations.
Using the differentiation (C'(x) = 0), one gets x = 2.8845...
Tne above algorithm (after 2.8845... M) gives the total cost

C = 59.9¢ - a significant improvement to $11.20 .

.tation to:

Using the CASIO £x-180P (or fx~3600P) calculator, the required
integral in its original form when executed displays the error
nessage however if transformed to the integral in terms of

- ) 2
2= x, i.e. 2 . (l-u)/(l+u) udu can be evaluated using:

Jo
2L: =% 1 - RM = Tx RM - HlRe =] or
e T S =




-l

”_of the integral using Pl takes about 35 scconds,
“e P2 only 27 seconds. However Pl used the nested
ziplication and P2 does not. The gquestion of complexity in

actzal computation versus theoretical ones comes to mind.

Thne above exanmples illustrate that using a calculator

shows the need for algebraic transformations of algorithms;

sudports the concept development of notions and techniques ;

i

changes the way of thinking about mathematics;

makes one think about things one would probably hardly ever
try.”

Let me also include the references concerning the muMath, we
discussed in Kingston :

1) The fellow,who reported the curricular changes in Toronto
on the annual meeting of NCTM was:

James T. Fey from University of Maryland, College Park
Maryland.

2) ?here was also a very interesting article in Mathematical
Monthly, - January 1982 on: The disk with the college educa-
tion by Herbert S. Wilf.

In this article Wilf talks about a very miniature version
of muMath. Much more sophisticated versions are available
and used. Thq/require more memory capacity and are a little
more expensive.

10.

11.

12,

13.

14,

15.

16.

17,
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SOME ITEMS FOR A BIBLIOGRAPHY ON
"COMPUTER SCIENCE AND MATHEMATICS CURRICULUM'

Bernard R. Hodgson

Département de mathématiques
Université Laval

A general background on the subject can be found in the well-known report:

K.P. Beltzner, A.J. Coleman and G.D. Edwards, Mathematical Sciences
in Canada, Science Council of Canada, 1976. (Background Study no. 37)

A recent study of the trends in the United States is presented in:

J.T. Fey, D.J. Albers and W.H. Fleming, Undergraduate Mathematical
Sciences in Universities, Four-Year Colleges and Two-Year Colleges,
T980-81, Conference Board of the Mathematical Sciences, 1981. (Report
of the Survey Committee, volume VI)

Some highlights of this report have been presented in the Notices of the AMS,
February 1982. One can also compare with previous issues of this study

(volume IV: 1970-71 and volume V: 1975-76).

The book Mathematics Tomorrow, edited by L.A. Steen (Springer-Verlag, 1981),

contains some articles related to our subject. For example:

Alan Tucker, Redefining the mathematics major, pp. 39-48;
William F. Lucas, Growth and new intuitions: can we meet the
challenge?, pp. 55-69.

The following report of the CUPM was published recently:

Recommendations for a General Mathematical Sciences Program, Cormittee
on the Undergraduate Program in Mathematics, MAA, 198T.

It is based on the idea that the previous CUPM mathematics major curriculum
(defined in 1965 and revised in 1972) should be substantially revised and

broadened to define a mathematical sciences major. This report contains se-

veral recommendations that should have great influence in the next years.

As an illustration of the possibility of using finite techniques and the com-
puter to replace much of what is done in continuous applied mathematics, one
can consider:

D. Greenspan, Arithmetic Applied Mathematics, Pergamon Press, 1980.

From the preface: 'In this book we will develop a computer, rather than a
continuum, approach to the deterministic theories of particle mechanics. (...
At those points where Newton, Leibniz, and Einstein found it necessary to
apply the analytical power of the calculus, we shall, instead, apply the
computational power of modern digital computers. {...) The price we pay for
[the mathematical simplicity of our approach] is that we must do our

arithmetic at high speeds."
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Introduction

I think that there is a need for a continuation of the type of workshop
that we had at Kingston and was glad to hear at the closing plenary session
that such a possibility is being seriously considered. All undergraduate-
mathematics teaching at the University level should be assessed from time to
time; this certainly includes our service teaching. Perhaps a more formalized
group put on a continuing basis on this subject would get the attention of
our colleagues at the University so as to give more recognition to the prob-
lems of updating the mathematics curriculum and making it more relevant to
today's needs. -

What follows is a listing of texts and articles that are related to the
cubjects that we discussed in the working group on "Computer Science and Un-
dergraduate Mathematics Education” held in Kingston‘at the sixth annual meet-
ing of the Canadian Mathematics Education Study Group from the third to the
seventh of June, 1982. I have broken this bibliography down into two classes;
texts and articles, and have have added notes to each section. Very few of
these references are directly related to the Ralston article*, but indirectly,
most are very pertinent to his theme as well as to the tenor of our general
discussion. Included are a few references to mathematical and/or computer
modelling. Some of these references will be of little interest to some; you

will have to pick and choose.

. Pertinent Texts

A: Science with Pocket Calculators; D.R. Green and J. Lewis; Wykeham Pub-

lications (London) Ltd., 1978.

*Ralston; Computer Science, Mathematics, and the Undergraduate Curricula in

Botn; Amer. Math. Montnly, 88 (1981), 472-485,

III.
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B: Pocket Calculator Supplement for Calculus; J.B. Rosser and C. de Boor;
Addison Wesley, 1979.

C: Computational Analysis with the HP-25 Pocket Calculator; ﬁ. Henrici;
Wiley Interscience, 1979.

D: Calculus: An Applied Approach; T.H. Wonnacott; Wiley, 1977.

E: Adventures with your Pocket Calculator; L. Rade and B.A. Kaufman; Pen-
guin Books.

F: Mathematical Models: Mechanical Vibrations, Population Dynamics, and
Traffic Flow; R. Haberman; Prentice-Hall, 1977.

G: Scientific Analysis for Programmable Calculators; H.R. Meck; Prentice-
Hall, 1981.

H: Introduction to Computational Methods for Students of Calculus;
S.S. McNeary; Prentice-Hall, 1973.

I: Riddles in Mathematics; E.P. Northrop; Penguin Books.

Comments on Texts

A: Soft cover edition about $9.

- Useful chapters on the basic mathematics functions and their applications;
solving non-1inear equations, simultaneous equations, numerical approach
to calculus, population dynamics, case studies in physics, chemistry and
biology, probability and statistics.

- Population growth from discrete approach only.

- Programs in both algebraic and reverse polish notation.

B: Soft cover edition about $10.

- Can be used in conjunction with any calculus text.

I particularly like his chapters on Sources of Error and on Root Finding.
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To find roots of a polynomial very accurately, where error due to cancel-
lation of terms is a problem, he expands the polynomial in a Taylor Series
about an estimate of the root, This important application of Taylor Series
is not stressed enough.

- Programs in both algebraic and reverse polish notation.

C: Main interest to me is not in his actual programs (reverse polish) but

in the way he uses many areas of mathematics to produce algorithms that are
short enough to be programmed on the HP-25, a calculator with a very limited
number of program steps. Also many of his programs are likely to be of more

interest to the mathematician than those in most numerical analysis texts.

D: This calculus text stresses the "finite calculus along with the infin-
itesimal calculus". Many of his examples are from economics. He doesn't
really integrate his book with the calculator but his overall approach is
pertinent. He is a very good teacher and this shows in his text, as it is
very readable and makes the student think at each step; he gets the student

involved.

E: Paperback about $3.
- The title is very appropriate. Book is of interest to various mathematics

students.

I especially like his sections on m, Fibonacci and the Golden Section, and

on Iteration.

- Book divided into two parts; an introduction and then a study in further
detail.

- Good bibliography for interesting students in these subjects.

F: A very good text for a mathematical modelling course. By concentrating

on three main themes, the book has enough material to be used at a variety

Iv.
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of undergraduate levels. 'In the section on population dynamics, he uses both

the discrete and the continuous approach,

G: Paperback about $10.

Particularly interesting sections on approximating functions on a calculator
and on evaluating improper integrals., In his section on improper integrals,
he emphasizes the need for transformations and, although several transform-
ations may work, some are more suitable computationally than others.

~ Programs are in algebraic notation.

H: Older text, much of which is largely displaced by book B.

- Still quite interesting.

L]

Novel to me are his examples using continued fraction expansions.

I: Paperback.
- He discusses various paradoxes in mathematics. Some of these paradoxes can
be integrated with the calculatori-rearranging conditionally convergent

series, paradoxes in calculus.

Articles of Interest

1: A Discrete Approach to the Calculus; S.P. Gordon; Int. J. Math. Educ.
Sci. Technol., 10, 21-31 {(1979).

2: A Laboratory, Computer and Calculus Based Course in Mathematics; H.M. Schey,
J.L. Schwartz, W.U. Walton and J.K. Zacharias; Int. J. Math. Educ. Sci.
Technol., 1 115-130 (1970).

3: An Approach to the Teaching of Ordinary Differential Equations; A.C. Bajpai,
[.M, Calcus and G.B. Simpson; Int. J. Math. Educ. Sci. Technol., 1, 39-54
(1970).

4; Mathematical Models in Science; J. Hyslop and R. Lewis; Int. J. Math.
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Educ. Sci. Technol., 1, 375-388 (1970).

5: Recurrence in Numerical Analysis; J.J. Davidson; Byte; 20-30, April (1961).

6: Computer Algebra; R. Pavelle, M. Rothstein and J. Fitch; Scientific Am-
erican; 136-152, Dec. (1981).

7: Strange Attractors: Mathematical Patterns Delicately Poised Between Order
and Chaos; D.H. Hofstadter; Scientific American; 22-43, Nov. {1981).

8: Personal Calculator Has Key to Solve Any Equation f(x) = 0; W.M. Kahan,
Hewlett Packard Journal, Dec. (1979).

9: Handheld Calculator Evaluates Integrals; W.M. Kahan, Hewlett Packard
Journal, Aug. (1980).

. Comments on Articles

1: This article seems to me to be more pertinent to our discussion than the
Ralston paper. Many of his concerns were our concerns. [ liked his
phrase that he is "using the results of the calculus of the finite dif-
ferences and finite sums both as motivation and as-a significant tool
leading to applications.”

2: Another computer oriented calculus course — "experimental calculus.”
Their course is more computer oriented and seems similar to the "Keller
plan" of Physics.

3 and 4: Mathematical modelling courses using differential equations.

5: Stability related to recurrence relations.

6: Demonstrates the interplay between large computers and mathematics in
the area of algebra.

7. A very interesting article showing the applications of fixed point al-
gorithms, iteration of functions, to new ways of thinking about non-

linearity invarious fields of science.
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8 and 9: Kahan's articles are interesting to show anyone that there is much
more than just using text-book algorithms if you want to produce "almost
fool-proof" calculator buttons for finding the roots of an equation or
for integrating any definite integral, His articles contain a lot of

material for anyone interested in numerical methods to think about.

Any comments or further references would be gratefully appreciated.

Peter W. Manuel

Associate Professor

Department of Applied Mathematics
University of Western Ontario
London, Canada

N6A 589
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14.
15.

16.

20.

. R.P. Boas, Jr., "If this be treason ...
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INTRODUCTION AND BACKGROUND

THE ~ STRUCTURE  OF  UNDERGRADUATE

APPLIED MATHEMATICS PROGRAMMES There is quite a lot of literature discussing gow undergraduate
. mathematics and applied mathematics curricula should be Structured so
AT  DALHOUSIE  UNIVERSITY that the student will receive an unbiased, up-to-date and employable

education. See, for example [1-5). At present there is considerable
interest in ensuring that applied and applicable mathematics curricula
remain pertinent and up-to-date. This has been spurred by the effect

- of computers.-in all branches of mathematics, the many new and exciting
areas of mathematics that are gaining increasing importance, and the
disturbing fact that enrollments in undergraduate programmes seem to be
declining, despite good employment prospects. At the June, 1981

) S.I.A.M. meeting, at Rensselaer Polytechnic Institute in Troy N.Y.,
JuLes peG. GRIBBLE there was an open panel discussion ﬂf some of the proposals that the

current Committee on Undergraduate Programmes in Mathematics (C.U.P.M.)
committee put forward on course content and programme structure. See
[5] for more details.

At Dalhousie, we have also been taking a critical look at our applied
mathematics curriculum. {We have however, had to make compromises with
what our ideal programme would be due to the obvious constraints of
manpower and, in the short term at least, our expectations of student numbers.)

The major motivation for reviewing our "applied" course structure
came from noticing that over the last few years some ideosyncracies had
crept into the structure and that some classes had no well defined
objectives. In the immediate, the catalyst for making some changes was
that the Department had recently introduced two Co-operative Education

- Programmes, one in Mathematics and the other in Mathematics and Computing
Science combined. These programmes are both Honours programmes. The
structure of these programmes requires that classes taken by students
enrolled in their fourth year all be half credit, i.e. one semester,
classes. This required, at the very least, some renumbering and subdivision
of classes.

ABSTRACT:  In this article recent changes in the structure A loosely structured committee was organized by myself with
of the "applied" mathematics courses in the . participation encouraged by anyone who was interested. "A write-up of
Department of Mathematics, Statistics and Computing the discussions was distributed to every member of the Department
Science at Dalhousie,and the reasons for these after each meeting, with invitation for comment. The committee met
changes are reported on. five times beginning in early April and by mid-summer the issue had

been resolved. The changes that we have made will all be implemented
in the 1982/83 academic year.

To help our courses in a more general context, I will outline
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the relevant Faculty of Arts and Science regulations which we

have to abide by. The normal course load each year for a full-time
undergraduate student enrolled in our faculty is five full credit
classes. A full credit class typically {in our Department) meets
for three lecture hours, with the possibility of some additional
tutorial hours, each week of the academic year. These classes

have an "R" following their number. A half credit class would
typically meet for one semester, and will have an "A" or a "“B"
following its number. To obtain a concentrated Honcurs degree a
student must satisfactorily complete between 9 and 11 full credit
classes, beyond the first year level, in the major field. At least
2 of these classes must be of fourth year level. To obtain a
combined Honours degree in two allied subject the student must
complete between 11 and 13 classes above first year level in the
two subjéct areas, with at least 4, and at most 7, classes being in
either subject. At least one of these classes must be of fourth year
level in one of the subject areas. For the purposes of major

areas of study, Mathematics and Computing Science are considered to
be distinct, despfte the fact they come under the aegis of the one
Department in our case. A more detailed listing of the Faculty regulations
can be found in the Faculty of Arts and Science Calender.

PHILOSOPHY (i14)

After some initial discussions, we decided that there are four
groups of students we are trying to cater for:

{iv)

Co-operative Education Programme Students.

Students from other discipiines who are required or
encouraged to take math courses, particularly students
from engineering, physics and related areas.

Students, of superior ability, enrolled in a math programme,
i.e. those who are probable Honours graduates and potential
graduate students.

(4) The majority of students, enrolled in a math programme, who
are competent but not outstanding.

and

Since we do not have a large encugh department to cater for each of
these groups entirely independently of each other, there followed several
themes which we needed to keep in mind whilst designing our course
structures, particularly in third and fourth year;
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(a) As mentioned in the introduction, ali classes should be
half credits.
(b) The classes, whilst forming an integrated whole, should

have as few interdependencies (particularly co-requisites)
as possible, thus providing flexibility in class choices.

We then began the more difficult job of deciding what the student needed
to get out of our programme and what we felt was essential for nim or her
to know at the end of a course of study.
the foundation on which we built:

The following principles provided

There should be a core of classes in first, second, third
and even fourth years which cur "applied" students are required
to take (and pass).

The objective of the programmes should be, as wuch as possible,
an exposure to solutiens of real and challenging problems. This
means that attention is paid to how the mathematical probiem is
derived,or abstracted, from its original environment; to
techniques which are used to solve the mathematical problem; and
Tast but not Teast to how the results obtained can be inter-
preted in the context of the original problem.

The programme should be arranged so that the student has an
exposure to various techniques of problem solving, i.e. we
want to provide a broad based education rather than a special-
ization in any one aspect of problem solving.

We would design the programme with the students to categories {1}
(2) and (4) in mind and then make sure that the students in
category (3) receive, as minimum, an education at Jeast as good
as they presently obtain. In other words, we wanted to design
the course structure for the more average student and then cater to
the exceptional student instead of giving priority to the
exceptional student and simply giving the average student a
pruned version of an exceptional students programme. In the end
we feel that this approach will raise the standard of our courses
and the quality of all our graduating students. It is important
to note here that this principle is essentially a statement of &n
underlying philosophy and a comment on the attitude with which we
hope the classes will be taught.

The students should be encouraged, and have sufficient time
available, to take a reasonable sequence of courses in at
least one other appropriate discipline.
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THE CORE CLASSES

The simplest way to report our final conclusion is pictorially, in
Figure 1, with some explanatory comments below. Detailed syllabuses will
be available in the 1982/83 Faculty of Arts and Sciences Calendar (available
early 1982).

In Year I the student completes a class in Differential and Integral
Calculus {JO0A/101B) and an introductory Computing Science course
(CS140A/C51418).

In Year II the core classes are an Intermediate Calculus course
(200R or 220R), an introduction to Matrix Theory (203A) and Linear Algebra
(2048) an Introduction to Statistics {207A/2088) and an Introduction to
Numerical Linear Algebra (227B). Students will also be encouraged to take.the
non-credit Co-op Seminar (this is compulsory for Co-op students? in which
some aspects of industrial mathematics are discussed; we have some talks by
people working in industry, some talks by Co-op students about their work
experience, and, amongst other things, talks on the writing of curriculum
vitae and on interview techniques. A strong recommendation will be made
for students to take the computing science Year II core courses (CS245A/
CS2618). If a student has an interest in Statistics, then having taken
2088 would complete the Year Il statistics core. If a student is an Honours
student, then 220R or 200R, 203A and 2048, are replaced by the higher level
classes 250R, (Introductory Analysis) and 213R (Linear Algebra) respectively.

In Year [II we require the student to take an Advanced Calculus
sequence (309A/3108) and an Introduction to Differential Equations (311A).
An Honours student would take 350R (Intermediate Analysis) in place of
(309A/310B). The four half credit classes ’

321A Introduciton to Numerical Analysis
3268 Foundations of Applied Mathematics
330A Linear and Integer Programming
3378 Stochastic Processes

provide tha necessary basis for the breadth requirement of our applied
undergraduate programme, providing the tools for modelling via discrete
methods, analytic methods and non-deterministic methods. Since we are
encouraging the student to take a sequence of classes in another

- discipline, we would be prepared to allow the student to take one or two

of the abave four half classes in Year IV, although this is perhaps not the
most desirable option.

In Year IV the only core class would be one of 440 or 441 (or perhaps
both if they were bath offered), which are Applied Mathematics Modelling
cuurses. This class is the objective and culmination of the programme.

Tts aim is to allow the student to use as many of the tools as he or she
has aquired from the Year I1I core classes and to gain experience in seeing
a problem dealt with in depth and in its entirety. The problem would be

-91-

FIGURE 1 : CORE COURSES IN APPLIED MATH.
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presented in its original context, abstracted sc that a mathematical

mode] can be developed; the necessary computations and analysis would

be done in the form of projects and then the results interpreted in the
original context. We expect that at least two different modelling techniques
would be used and compared during the class,

It is our hope that on completing a core course, like the one
outlined above, that the student will have been taught an appropriately
critical yet practical way of thinking, and that with this attitude of
mind will be able to apply his or her knowledge and expertise outside the
halls of academia with success.

Finally, note that if a student wishes, by the end of Year IV, he
or she can also become a competent statistician or computer scientist,
whilst compieting the core classes in applied mathematics. There are
of course a variety of Year III and Year IV classes in the applied area which
the student may take, depending on the chosen area of specialization.

The core classes are intended to represent the minimum number of
classes that have to be taken and some flexibility in when the student takes
these courses is naturally acceptable. There are clearly many other
classes a student could (and may well) profitably take; we felt, however,
that the student should not be restricted more than absolutely necessary.

C.U.P.M. RECOMMENDATIONS

At the June SIAM meeting in Troy N.Y., mentioned earliier, a brief
summary of recommendations for programme philisophy and coursework were
given as a handout. The handout is reproduced below. We feel that our
new course structure essentially meets all the given recommendations. It
is important to note that there is emphasis placed on the importance of
the role of the fnstructor in making the courses relevant, interesting, and
catering to the needs of the majority.

Handout of Summary of C.U.P.M. Recommendations (distributed at June '8)
SIAM meeting)

PROGRAM PHILOSOPHY

1. The curriculum should have a primary goal of developing the attitudes

of mind and analytical skills required for efficient use and understanding of
mathematics. The development of rigorous mathematical reasoning and
abstraction from the particular to the general are two themes that should
unify the curriculum, ’
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1I. The mathematical sciences curriculum should be designed arcund the
abilities and academic needs of the average mathematical sciences student
(with supplementary work to attract and challenge talented students).

I1I. A mathematical sciences program should use interactive classroom
teaching to involve students actively in the development of new material.
Whenever possible, the teacher should quide students to discover new
mathematics for themselves rather present students with concisely

sculptured theories.

IV. Applications should he used to illustrate and motivate material in pure
and applied courses. The development of most topics should follow the
paradigm: applications + mathematical problem-solving + thecry » applications.
Theory should be seen as useful and necessary for all mathematical sciences.

V. First courses in 2 subject should be designed to appeal te as broad an
audience as {s academically reasanable. Most mathematics majors do not

enter college planning to be math majors, but rather are attracted by
beginning mathematics courses. Broad introductory courses are important ¥or a
mathematical sciences minor {see zection 8). '

COURSEWCORK

VI. The first two years of the curriculum should be broadsned to cover more
than the traditional four semesters of calculus - iinear algebra - differentia
equations. Calculus courses should include more numerical methods and non-
physical-sciences applications. Also, other mathematical sciences courses,
such as computer science and spplied probability/statistics, should be an
integral part of the first two years of study.

VII. ATl students should take a set of two upper-division courses leading
to the study of some subject{s) in depth. Rigorous, proof-like arguments
are used throughout the mathematical sciences, and so all students should
nave some proof-oriented coursework. Real analysis or algebra are natural
choices but need not-be the only possibilities. (conflicting points of
view on the role of "proof” courses in a mathematical sciences major is
discussed in section 6.)

VIII. Every mathematical sciences student should have some coursework in
the less theoretically structured, more combinatorially complex mathematics
associated with computer and decision sciences.

IX. Students should have the opportunity to undertake "real-world"
mathematical modeling projects, either as term projects in an operations
research or modelling course, as independent study, or as an internship in
industry.

X. Students should have a minor in a discipline using mathematics, such as
physics, computer science, or economics. In addition, there should be a
sensible breadth in the physical and social sciences. For example, a student
interested in statistics might minor in pyschology but also take beginning
courses in economics and biology (heavy users of statistics).
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The report of the C.U.P.M. committee, containing detailed
recommendations is expected to be available late in 1981.

For further information about other CUPM documents and related MAA
mathematics education publications one should contact: Director of
Publications, The Mathematical Association of America, 1529 Eighteenth
Street, N.W., Washington, D.C., 20036.
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Working Group A Report:
Appendix 12

At the close of our discussions in Kingston it was suggested that
it might be a useful contribution to the debate if I, as Chairman of a
combined department of Mathematics, Statistics and Computing Science,
were to try and evaluate the advantages and disadvantages of such
a combination.

The main disadvantages are the practical, administrative ones
with which I am only too familiar. These centre on the differences
between mathematics and computing science. The latter is, to a large
extent, an experimental science with quite different criterian of
excellence from mathematics. This makes matters of promotion and merit
somewhat tricky. The result of this is that Computer Scientists
probably prefer to be in a separate department which, in turn, makes an
already tough recruiting situation a bit worse.

The advantages are more wide spread but perhaps less obvious. First,
on the same question of staffing, having the various mathematical sciences
Within one department makes the teaching schedule more flexible. Many
mathematicians can teach some computer science classes. Thus, if staffing
does not keep pace with changes in student demand from mathematics to
computer science it is somewhat easier to switch manpower than it would
be in separate departments.

Secondly, the fact that there are mathematicians teaching some sections
of the large.elementary computing science classes has I think a positive
effect on both these classes and the other mathematics classes these same
instructors teach. There is a cross-fertilization of ideas which is
beneficial. 'Pure' computer scientists and 'pure' mathematicians might
disagree with this!

Thirdly, having people tongether in the one department makes discussions
of curriculum questions such as this group aimed at, rather easy to carry
out. (Group A was lacking any computer scientists!). Moreover, since
people know each other well, they understand each other's different
points of view. There is a tendency for 'pure' mathematicians to adopt an
uncompromising academic point of view on curriculum and for 'applied'
mathematicians and computer scientists to emphasize a pragmatic point of
view on 'market demands'. With both groups strongly represented one tends
to get a more balanced view between the pales of this contradiction.

Fourthly, at the research level, Computer Science is generating new
Problems for mathematics. It is interesting to see Computer Scientists
talking to algebraists and combinatorists, just as Statisticians talk to
Analysists and Measure Theorists.

Though Computer Science, Statistics and Mathematics are distinct subjects
with different outlooks and methods there are no hard and fast lines between
them. Rather one merges into the other. Thus, though the practical
difficulties of trying to adequately look after all sections often seem
overwhelming, I think the rational view is that it is better to keep the
mathematical sciences together, :

T T



Working Group B

THE APPLICATION OF RESEARCH IN MATHEMATICS
EDUCATION TO TEACHER-TRAINING PROGRAMS

Leader: Dale Drost, Memorial University

There exists an extensive body of research in the field
of mathematics education dealing with how students im
primary, elementary, and secondary schools learn mathe~
matics. There also exists considerable research on the
effectiveness of various teaching techniques for varilous
educational goals at each of these levels. A largely
unanswered question is how can teacher educators most
effectively apply the results of thils research into tea-
cher-training programs. Should the teaching methode
employed by teacher educators parallel those they advocate
for use in the schools? Should different approaches be
used with primary/elementary school teachers than with
secondary school teachers? Should different approaches
be used with preservice teachers than inservice teachers?
The working group will use these and related questions to
address the issue of how results from research in mathe-
matics education can best be applied to teacher-training

programs.
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Report of
Working Group B

The Application of Research in Mathematics
Education to Teacher-Training Programs

Dale Drost

This working group, although small in number, was
composed of people who energetically discussed the issues
implied by the title of the group. The participants included
Stanley Erlwanger, Helene Kayler, Israel Klenier, Andre
Ladouceur, Medhat Rahim, Ron Ripley, and Dale Drost,

Cynics in education might argue that results from
research in mathematics education are often so ambivalent
that any attempt to apply these results to teacher-training
preograms could only lead to chaos. Such was not the feeling
of the participants of Working Group B. During the nine
hours of discussion the group debated a number of ways in
which both methods of research and rasults from research
might be used in teacher-training programs. Due to the
broadness of the area and the limited amount of time, the
discussions were often general and the essence of them was
difficult to capture on paper. What follows is an attempt
to capture the flavour of the discussions and not the
specifics. Future working groups might find this general

discussion a useful starting point from which to focus on
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more specific aspects of the area.

The group began its deliberations by considering some

possible directions proposed by the group coordinator. These

possibilities were presented as suggestions only and the

group was free to delete or to add others as they wished.

The suggested directions were as follows:

1. How do we as 'teachers of teachers' deliver results of
research to our students so that they will incorporate
these results into their own teaching strategies.

2. How do we use results from research in organization and
structure of the mathematics and mathematics education
components of our teacher education programs.

3. What does research tell us, if anything, about the
overall role of mathematics education in teacher
education programs.

4. What does research tell us about the proportion of our
time that we should spend on inclass activities, on

oncampus laboratory work, on inschool individual or
small group work, and on student teaching.

7. Before taking any of the directions suggested above, do
we need to conduct research on that direction. In other
words, 1is any research avallable to assist us in
making decisions.

It was also suggested that in our discussions that we
should consider the issue of how much time is.actually
available for mathematics education in the various teacher-
training programs. In most programs time is festricted to
two or fewer one-semester courses and this tends to impose
a limitation on many activities. Also, it was suggested

that the group should consider restricting itself to pre-

service or inservice education as well as to differentiating
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among primary, elementary, junior high, and senior high
mathematics education programs. A final suggestion was
that discussion might be restricted to particular areas of
research such as problem solving, learning, or evaluation.
After considering these suggestions, it was decided that
we would not impose these restrictions at the beginning,
but would attempt to relate our comments to the different
subgroups of students and different areas of research when
applicable.

Much of the first two days of discussion was taken up
by attempting to find a structure under which we could
organize the topic as well as to come to agreement as to the
more specific topics which we wished to discuss within that
structure. Basically the outline presented in figure 1 can
Ee used to describe how we saw the application of research
to teacher-training programs.

The major areas of application of research were seen
as being application to program content and application to
program method. Program here is to be interpreted as being
the mathematics education program, although it is useful
to take a broader interpretation at times and include the
entife teacher education program.

Within the area of application to program content,
thrée geheral areas were identified. First, the content of
research should be part of the mathematics education

curriculum, This content was subdivided into two areas;

content about student learning, and content about the teacher.



Outline of Application of Research in
Mathematics Education to Teacher Training Programs
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Figure 1

A. To Program Content

A.1 From the content of research

A.1.1 About Student Learning

- psychogenesis

A.1.2 About the Teacher

A.2 From the

A.3 From the

attitudes
questioning
use of time

methods of research
interview method
tests

error analysis

environment
socioeconomic factors

B, To Program Method

~ student work with children

- "discovery" method

- material manipulation

-~ content analysis

tevolution of math concept
tformulation
tobstacles
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With respect to student learning the results of research,
such as that described by Professor Vergnaud in his address
to the conference which is included earlier in these pro-
ceedings, should be conveyed to teachers in training.
Research such as thig provideg the student teacher with
valuable information on the evaluation and formulation of
mathematical concepts by children as well as obstacles to
the learning of such concepts. Throughout our deliberations
we discussed several specific concepts in light of the
learning research. Among these were fractions, the number
line, the equal sign, different bases, equations, and
dissections. The topics discussed were illustrative of

most topiles in the curriculum. Since, within the time frame
under which our‘teacher«training programs operate, it is

not possible to study every mathematical topic in detail, it
is necessary that students be able to generalize findings
and  methods from research across the mathematics curriculum.
Content from research about the teacher also was discussed.
Topices such as teacher attitudes, questioning techniques,
and use of time were debated. Some of these will be

dealt with briefly later in this report.

Second, with respect to program content, knowledge of
the methods of research is an important part of the mathematics
education curriculum. This is particularly true where the
methods of research are closely related to methods of
teaching. Much research has been conducted recently using

interview methods and methods of error analysis both of
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which can be considered to be useful techniques for the
classroom teacher. Methods of testing used by researchers
also have potential benefits for classroom teachers.

A third area of research from which program content
may be derived is résearch about the environment. Very
little time was spent on this aspect in the working group,
however, it was felt that results of research dealing with
environmental aspects such as socio-economic status need
to be part of the teacher training curriculum,

The other major area of application of research was to
program methods. What methods of ﬁeaching should we as
teacher educators use in our classes? An issue here was, do
we practice what we preach. Many, perhaps most, teacher
educators advocate extensive use of manipulative materials
and the use of activity or discovery techniques of teaching.
Research is often cited to support such suggestions yet the
same teacher educator often fails to use the methods which
are being advocated. One method advocated by the study
group was the active participation of the teacher in the
research process. This strategy was felt to be particularly
applicable in the inservice aspect of teacher training. 1In
both inservice and preservice programs, active involvement
with children was considered to be a critical element in
the teacher training process.

Considerable time was spent on discussing a means of
incorporating both the results and methods of research into

our curriculum., One possibility is described below which
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requires that the university student have access to a
child or a group of children. The student teacher prepares
a test or selects a suitable test, activity, or items from
other sources, The test could be a commercially prepared
one, a test used in some research study, or a collection
of Piagetian activities. The specific content could be
selected by the student.

The student teacher then administers the instrument to
a child or a group of children. If several children are
involved, a pencil and paper instrument is a more efficient
means of collecting the initial data. After administering
the pencil and paper test, an individual child, or several
children could be interviewed to gain insight into their
thinking and methods of operation. The interview should be
short and the topic of concern quite specific. The student
should then analyze the result of the test and the interview
and compare them with results from the related research.

After having collected data and given some thought to
the findings, a discussion can be held with the professor,
either individually, or with a small group of classmates
or with the entire class. Such a discussion should refiect
on the methods used and how similar methods are used by
researchers, as well as on how the results compare with
those from research on similar topics.

Depending on the situation, it might be desirable to

interview again and/or retest the child after the discussion

with the professor.v If this is done, the étudent teacher
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would then analyze the new results and then, if possible,
discuss them again with the professor. The procedure could
be extended to include remediation of any problems that

the child is having, with the student teacher providing
appropriéte activities.

Within the structure described earlier in this report
the group also considered discussing several topics related
to applications of research. These includeds (1) Follow-up
on research reported by Professeur Vergnaud. (2) How to
make the best use of time, (3) Using research on
questioning. (4) Different teeatment of "Different”
students. (5) Attitudes and perceptions in Primary/
Elementary and Secondary. (6) Error research. (7) Aware=-
ness of Procedures rather than “just" results. (8) Testing
(9) Methodology in Teacher Education classes.

The topics were not considered in any particular
order nor were all given equal attention. Several participants
in the group had attended a session given by Marilyn
Suydam at the NCTM meeting in Toronto in April, where she
discussed many of the same issues., Reference was often
made to her comments.

Some time was spent on discussing the results from
research on attitudes. One member of the group, Ron Ripley,
had conducted a study on the attitudes of prospeétive
elementary school teachers towards mathematics. Of most
interest to the study group were the procedures used in

the study. Professor Ripley used his oun teacher education
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students as the subjects in the study and interviewed them
on different occassions throughout the course with respect
to their attitudes. He reported that this procedure
resulted in most students developing positive attitudes
towards mathematics, This finqing was consistent with the
study group's contention that the education students should
be actively involved in the research process. Participation
in a study, such as Ripley's, has the potential for helping
teachers learn methods by which they can help their future
students develop positive attitudes.

Thé group also spent some time on the topic of
questioning. Again the discussion was general but focused
on issues such as product versus process questions; the
type and structure of questions; leading questions; following
questions; the relationship of questions to content.
Altﬁough questioning was considered to be a topic more
directly related to the teacher, the same mathematical
content topics were used in the discussion. Examples from
mathematical topics such as equations and dissections were
used to discuss the various issues involved in questioning.

Different treatment for different students was discussed
briefly as was error research where it was suggested that
education students should collect and analyze errors made
by school children. This could be done by using a
procedure similar to that described earlier in this report.

With respect to many of the issues discussed, concern

was expressed as to what can be done within the classroom
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between teacher educatar and student teachers. One Practice .what you preach and discuss with students the
possibility was to discuss certain events as they occur ) research related to your practice.
in our own classrooms. For example, when a particularly
good, or perhaps bad, guestion is asked, the opportunity
exists to discuss what research says about such questions.
Similar opportunities exist with respect to many of the
issues discussed thus far, such as use of time, use of
manipulative materials, differentiating instruction, and
management techniques.

As stated at the beginning of this report, the
discussions within the group were often very general. To
some extent the discussions were exploratory in nature and
. for this reason, it is recommended that the group be
continued at a future meeting of CMESG/GCEDM,

In conclusion, the group agreed that much more
research is needed in areas like questioning and consideration
of individual differences in the classroom, both at the
teacher-training level and at the public school level.
Much can be gained by involving students in teacher-training
classes in the research process. The student not only
learns about the content of research but also about the
methods of research which can be used in actual classroom
teaching. Also, by participating in the research process,
teachers and prospective teachers, might well develop more
positive attitudes to other findings from research, And
finally, teacher educators should, as much as possible,

adhere to deas from research in their own classrooms,
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Working Group C

IMAGERY AND MATHEMATICS

Leaders: Sandy Dawson, Simon Fraser University
David Wheeler, Concordia University

Many mathematicians have reported that their most creative
thinking was coloured, or even borne along, by imagery.
Probably the mathematical thinking of anyone, at any level,
employs imagery, though educators have generally given
very little attention to it. Perhaps we feel we know eo
little about the part played by imagery in mathematical
thinking because we don't usually look for 1t, and because
the mathematics we produce (unlike the poetry or the
sculpture) does not seem to externalise in an obvious way

the imagery we may have experienced.

The group will attempt to etudy imagery, how it 1s generated

and how it is transformed into mathematics. Although examples

and exercises may be drawn from any sources, the main object
of the group will be to work on the question directly using
the resources of the participants. Attention will be given

to the part played by imagery in learning and in teaching.

Intending participants are invited to prepare for the group
sessions. Suggestions of questions to think about and
activities to try with students can be obtained from the
first-named co-leader (c/o Faculty of Education, Simon

Fraser University).
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Working Group C

Imagery and Mathematics

8andy Dawson
David Wheeler

This working group involved eighteen to twenty people for the three half-
day sessions scheduled. As a result of the work done by the group, one sub-
group was formed whose focus is on imagery and polynomials, a second sub-group
met and issued a report on imagery and the calculus, and a third sub-group
met and reported to the Plenary session on imagery and geometry but did not
submit a report.

One of the main difficulties facing the working group was to define the
word imagery. Though no definitive conclusions were reached about the meaning
of this term, viewing imagery as "giving meaning to the unknown", or "repre-
senting the unknown' came to be working definitions for the group. Moreover,
imagery came to be seen as a "way to look forward'. These preliminary ways
of conceptualizing imagery evolved over the three days work.

When the group commenced its work, the decision was made to focus on how
(a) each of the participants used imagery in their own teaching and research,
and also (b) to focus on trying to capture the feeling surrounding the power
imagery provides for attacking problems, and for educating one's self.

Consequently, the first session on day one dealt with a problem in non-
Euclidean geometry, the leader inviting the participants to use imagery to
try to get a feel for the problem and a possible solution to it. An invitation
to share images with the group was issued, and these contributions were dis-
cussed at length. fThe second half of the first day was devoted to a discussion
of strategy to bé used by the group to define its goals, and how it wished to
operate in attempting to achieve those goals. One suggestion made was to
create activities for the group which dealt with, if possible, non-visual
imagery.

As a result, day two commenced with an activity (the walnut problem) which,
it was hoped, would generate non-visual imagery. What became clear from this
activity was the influential role played by previous experience, and how that
experience could in effect 'block' fresh images. However, it was suggested,
and accepted by many of the participants, that the energy available for con-
centration and for the generation of images was greater when the activity was
strictly mental. When participants shifted from strictly mental imagery to
using drawings or algebraic writings, energy was released to the writing and
hence did not seem as focused on the imagery. Nonetheless, once again the
activity produced evidence that people have a tremendous variety of ways of
using their selfs, and that the imagery process though probably universal
is highly ideosyncratic. The morning concluded with the group involved in
a kinesthetic-affective-intellectual combinatorial problem dealing with a
(3 x 4) -~ 1 array of individuals. This exercise gave rise to the idea of
local and global imaging (a la Lakatos) as a means to problem solution.
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APPENDIX 1

The third day of work was divided into two sections once again with the
overall strategy being to image about specific mathematical topics. Working
as a large group for the first half of the morning, discussion focused on
the topic of "limit", each participant being invited to share the images each
had with respect to this topic, and to also share the images they tried to
evoke in their students if they taught the limit concept. The variety of
images share was truly amazing, some sixteen to eighteen images in all,
some obviously touched by strong emotional commitments and/or reactions.

One question which arose from the discussion about these various images
was, does learning occur when one overcomes conflicting images? In this regard,
it was argued that the limit concept has both a static (limit IS) and a dynamic
(limit TENDS TO) quality, and that students have to reconcile these two in
order to 'learn' about limits. This session provided some truly rich images
for the limit concept, as well as evoking in the participants images about
images.

In the final session (latter part of day three) three topic areas were
identified, subgroups were formed, and they set to work on creating images
for their chosen topics. One group chose to focus on polynomials, a second
on the calculus, and a third on geometry.

The report of the imagery and calculus group is attached as Appendix B.

The polynomial group undertook to write some short papers with the long
range view of preparing a monograph on imagery and polynomials. At the time
of writing this report, seven papers have been prepared, and they are now
undergoing critical scrutiny and rewriting. The goal is to have the papers
completed by November 1, 1982.

A written report was not received from the imagery and geometry group.

In early July, 1982, Mario lavoie, a participant in Working Group C,
submitted a paper entitled Utilisation Des Images Dans L'Apprentissage du
Concept de Limite au Niveau Collegial (Lavoie, Lepage, and Roux), and it
is included here as Appendix C. Rppendix A is a selected bibliography on
Imaging, Imagination, and Mathematics prepared by Sandy Dawson and Azthur
Powell, .

While the working of Group C seemed to go quite well, there was some
frustration on the part of a few participants that more progress had not
been made, It was suggested that work on the topic at next year's meeting
should focus very apecifically on a few mathematical topics.(eg. polynomials,
calculus, and geometry), and that prior to that meeting work should be done
with students (public and university or college) so that research data would
begin to be accumulated which could inform the participants in the group's
work.

It was stron:ly felt by some participants that the work of the group
should result in :ome publications, and to this end the polynomial sub=-

group undertook the preparation of the monograph,
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A Selected Bibliography
on

Imaging, Imagination, and Mathematics

prepared by

A. J. (Sandy) Dawson
Simon Fraser University
Vancouver, B. C.

and

Arthur B. Powell
Rutgers University
Newark, N. J.

for the

N. C. T. M. Annual Meeting
SIG/RME Pre-Session
Toronto, Canada
April 14, 1962

Revised for CMESG Annual Meeting
June 3-7, 1982,
Kingston, Ontarioc
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General Books

Bateson, Gregory: Steps to an Ecology of Mind, Ballantine,
New York, 1972

H Mind and Nature, E. P. Dutton, New York, 1979

Bentov, Itzhak: Stalking the Wild Pendulum, Bantam Books,
New York, 1979

Bohm, David: Wholeness and Implicate Order, Routledge &
Kegan Paul, London, 1980.

Capra, Fritjof: The Taoc of Physics, Bantam Boocks, 1975

: The Turning Point, Simon and Schuster,
New York, 1982

Dubos, Rendg: The Wooing of Earth, Charles Scribner’s Sons,
New Yori:, 1980

Ferguson, Marilyn: The Aquarian Conspiracy, J. P, Tarcher,
Inc., Houghton Mi¥¥Tin Tompany, Boston, 1980

Gattegno, Caleb: What We Owe Children: The Subordinatign of
Teaching to Learning, Outerbridge & Dienstfrey, New York,
1970

H The Universe of Babies: In The Beginning There

Were No Words, Educational Solutions Inc., New York, 1973

: 0pf Boys and Birls, Educational Solutions Inc.,

New York, 1975 (Restricted Printing)

i Evolution and Memory, Educational Solutions
Inc., New York, 1977 (Restricted Printing)

Jantsch, E. & Waddington, C.H. (eds.): Evolution and
Consciousness, Addison-Wesley, New York, 1976
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New York, 1980

Koestler, Arthur: Janus: A Summing Up, Hutchinson & Co.
{Publishers) Ltd., 1978
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Ideas, Basic Books, New York, 1980
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Pelletier, Kenneth R.: Mind as Healer, Mind as Slayer, Delta,
New Yark, 1976

: Toward a Science of Conscigusness, Delta,

New York, 1978

Pirsig, Robert M.: Zen and the Art of Motorcycle Maintenance,
Bantam, New York, 1975

Popper, Sir Karl R.: Logic of Scientific Discovery, Basic Books
Inc., New York, 1957

: Conjectures and Refutations, Basic Rooks
Inc., New York, 1942
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York, 1978
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Mills, 1977
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Teilbard de Chardin, Pierre: The Future of Man, Fontana Hooks,
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York, 1976
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Zukav, Gary: The Dancing Wu Li Masters, Wm. Morrow and Company,
New York. 1979
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Hools on imaging

Block, N. J. f(ed.): Imagery, Bradford, Montgomery, Vermont,
1980
Casey. E. S.: Imagining: A Phenomonological Study. Indiana

University Frese, 19784

Dennett, D. C.: Brainstorms., Bradford, Montgomery, Vermont,
1978 ’

Downs, R. M. & Stea, D.: Maps 1n Minds, Harper % Row.
New Yorb., 1977

Bettegno, Caleb: For the Teaching of Mathematics,

Educational Explorers. London, 1963

: Towarde & Visual Culture, Outerbridge
% Dienstfrey. New Yorlk, 19469
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Bazzaniga. M. & LeDoux, J.: The lntegreted Mind. Flenum,
New York., 1978
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Articles on Imaging
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Daweson, A.
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Sy onovement, lateacy of reported movement . estimated direcion of e
sreosenent and magnitude of movement Subjects who weie judged to
e hughin hypnotic susceptitiiity had significantly jower latencies and re-
ioof tea significantly more direction changes The remaining measures did
o ditter oy g function of level of hypnotic susceptibility

The difference in perceptudl reports between subjedts judged high and
iow in hypnotic suscepubility has been replicated with a high degree of re-
toabidity in uther labs as well (e g . Graham & Evans, 1977, Karlin, 1579,
¢orawiard, 1981) Thus, the phenomenon appears to be robust Yet, it ver-
toad reports of a subject’s perceptions of images were not permissable. the
fhrenomenon would not have been reported at ali and we would not know
Gty exntence 1 s becduse of such examples that | agree with Hilgard
treat the itraconservatism of radical behaviorism with respect to data
Coslbecting can no longer be tolerated

{ovonder tor the study of mental imagery to progress, the most valuable
toesbat wur disposal for determining what subjects expenence 1s the verbal
report How else can we determine what they perceive? tor example with
fespect to the study of eidetic 1magery, potential eidetihers could not be
saentfed without rehance upon verbal reports (Wallace, 1978} | am
ioteased 10 see that intecest an this area has heen rekindied, thanks (o the
cac cllent reviews of the hterature in this area by Ahsen (1977a) and Haber
Y79y

The employment of verbal reports afsa has enabled us to gain some in-
sikhiton the area of identifying potential factors which comprise the
chiavcactensnc ot hypnotic susceptibility 1t s not surpasing (hat the ability
te> pproduce imagery is an important factor 10 determining whether one s
iuadged high o hypnotic susceptibiity {Wallace. 1980} Yel, without ver
bal introspective reports, how could this factor have been identified?

t would ageee with Hilgard that the emergence of cognitive psychology.
sppeCitically a branch referred 1o as “consciousness psycnology.” (Ornsten,
1977) has permitted us to study images of all vareties with the intro-
s Clive tool which for many years was not considered “scientific”; and
rthat wecannolongerignore the importance of images in learning. memory.
and perception Since investigators have shown that images can be em-
pirically studied [and rehiably so), there should be nu excuse for failing to
w(> Torwdrd witn the advancement of the study of mentai imagery

A COMMENT ON THE COMMENTS
Ernest R. Higard

It i a pleasure to find so much interest in and so many vaned ap-
peaaches 1o imagery as represented in the hiteen commentaries The di
versily made me curtous about the degree of overlap in the references
+ 1he1 by the Commentators [t is natural to expect a tew self-references by

~aces 19701 SRR ST (FRH|
arker T X Addiinnal data an the unuwsal chatacterase o ol racertlent byprntic subyecty
P anc: presentad at BAth Annual Canvention Ameacan Pacchological Asooaton Sept

~mber 1 OR0 {ERI)

Hartlett | € Piychoingy 1 relation (n the popular story 7ol {om 1920 10 264201 [a}
§ At H]
fAartlett {1 Some mperiments on the reproduction of ol vanec ol Lore 1920 11

MY 47 (h) [IMLH]

factiett (. Remembering A study in experimental and wocial pychology  ( ambrdge
i ngland (ambridgs Universty Prest 1972 {A4]

Herger G H & Gaumitz, S C Sellrated imagery and vividnass of task picturesin relation to
wvisual memory British journal of Psychology, 1977 1 283 2 [TRH]

Rermger (H & Gaumitz 5 C R Self.rated imagery and encnding dtrategies in visual mem
oy Rrtish journal of Psychology, 1979 70, 21-24 [DM]

Heets G H o The distribution and functions of mental imagery New York
C olumbia Universaty, 1909 [FRH, DAM]

et A Puchologre des grands calculateurs et joueurs dechecs Pans Hachette, 101
10%48H]

Ricw k N | {Fd ) Imagecy. Montgomery  Vermont Hiadiord 1980 [RRH)

Roring | G A history of sxperimental piychology (2nd td ) New York  Appleton-Century
Crerfrs 1950 {FRH, PAR & EFGY

Lo Analyas of a mnemonic device Amerncan Scientig

tearhers Collrge

Hera e 1970 S8 450 [RNH
FRHY

fowmeme (1 Fxpenments in story understanding and recalt Quarterly fournal of Lxpen
rrvesntal Puechoiogy 1976 28 S11 514 [IMIHY

P(, R Howees, K S Hypnous and creativity A theoretical and empincal

rapguiochement Inf Fromm & Rt Shor (Fds ) Hypnmis Rewearch developments and

e penpectives (Revived ed ) New Yok Aldine 1970 [ERHY

| Mind frain and Conscrousness New York Acadermie Itese 177 [JWA]

1987 (1WA

Tz

[ATaXE ALY

B eva
Itrersen | Image and object {n preparation
reman R & kulik ) Flashbulb memories Cogmition
The factors of the mind {ondon Universty of i nndon Prese 1940 |PMc)

5 7479 (IFK)

Hurt
Chase WG & Yimon. HA Perception in chese Cogritive Piychology, 1971, 4, 55-81
[ DHH)

Coltheart M I<omc memory and vichle persidence Percention and Puychophyucs, 1980
27 8122 (DHH] :

Ceamwtord ] Hvpaotic susceptibilty a< related (0 Cestali clowre tasks Journal of Periana.
I1ey and Social Paychology, 1981, 40 V76 W1 [[RH. RW]

€ rewl R Radical epiphenomenalism B F Skinner’s account of pavate events Behaviorrsm
VAN A 1154 [JSA]

[d=mh H Polktairs and sociery Rloomington Inchana Linverty 190 {IMLH]

Dennett D Bramnstorms Montgomery, Vermont RBradtord Rook< 1978 [IRH]

Dnnrs. W (Fd ) Readings in the history of psycholofly New York Applaton Century-Crofts
VO4A [FRIH} .

Fhrtichman H & Weiner. M S HE( asymmetry during covert mental activity  Paychophy
wsofogy. 1980 17 220.235 [[SA}

Flienbeger 1 F The discovery of the unconscious
Pevchiatry New York Rasic ok 19700 (1K)

e s ACAUNTION O & mEmory Skt Seenrce

The history and evnlution of dynamic

RroCwmutt, N A Ll 1980 208
TIAT 1187 (ANM)

Esqusrol 1+ D Ney maladies mentales Pars Radhere WA [[RI1)

Tinke R A Level af equivalence in imagery and priception Puchologcal Review 1980

R

e commentaton Lecause thew poblohed work was a 1eason tor vl
themy and it s 1o be expected that they would Gite g few scelerences trom
the tacget paper in order to comment on them When these are eliminatec
the e are deft sume 50 books and articles cited by the Hiiteen authors
secopnize that there 1s social pressure against lang hists of teferences in
commentary, so that the ones ¢ited usualiy represent something that 1
feesh, pertinent, or tething in cnicom The diversity of viewpoints in theso
ealical citations s shown by their little overlap Three commentators ¢ itec
studies beanng Kosslyn's name. two Hunter’s and two Orne’s, otherwise
the hield was wide open with ail other citations unigue to one set of com
ments | do not wish 10 tnahe too much ot this, because authors who migh
seem narrow by this method of counting often reterred also to their owr
books of reviews which contained references refiecting niany viewpoints
Sull. 1 believe that the choice of favored Citations that overtap vo Lith
feants 1o the vaned preoccupations of investigators who give aftennon t
unagery Howe care (o use Kuhn's terminology, it appears that the theory o
iMagery 15 .03 preparadigimatic stage

My inle has beva served by catalyzing this nch discussion, and | do no
propose to comment on the individual papers for any reader coming nev
tothis complexhiterature | | stiongly recommend the earlien seres 1h whic!
a paper by Haber on eidetic imagery was foliowed by a number of com
ments (Haber, 1979) A forthcoming chapter by Marks {1981, in press)
anather thearetical review with an excellent Literature coverage. anc ’L
rosshyn's {19661 book-length survey deals with the major ssues in detaii ;
1
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APPENDIX 2

Imagery and Mathematics

working Group C

Imagery in Calculus

(Subgroup Report)

Points considered were:

Te

2.

3.
b

5.

10.

11

We should concentrate on the uses of our images.

One begins with, usually, a dynamic view of limiting processes:
this becomes static as it takes the fomr of an algebra of limits.

The algebra of limits is what we use for calculations or proofs.
To get perspective, one should use many images.

Dx produces different images when seen as

a) a slope
b) a rate of change
¢) a magnification factor under a mapping.
In what way does tangency have a meaning other than via a limit?

Two and three dimensional limit situations make some points quite
clearly.

What images help us us to connect, say, differentiation, anti-
differentiation, definite integration etc. (this needs more thought?)

Looking at the workings of an odometer and speedometer might help
in understanding the Fundamental Theorem.

Dy (w+ v) = Dyu + Dv

D, (u=v) = Dyu « Dyv

have explanatory images.

The hatchet planimeter might help in visualizing the measure of areas.

Ralph Staal
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APPENDIX 3

UTILISATION DES IMAGES DANS L'APPRENTISSAGE DU CONCEPT DE LIMITE
AU NIVEAU COLLEGIAL

Mario Lavoie, Ernestine Lepage, Yvan Roux

Université du Québec 3 Rimouski

juin 1982

(Projet de recherche subventionné par le ministére de 1'Education du

Québec.  Subvention FCAC: N1841)
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1. La problématique

Lors de la présentation du concept de la limite, au niveau collé-
gial, un type d'images est généralement utilis€ pour aider 3 la forma-
tion de ce concept. Ce type d'imayes peut &tre assez bien décrit par
les vocables "cinétique", "dynamique'. Cependant bien peu d'auteur,
sinon aucun, ne se préoccupe, dans ce contexte, de 1'utilisation de
la potentiellité qu'a 1'intellect, d'abstraire des concepts, méme
complexes, & partir de situations semi-concrétes. Un exemple éclai-
rant, dans ce contexte, est l'utilisation de la notion de tangente
une courbe, qui a une sémantique claire bien que difficilement verba-
lisable, pour aider A la formation du concept mathématique de la

dérivée.

Toutefois la situation du concept de la limite se complique
encore plus, lorsque l'on doit l'utiliser., LIn cffet, dans le contexte
de 1'apprentissage du calcul infinitésimal au niveau collégial, il
est hors de question de ne développer uniquement que de fagon hypo-
thético-déductive, les propriétés de la limite de fonctions. On doit
done nécessairement prévilégier une approche intuitive 4 ce niveau.
Cependant, les images cinftiques ou dynamiques qui &taicnt trds uti-
les pour former, appréhender ¢t consolider le concept de la limite,
le deviennent beaucoup moins lorsqu'il s'agit de calculer effective-
ment des limites. Tout se passe comme si on avalt tourné quelques
pages du grand volu .. dépositaire du corpus de la théoric et que
1'on €tait dans un nouveau chapitre. Maintenant un tout nouveau

type d'images cst utilis€ pour voguer dans ces €aux non reconnues.
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Ce type d'images, que nous qualifions de “manipulations algébriques"
et que les &tudiants de‘niveau collégial ont souvent eu a utiliser,
relive beaucoup plus du domaine de la représentation symbolique
utilisée par 1'intellect pour traiter ce type d'information, que de
la représentation figurale. Cette discontiguité, cette brisure main-
tenant bien apparente dans le déroulement psychologique de la théorie,
personne i notre connaissance, n'a réussi, ni méme essayé de les

réparer,

Notre hypothése de travail consiste donc, & jeter un pont entre
les deux parties psychologiquement séparées du méme corpus de théoric.
Ce pont sera €tabli, i notre avis, en utilisant le méme type d'images
"cinétiques" ou "dynamiques", que 1'on a utilisé lors de la formation
du concept de la'limite, dans le but, cette fois-ci, de soutenir
1'abstraction de certaines propriétés algébriques cardinales du
concept de la limite, pour que l'apprenant puisse s'@laborer un outil
fiable de localisation 4 1'intérieur de la théorie. En un mot, 1'ap-
prenant devrait avoir construit, au moyen de cette approche, son
modéle de la théorie, ceci 1'habilitant en retour, 4 simuler dans le
cadre de ce modéle, d‘aborq localement puis plus globalement, des

pans enticrs de théorje,
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2.1 Le rble de 1'image
Plusieurs motifs nous incitent i privilégier 1'image dans
la présentation de la notion de limite. Une des premiéres rai-

S0ns repose sur le role de 1'image dans la préparation et le

fonctionnement des opérations cognitives,

Cette conception s'appuie sur les &tudes de Piaget qui
considére "1'image comme un instrument dc la connaissance",
Piaget distingue deux aspects 3 1'image: un aspect figuratif,

un aspect op€ratif

Ltaspect figuratif "caractérise les formes de cognitions
qul du point de vue du sujet, apparaissent comme des’ copies du
fécl, quoique du point de vue objectif, elles ne fournissent
qu'unc correspondance approximative des objets ou des &vénements™

(cf. Piaget, 1969, p. 73)

Liaspect opératif caractérise "les formes de connaissance
qui consistent a modifier 1'objet ou 1'événement & connaitre, de
maniére I atteindre les transformations ct leurs résultats et

non pas uniquement les configurations statiques correspondant

aux &tats relids puar ces transformations" (Piaget, 1969, p. 73).

En considérant ces deux aspec:s des fonctions cognitives,
il serait pédagogiquement raisonnable de.fournir aux &tudiants
qui apprennent la notion de limite, des images dynamiques de

cette notion de limite qui seraient susceptibles dtagir sur
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1tuspect opératif de leur connaissance. Nous croyons que cette
forme de présentation semi-concréte de la notion de limite per-
mettrait non sculement la création d'images mentales nécessaires
d la formation de ce concept mais apirait aussi sur 1'aspect
opératif de la connaissance. Ainsi 1'€tudiant pourrait arriver
4 transformer les images qu'on lui fournit de fagon & dégager

1'essence et les propriétés algébriques du concept de limite.

2.2 Les étapes de la formation d'un concept

L'approche proposée s'articule, de plus, 3 partir des 8ta-
pes de la formation d'un concept, décrites par Woodruff. Selon
cet auteur, la formation d'un concept s'élabore selon les cing
gtupes sulvantes:

- la perception d'objets ou d'événements concrets;

- les images mentales;

- les concepts intuitifs;

~ les concepts verbalisés;

- les concepts généralisés (Woodruff, in Siecgel, 1967),

La premidre étape, que Paré appelle aussi 1'imput ré&féren-
tiel, est la source de "percepts' qui devicnnent des concepts
par la suite. '11 faut que celuil qui apprend puissc avoir des
perceptions provenant du réel et non uniquement des présenta-
tions dec symboles qui remplacent ces objets réels' (Paré, 1979,

vol. 11, p. 62). Ce n'est que progressivement que l'on parvient

a4 se dégager de ces "perceptions référentielles” pour parvenir

d la pénCralisation du concept. A cc moment 1'apprenant devient
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capable d'appliquer et d'utiliser le concept ainsi formé.

2.3 Principes didactiques sous-tendunt notre approche

D'autres raisons nous incitent d concourir a4 l'€laboration
s

de la sémantique de la notion de limite @ partir d'images. Ces

raisons prennent appuies sur les principes didactiques suivants:

D'une part, tout concept s'é&labore prioritairement par
1'individu qui a a l'intérioriser. C'est en corollaire & ce
principe qu'il est important de fournir aux apprenants le maxi-
mun d'occasions nécessaires pour qu'ils puissent individualiser,

personnaliser, 1'&laboration et 1'opCrationalisation du concept

de limite.

D'autre part, un concept n'est pas statique; 11 s'enrichit
au fur et 3 mesure de l'expérience de 1'apprenant. Ainsi la
notion de limite gagnerait beaucoup en sémantique & @tre abordée

de facon continue sous différents aspects pour permettre aux

apprenants de niveau collégial, d'en saisir le wicux possible le

plus grand nombre de facettes.
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3. Lpilogue

Les considérations préctdentes ont tracé la voie & un programme
d'actions que les auteurs s'appliquent & concrétiser dans le cadre
d'un projet de recherche subventionné. Cependant toute concrétisa-
tion de cettc approche, pour qu'elle soit adéquate, doit s'inscrire
dans lec cadre de matériels didactiques ayant une ampleur telle,
qu'il est hors de question de produire ici pour des raisons éviden-
tes de manque d'espace. Peut &tre en résultera-t-il éventuellement,

une monographie?
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Working Group D

PROBLEM SOLVING IN THE SCHOOL CURRICULUM
Leader: Sol, E. Sigurdson, University of Alberta

The three sessions of the workshop will focus on three
major topics. First, the basic reséarch, historical and
present, on problem solving is rich, with several diver-
gent approaches being represented. .The main people here
are Polya, Krutetskil, Kantowski, LeBlanc, Lester, Lesh

and Greeno. During this session we will attempt to criti-
cise typical studies of these researchers. There will also
be an opportunity for members to discuss their current re-

search related to problem solving.

The second part will examine several curriculum proposals
for introducing problem solving into elementary and secon-
dary school classrooms. Such proposals range from Polya's
suggestions and discovery teaching (ma:hémacizing mode) to
recent proposals such as the Calgary Project, the Ohio study
TOPS (lmmerzeel), "Agenda for Action", and efforts made by
individual school systems. Again participants will be en-~
couraged to conzribute their own curriculum and inservice

ideas.

The third part will exemine our curricular obligation to
problem solving in elementary and secondary school and ex-
plore future directions which seem promising in basic
research, curriculum development, and teacher inservice
courses, for fulfilling thise obligation. The presenter will
identify his own concerns with current trends and encourage
the group to outline a "research program in problem solving'
which could be endorsed by the whole conference. The latter,

indeed, is more an ideal than a goal.

The question to be kept before the workshop group at all times
is "What difference can this make to teachers and etudents

in our mathematics classrooms?"

-131-

PROBLEM SOLVING IN THE CLASSROOM

Sol E. Sigurdson

The deliberations of the three day workshop in this area were
focussed upon classroom implications of problem solving - curricu-
fum and instrucfion - rather than upon a psychological understand-
ing of the process of problem solving.v Discussion centered upon a
full elaboration of many possibilities, rather than upon specific
recommendations to practice or specific proposals for research.

The focus upon classrooms seems justified in that a great deal of
attention is being given to teachers becoming more involved in
problem solving in their teaching. Ultimately our concern should
be with a psychological understanding of problem solving but the
urgent need is to help teachers change classroom situations toven-
hance problem solving development.

OQur first attack was to try to give meaning to the term prob-
lem solving, especially as it relates to the curriculum. Three
points of view immediately emerged, all of them centre on how
closely the proSiem solving process is related to mathematics. One
view sees problem solving as a generalized process related to sol-
ving real problems outside the classroom; another sees problem sol-
ving as a generalized mathematics process capable of being develop-
ed independently of mathematical content; the third sees problem
solving as a process closely related to mathematical content. This
divergence of views concerns the goals classroom teachers should

have for their charges, rather than the larger philosophical issue.
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The question is complicated further by students of differing apti-
tudes benefitting differentially from each approach.

A second concern was to identify current popular analyses of
classroom problem solving. The major American approach being prom-
oted by the National Council of Teachers of Mathematics emphasizes
the development of strategies, stemming from Polya‘'s work. The
PRISM (1) (Priorities in School Mathematics) was also identified
as a document supportive of the classroom thrust in problem solving.
The definition used by PRISM (see Appendix) is problem solving as
"methods of thinking and logical reasoning'' supported by a teaching
method of assigning problems ''designed to challenge students to
think.'" A teaching method also high on the PRISM list was assign-
ing "projects that involve real-life problem situations ... to in-
individual or teams of students'. If anything, the PRISM view
(which primarily reflects views of Canadian teachers) or problem
solving appears to be extremely global, A third bit of evidence
indicating the popularity of problem solving is a bibliography (see
Appendix) on problem solving from 3 or 4 leading educational (math-
ematics) journals and Dissertation Abstracts which numbered approx-
imately 140 articles. The research reported in the articles does
not have any identifiable single direction. Our discussion of pop-
ular analyses of problem solving touched on three other perspect-
ives: the historical perspective of mental discipline (training in
togical reasoning) and Eulidean geometry; Krutetski's analysis of

the problem solving behavior of bright children; and the psychol-

(1) PRISM Canada, University of Alberta Printing Services, Edmonton, 1981
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ical thrust of the creativity school‘empﬁasizing such behaviours as
fluency, flexibility and oriéinality. And, finally of special in-
terest to our concern was the thesis by Marcucci on "A Meta-Analysis
of Research on Methods of Teaching Mathematical Problem Solving."
(in Bibliography, see Appendix).

The workshop participants agreed to focus on the following five
themes which continue to show up in the teaching of problem solving:

1. A strategies apprcach as supported by NCTM and promoted by
YAn Agenda for Action."

2, Discovery teaching where the cur}iculum content is genera-
ted as a solution to a posed probiem.

3. Laboratory teaching of mathematics closely related to dis-
covery teaching but emphasing manipulative models and '"ap-
plied" problems.

4. Diagnostic approaches to problem solving improvement in-
cluding the direct-instruction research on the teaching of
mathematics.

5. Problem solving and technology, using computers and calcu-
lators as instructional aids and working tools.

This report will not try to follow through the discussion of
the workshop nor even develop an analysis of each of the five themes.
Our intent here is to deal with several issues that each of these
five app?oaches raise. Probably the only concensus of the workshop

was that each of these themes (approaches) has merit as an approach
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to problem solving in the ciassroom. It became obvious as the dis-
cussion proceded that certain workshop participants were predisposed
to certain approaches. Time (3 - half days) did not allow a full
debate on any of these themes nor a resolution of the -topic in
general.
Strategies

The Strategy Check List (see Appendix) identifies the strate-
gies often suggested in this approach. Alberta Education's docu-
ment, "Let Problem Solving be the Focus for the 1980's", typifying
this approach has identified strategies and the grade level at which
different strategies should be taught. The approach is similar té
a '"training in heuristics' approach which has been attempted sever-
al times at the senior high school level (see Hunt in Bibliography).
Issues arising in relation to foéusing on strategies were hotly
debated.v The first one concerns the over-emphasis on 'knacky' pro-
blems. The use of problems that require a special ''knack'' tends to
shift the emphasis away from mathematics and certainly away from
the particular mathematics in tHe curriculum. . Of course, some ed-
ucators don't see this as a problem. |In fact, instances were iden-
tified where ''problem solving through strategies' was being taught
as a course quire separate from mathematics. A second issue cen-
tered around how explicitly the strategies should be taught and
reinforced. Several educators emphasize games through which the

strategies may be ‘developed. It would appear that if we are inter-
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ested in making problem solving are integral parts of the mathema-
tics curriculum the strategfes approach will not do it for us. in
the end however, the strategies approach could be quite useful, at
least, for introducing problem solving into the curriculum.
Discovery Teaching

This idea has had almost as long (and certainly far less pro-
ductive) a history as problem solving itself. The fundamental no-
tion behind discovery teaching is that everything be taught in the
context of a solution to a problem. Discovery teaching sees a pro-
blem solving process used throughout instruction. However, actual
implementation of discovery teaching is ﬁroblematic considering
classrooms with 30 unmotivated students, a curriculum stressing
skills not understanding (nor problem solving) and the wide diver-
gence of mathematical ability in our classrooms. Again within the
discovery mode, the problem solving benefit may come from the pro-
cess activity in which the student engages or, in fact, it may be
the result of the deeper content understanding resulting from dis-
covery teaching. All of this is speculation, in any case, because
of the lack of research effort in this area. As in all problem
solving related areas, the lack of clear definitions in discovery
teaching severely hamper effective research and even communication.

One area of interest related to the discovery teaching is the
kinds of questions that students ask about mathematics (arithm;tic).
Does, for example, a discovery teaching treatment increase the num-

ber and quality of these questions? Discovery teaching is also re-
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lated to inductive, intuitive and informal approaches to teaching.
A1)l of these approaches should contribute to the flexibility and
fluency of students' mathematical ideas which in turn should con-
tribute to their problem solving capabilities.

Another identified area of research interest is the social
psychologists' venture into cooperative versus competitive or indi-
vidualistic learning environments. David W. Johnson's article in
the Bibliography (see Appendix) is typical of this research. In
the case of research specifically on discovery teaching several is-
sues arise: To what extent should it be student centered as opposed
to teacher centered, how should the 'ideal type' be modified to
;ccount for the practicalities of the everyday classroom, and, of
course, the fundamental question of how discovery teaching contrib-
utes to the development of problem solving capabilities.

Laboratory Methods

This teaching approach is meant to include all attempts to re-
late mathematical concepts to real objects or to real {(familiar)
concepts (applications). Research does indicate that there is pro-
blem solving benefits from such activity. Richard Lesh in a recent
article in the Arithmetic Teacher (December, 1981) reports problem
solving improvement from student investigations of ''realistic every-
day situations in‘which substantive ideas are used.'" Lesh's project
emphasizes problems which require 10-45 minute solutions. The ques-
tions arising from the laboratory method are similar to those of

discovery teaching. The benefits of a laboratory method would seem
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to arise from a deeper and broader understanding of mathematical
concepts as opposed to 2 benefit from the actual process engaged in.
The problems posed in the laboratory approach emphasize ''substantive'
concepts (curriculum-content related). A problem solving study in
this area using ''the questions students ask about mathematics'' as
criteria would seem to have considerable merit. Finally discovery
teaching as an integrai feature of the laboratery method is inevit-
ably a possibility and is also inevitably an element confounding a
full understanding of the method,

"Time on task'' has recently been identified as an important
feature of any instrictional treatment. Viewed in the light of this
concept, discovery teaching and to a lesser intent a laboratory
method shows up as rather inefficient teaching approaches. In fact,
any approach which encourages student initiative (such as solving
any verbal or non-verbal problems) shows up poorly on the time-on-
task criterion.

Diagnostics and Problem Solving

The diagnostic approach to teaching problem solving focuses
directly on areas of difficulty such as reading, computational skills
and problem analysis. The Hollander articles in the Bibliography
(see Appendix) give a good review of the research in this view. The
diagnostic approach is closely related to some of the 'direct inst-
ruction' researches into problem solving. Like most of the direct
instruction treatments, it is the extreme advantage of relatively

easy classroom implementation. Teachers can easily apply the guide-
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lines developed by the diagnostic approach in their classrooms. The
lack of attractiveness of this approach lies in its reliance on the
textbook word problems as the criteria. Most educators argue that
problem solving in mathematics goes much beyond word problems. On
the other hand, they find it difficult to deny the fact that success
in solving word problems correlates closely with success in the
larger arena of problem solving.

Technology and Problem Solving

Although very little time was spent on this area in the work-
shop, the impact of calculators and microcomputers was readily ack-
nowledged. Theoretically, calculators decrease computational dis-
tractions and further allow more honest (and realistic) applicat-
fons. Microcomputers through softward packages such as LOGO have
great potential in problem solving improvement, whileldirect prog~
ramming (in BASIC language, for example) of mathematical solutions
to problems appears, also, to have considerable merit.

Reflections

The last hour of the workshﬁp focussed on sﬁggestions to the
classroom teacher interested in a problem solving goal in mathemat-
ics. Concensus of the group did not materialize. Particibants re-
commended a focus on computational algorithms as a means to event-
ual problem solving Improvement; the use of heuristics and strate-
gies in and direct attack on problem solving processes; employing
applied problems involving curriculum-content mathematics (for

example, a farmer growing various crops on various land areas for
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various economic benefits); conceptual understanding as a key to
problem solving improvement; asking teachers themselves to reflect
on their own problem solving capabilities as well as those of their
students aﬁd proceed accordingly; and any combination of the above.
As a last word, the writer wishes to apologize to the workshop
participants for this inadequate report of three very demanding
and exciting days. Several issues have been intentionally avoided
for lack of the writer's comprehension of these and certainly some
have been unintentionally missed. Problem solving in mathematics
(and outside of mathematics) is still a vital area of concern. The
workshop and this report of it have hopefully contributed to its

promotion as a classroom reality.
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PRISM CANADA, 1981
~ Exerpted from the Report
PROBLEM SOLVING Methods o .
When asked to indicate degree of support for a variety of methods to use when
Techniques teaching problem solving, 100% of the respondents agreed that:
Respondents felt these five techniques definitely should be included in both . problem assignments are designed to challenge students to think
elementary and secondary school problem solving:
construct a table and search for patterns ' . . Also given strong support were:
write and solve a simpler probiem; then extend the solution to the originai problem / . ; . ) . o o
teach primarily global problem solving ideas (e.g., read, plan, work, check). + . projects that involve reai-life problem should be g to individuals or
draw & picture, diagram or graph to represent the problem situation ¢ teams of students . ) -
transiate the probiem into number sentences or equations 1 - . prohiems are used tointroduce mathematical topics

problems are given in which the use of physical materials will aid in the solution
students work in small groups to solve prohiems
There was only moderate support for including:
explore the problem by using flow charts « backward
i i W W .
e et oawle urutions o peckards Who/Time
In terms of who should receive instruction in problem solv

expressed strong agreement that: ing and when, respundents

Goals short problem solvi itsa should be
. ) solving unita shou It ¢
The major goal selected for problem solving was: . students should be taught to /l':ld prnk;l':r)::ti(::ifr:esri(:n:lr:o:’:l'wmm" s b
to develop methods of thinking and logical reasoning .
Strong disagreement was evidenced for these statements:
Other goals receiving strong support were: - problemsolving is important anly for coliege-bound students
to develop the ll.xills to approach new topics in mathematics independently ::::::: nnllv{ng a_hou]d ot bets qght iP the elementary grades
10 develop creative thought proceases — e solving is a function of intelligence and cannot really be taught except to gifted
to enhance the ability to apply mathematics in science diffe t i
10 acquire skills neceasary for iving in today's mertd . erent problem solving courses should be offered for girls
i
-
W
Resources T

The favoured resources were:

& resource guide to real-iife problems -

. in-service training on problem solving methods for all teachers who teach mathematics
materials in every class for modeling prablems and problem solutions {e.g., graph paper,
measuring devices, construction sticks, etc.)
supplementary materials which contain many more problems like those in textbooks
card files of problems
materials for problem solving snd iti
textbook modules for teaching appropriate problem solving strategies

Clearly rejected as a problem solving resource was:
textbooks with all verbal problems in a single chapter
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STRATEGY CHECK

LIST

LOOK FOR A PATTERN
CONSTRUCT A TABLE

ACCOUNT FOR ALL POSSIBLITIES
ACT IT OUT

MAKE A MODEL

GUESS AND CHECK

WORK BACKWARDS

MAKE A DRAWING

SELECT APPROPRIATE NOTATION
RESTATE THE PROBLEM

IDENTIFY GIVEN, WANTED,
NEEDED INFORMATION

WRITE AN OPEN SENTENCE
IDENTIFY A SUBGOAL
SOLVE A SIMPLER PROBLEM
CHANGE YOUR POINT OF VIEW

CHECK FOR HIDDEN ASSUMPTIONS
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Topic Group P

WOMEN AND MATHEMATICS

Leader: Roberta Mura, Université Laval

I will present a survey of the literature and try to
summarize what research says about the past and present
situation of girls and women in mathematics: what vari-
ables have been investigated and what factors have been
put forth as possible explanations for the sex-related
differences observed. I will also mention some actions
that have been undertaken in order to change the situa-

tion.

Participants who have done research or organized activi-
ties concerning this issue, or who plen to do so, will be

invited to present their work or their projects.

All participants will be invited to discuss:
(1) {mplications for teacher training and

(i1) possible directions for future research.
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CANADIAN MATHEMATICS EDUCATION STUDY GROUP
Kingston, June 1982

Summary of a topic group presentation on GENDER AND MATHEMATICS by ROBERTA MURA

INTRODUCTION

At the 4th International Congress on Mathematics Education held in Berkeley in 1980,

there were several presentations and workshops on the topic of women and mathematics.

At the end of the conference, many participants felt that it would be very useful
to have an international survey of the field. The task was undertaken by Dr. Erika
Schildkamp-Kundiger in coopcration with the Second International Mathematics Study
(1EA), and the survey has recently been published by ERIC/SMEAC (Ohio State Univer-
sity) under the title "An International Review of Gender and Mathematics'.

1 was responsible for the Canadian report appearing in the review. One of my con-
clusions is that so far, in Canada, not much attention has been paid to this topic.
It still happens that when I mention my interest in the problem of women and ma-
thematics, people react by asking: "What problem?'".

One extreme aspect of '"the problem'" ought to be obvious, if one thinks of the very
low percentage of women among university mathematics professors. However this re-
markably unequal distribution has not been particularly noticed or considered worth
investigating, just as many other instances of the sexual division of labour which
is still mainly unchallenged in our society. In this connection, it should be
noted that in the United States - the country that has done the most research on
gender and mathematics - interest in the topic was spurred by political groups who
were fighting the occupational segregation existing in their country and who had
identified mathematics as the critical filter preventing access to many jobs and
‘careers.

Once one stops taking for granted the lower participation of women in mathematics,
one faces a very complex phenomenon which is still little known, let alone under-
stood. I would like to suggest that 'gender and mathematics™ has the potential of
becoming a whole new area of research. From an international point of view, it has
already become one.

The purpose of this paper is to give an overview of this field of research. I have
tried to classify the various issues and results into three main categories: des-
cribing the situation of women with respect to mathematics, explaining it, and fin-
ding ways to change it, where change is called for.

DESCRIBING THE STITUATION

what sex-related differences are there in mathematics?

(a) Participation

What is the percentage of women among mathematics students and teachers at the
secondary school lIevel? and among mathematics students and professors at the uni-
versity level?
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Not enough data is available in Canada to completely answer these questions. How-
ever surveys carried out in some provinces indicate that participation of women in
mathematics begins to decline as soon as mathematics becomes an optional subject
towards the end of secondary school. The percentage of women among secondary school
mathematics teachers varies between 13% and 35% in the various provinces (excluding
Ontario).

Some data about the university level has been published by Statistics Canada. Ma-
thematics is treated as forming one category together with physical sciences. The
percentage of women among full-time university teachers in this category in 1979-
80 was 4,5%. Their proportion decreases as one moves from assistant professor to
associate professor to full professor. Within cach rank, the median salary for wo-
men is lower than that of men. In 1980-81 the percentages of women among those ear-
ning a bachelor's degree, a master's degrece, or a doctorate in mathematics and phy-
sical sciences were respectively 28%, 17% and 8% in Canada. The same pattern, if
not the same figures, scems to recur in several other countrics.

Of course, even if exact figures were available for all levels, they still would
not constitute a satisfactory description of the situation. To give just one exam-
ple, about women mathematics professors in universities, one could ask whether
they are hired, promoted and tenured at the same rates as do men, whether their
distribution among different subjects is the same as the men's, whether they teach
the same kind and the same number of courses in the same.ways, whether they do the
same kind and amount of research, whether they have the same kind and amount of
administrative duties, etc. On another level, one could ask: what has been their
experience? How do they live their situation of members of such a tiny minority?
What internal or external factors made them déecide to become mathematicians and
helped them succeed? One could ask what happened to the women who had the poten-
tial of becoming mathematicians, but didn't...

(b) Achievement

Many studies have attempted to assess differences in mathematics achievement be-
tween girls and boys at primary and secondary school level. Results have been in-
consistent: differences observed have been usually small, sometimes in favour of
girls, sometimes in favour of boys.

One of the studies involving the largest number of students (about 70 000) is the
Second Mathematics Assessment of the National Assessment of Educational Progress,
carried out in the United States in 1977-78. Three different age groups (9, 13 and
17) were tested at four different cognitive levels (knowledge, skills, understan-
ding and applications. The largest difference in favour of girls (1,4 percentage
points) was found within the youngest group and at the lowest cognitive level; the
largest difference in favour of boys (5,04 percentage points) was found within the
oldest group and at the highest cognitive level.

Similar differences were found in the British Columbia and Alberta provincial ma-
thematics assessments.

(c) Attitudes

Differences in attitudes towards mathematics between girls and boys have been found
fairly consistently. They occur not so much in generic attitudes (liking or being

interested in mathematics), as in more specific aspects. Namely it appears that:.
(1)} boys are more confident than girls in their own ability to succeed in mathema-
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tics; (2) boys perceive mathematics as being more useful than girls do; (3) both
boys and girls perceive mathematics as a male domain, but boys do so more than
girls; (4) girls see mathematics as more anxiety-provoking than do boys.

(d) Other variables

A few researchers have begun to pay attention to some less obvious variables. An

Australian study has found some evidence of differences in students' preferences

of learning methods, girls preferring more cooperative methods, boys more compe-

titive ones. The same pattern recurs in female and male teachers' preferences of

teaching methods. If this is true, the higher proportion of men among mathematics
teachers could lead to the hypothesis that girls avoid mathematics courses not so
much because of content, as because of teaching methods.

In the United States, some intriguing results have been obtained about differences
in the strategies used by girls and boys to (correctly) solve mathematical pro-
blems, and in the choices of wrong answers made by boys and girls when answering
objective tests.

EXPLAINING THE SITUATION

Quite a number of factors have been considered in trying to explain why and how
the differences observed arise and develop. (The distinction made here between
variables describing the situation and variables explaining it is somewhat arti-
ficial. It might be more realistic - and more difficult - to view them as a sys-
tem of interrelated variables interacting with each other.)

(a) Sex role perception

The factor that is supported by the largest amount of empirical evidence is the
perceived appropriateness of mathematics to one's own sex. As mentioned before,
girls, as well as boys, although to a lesser extent, see mathematics as a male

domain, and this affects negatively their decision to pursue the study of this

subject,

(b) Ability and attitude factors

In spite of the sensational coverage of the topic in the popular press, sex-related
differences in mathematical ability have yet to be proved. The difficulty resides
both in the definition of "mathematical ability' and in the design of an experiment
that would genuinely measure ability as opposed to achievement.

Some studies indicate that a difference in spatial ability in favour of boys deve-
lops during adolescence. Other studies however have not confirmed these results.
Moreover the relationship between spatial ability and achievement in mathematics
is still unclear.

Among attitude factors, those that have been quoted most often as being related
to participation in mathematics are the self-esteem of one's mathematical ability,
and the perceived usefulness of mathematics.

Other attitude factors that have been proposed as explanations of the lower parti-
cipation of women in mathematics are: a higher fear of success among girls, parti-
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cularly among talented ones, and a different perception of the causes of one's
successes and failures. (Girls seem to have a tendency to attribute their Success
in mathematics to effort, luck, or easiness of the task, rather than to their own
ability, while atrtributing their failures to lack of ability or lack of effort,
rather than to bad luck or difficulty of the task; the pattern is reversed for
boys. Thus girls feel less in control of their mathematics learning and are less
likely to persist in its study.)

(c) Environmental factors

These include educational, social and cultural factors. Examples of educational
factors identified through empirical research are:

- differences in the kind and amount of interactions between teachers and their
male or female students (this may sound surprising, but it should be kept in
mind that most such diffcrential behaviour is unconcious);

- a higher rate of enrollment in science courses among boys (science courses give
an opportunity of applying mathematics and this has a positive effect on mathe-
matics achievement);

- sexism in textbooks (studies carried out in Quebec and in Manitoba, among others,
prove that school textbooks give children an image of a society even more stereo-
typed than the real one: male characters outnumber female ones and are portrayed
in five times as many different occupations, hardly any female character ever
appears in a mathematics related occupation).

Social factors scem harder to quantify and have not yet come under the scrutiny of
empirical research. However some researchers have pointed out that there seems to
exist a conflict between the norms that school and society set out for girls ({suc-
cess in academic and professional life conflicting with success in private life
and personal relationships).

A more obvious social factor is overt and subtle discrimination, including sexual
harassment which is only now beginning to be talked about openly and whose extent
is still difficult to evaluate.

Cultural factors, by their nature, probably cannot become the object of empirical
studies. However they may well be the most influential factors of all. Our cultu-
ral tradition (in the form of religion, philosophy, literature, history, etc.)
presents girls and women with an image of themselves that is not conducive to en-
gaging in intellectual pursuits, especially scientific ones, nor striving for
success in academic life. The most respected and admired writings of our civili-
zation contain an astounding collection of passages which explicitely insult and
ridicule women, in particular with respect to their intellectual capacity. Far
from being a remnant of the past, this attitude toward the female human being
keeps turning up day after day through all our media.

CHANGING THE SITUATION

There exists a double link between the task of explaining the situation and that of
changing it. In fact, whether and how one thinks that the present state of affairs
can be changed depends to a great extent on the kind of explanation one offers

for it. Some factors can be acted upon more easily than others. For instance, the
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perceived usefulness of mathematics may be casily increased by informing all stu-
dents about the mathematics needed in various occupations and study programs. On
the other hand, the negative effect of our cultural heritage is obviously much
harder to counteract.

Thus the design of an intervention program has to be based on some theory about
the origins of the differences that it tries to eliminate. Conversely, the degree
of success of such a program can give some indication about the validity of the
theory behind it.

Hardly anything has been done in Canada in this domain. This contrasts with the
United States where there exist at least two national associations whose goal is
to increase the participation of women in mathematics: the '"Association for Women
in Mathematics' (AWM), founded in 1971 and aimed mainly at the university level,
and the more recent "Women and Mathematics Education' (WME}.

Again in U.S.A., during the last few years, many different programs have been cre-
ated to increase the chances that secondary school students - girls as well as

boys - will continue to study mathematics. Such programs disseminate printed mate-
rials and films, and help to organize conferences and workshops to make partici-
pants aware of stereotypes about mathematics, to inform them about the importance
of mathematics in different jobs and professions, to have them meet with successful
women who use mathematics in their work, and to let them participate in some enjoy-
able mathematical activity. Some of these programs have already produced very en-
couraging results. .

In order to improve the situation in Canada, a lot has to be done both at the indi-
vidual and collective levels. On one hand, teacher trainers should develop pre-ser-
vice and in-service teachers' awareness. of these issues. On the other hand, elemen-
tary and secondary teachers should do their best to give their female and male stu-
dents equal chances of succeeding in mathematics and of continuing to study it; this
implies monitoring their own behaviour as well as finding ways to counterbalance the
negative influences to which girls are subjected outside the classroom.

Issues related to women and mathematics should also be publicized in varios ways by
professional organizations. (At least three national conferences specifically about
women and mathematics have already taken place in Australia.) Concurrently, research
efforts should be intensified and appropriate actions (intervention programs, etc.)
undertaken in various parts of the country.
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Topic Group Q

EDUCATIONAL USLS OF THE HISTORY OF MATHEMATICS
Leader: Dick Tahta, Exeter, England

Has the history of mathematics a relevance for mathematics
education? Obviously there is an indirect relevance but
people who are interested in the history of mathematics
sometimes press more direct claims. It is not always

clear what they are proposing other than some history units

in omathemactics degree courses. There doesn't seem to be

much to say about history in schools other than that mathe-
matics teachers could be more aware historically., In
trying to say more I would like to share some thoughts in
three areas by -

1) describing some experimental work with nine and ten
year olds;

2) offering some defense of the snecdotal E.T. Bell-style
of history now scorned by present more rigorous writers,
especially in view of what any kind of history can only
be about for adolescents;

3) proposing a central theme for investigation, by those
who are interested in the history of mathematics, for

the light 1t may shed on epistemology and pedagogy.
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Panel Group

DEVELOPING MATHEMATICAL TALENT

Speakers: Edward Barbeau, University of Toronto
Claude Boucher, Université de Sherbrooke
Stanley Erlwanger, Concordia University

This group will not primarily be concerned with psychologi-~
cal questions such as whether mathematical talent is &
specific human ability, and whether it {e mainly innate or
environmental, but rather with the practical questions that
arise when it is thought desirable to foster superior mathe-

matical talents.

The speakers will address three different, but related, ways

of encouraging mathematically-talenfed students: (1) regional
and national mathematics competitions, (11) mathematics suamer
schools, and (111) special attention to 'gifted. students™ in
ordinary schools, What do these activities hope to sttain?

Do they achieve what they set out to do? Are there any side-

effects or undesirable consequences?

After the individual presentacions, the group will be invited
to discuss the issue, particularly as it affectes Canadian
students. The issue is controversial at the best of times;

now 1t 18 especially sensitive as it raises difficult socio-
political questions about the allocation of limited educational

resources.
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IDENTIFYING AND DEVELOPING MATHEMATICAL TALENT

E.J. Barbeau

An opinion of the ability of a student should be regarded as provisional
and subject to further sharpening. Some students are extroverts and function
well in front of an audience; others are quite reticent, In addition, a
student who is strong in one mathematical area may be weak in others. Thus,
some students have a good geometrical intuition, while others are more at
home with symbolic reasoning. While contests are a reasonably reliable way
of identifying exceptional ability, they can lead to underestimation of
students who do not work well under pressure or approach problems deeply and
thoroughly. For these students, essay contests, correspondence clubs and
problems to be worked at leisure give a better indication. Seminars are a
good way to find the really talented, since one can see a number of individuals
interacting and make a comparison. In a private interview, a talented student
is often one who is able to canvass many ideas very rapidly, to get an over-
view of the problem, to judge the efficacy of an idea and abandon nonpromising
ones and to attempt methods from different areas of mathematics.

Teachers can be unreliable identifiers of talented students 1f they have
had little experience at mathematical thinking themselves or if they put undue
emphasis on high marks 1in classroom work. Parents often have a pretty good
idea of the intellectual potential of their children, but not of their motiva-
tion. When I first hear from a parent about a studen§ I try to encourage
the student himself to follow up the initial contact and define for himself

-how closely he wants to get involved with mathematics.

Many talented students do not appreciate the extent of their abilities.
Some who overestimate theilr ability do not consolidate their mathematical
knowledge and often fail at higher level mathematics, Others denigrate
themselves too much and drop out from situations in which they could achieve
a great deal of success. Consequently, those who work with a talented child
should help that person gain an understanding of both his limitations and
strengths. One wsy is to bring him together with other students with whom he
can compare.

Some bright students are enchanted with computation and oddbeat ideas,
but lack the discipline and the techniques to explore them deeply. A nonchal-
lenging school regime may lead to the use of shortrun strategies and a disinc-
lination to persevere with a challenging problem.

I believe it 1s often a mistake to accelerate bright students, This can
create social problems and make it difficult for the student to fit into a
university programme., There are enough interesting and important areas of
mathematics not well-covered in university which a good student might penetrate
into in order to broaden himself; the New Mathematical Library published by
the MAA gives some possibilities,
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When discussing talent, one should not think only of exceptionally gifted
students. Rather, mathematics -1s like music. While only a few are destined
for greatness, a large percentage of the population have some aptitude for it,
A school curriculum which gives a watered-down version of a speclalist course
does not serve these students, There is a surprising amount of mathematics
which is elementary and non-technical, yet interesting and challenging to the
layman. Recognizing that the layman in his daily life needs only few math-
ematical techniques, we should try to develop curricula which give a sense of
the nature of mathematical reasoning and its application in some important
areas. Books, magazines, newspapers and the broadcasting media all have a
role to play in bringing mathematics to a larger public. While many good
books have appeared recently, the record of the media on matters mathematical
is generally quite poor. Should there be a course in mathematical journalism
somewhere?
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DEVELOPING MATHEMATICAL TALENTS

THE ORGANIZATION OF THE ANNUAL CONTESTS
and the
MATHEMATICAL SUMMER CAMPS
of

THE ASSOCIATION MATHEMATIQUE DU QUEBEC
Claude Boucher ‘
Département de mathématiques

"et d'informatique
Université de Sherbrooke

Apart from the fact that I will address to you in a language
which is not‘my mother tongue, my most important proﬁlem in accepting to
speak to you this afternoon wa; to establish the content of my text.

For me, it was a real huge problem. I cannot keep myself from being
astonished to find me amongst an assembly of mathematical education
specialists, people with whom I have élways kept very friendly relation-
ships, but people who work in a domain where I have never, I humbly
confess, acquired any theoretical competence, 1f there 1s some to be
acquired. Of course, I speak of the theoretical aspects of mathematical
teaching, because, otherwise, a twenty-five year career at the university
level has taught me quite a few tricks in the art of conveying mathemati-
cal notions into young developing minds, and convince me that nothing can
replace those preliminary conditions of a good teaching which are a deep
knowledge of the subject and the facility to communicate with others,
through a simple, picturesque and humorous speech,

So hére am I, invited to talk to you about the development of

mathematical talents, while I have devoted an important part of my life
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asking myself, without very often finding any answer, by which means 1
could develop the modest resources of my own.

But, to express the issue frankly, I am not sure at all there
is any answer to the problem which has been put in front of our panel.
Does there exist any knowledge, any method, any finite number of well
defined steps (as mathematicians said of certain processes which helped
them to sail away from the troubled seas of paradoxes) which would lead
as a final product to a developed mathematical talent? Are there
recognized means to develop one's mathematical talents and the talents of
others, to advance in that country where there are no royal roads,
according to the remark which Euclid, the great geometer, made once to
Alexander, the great conqueror? Which is an indication that it is not
since this morning that was brought up that question which interests you
and troubles me. .

By the way, I liked very much that remark of Euclid, when I
heard it for the first time, but I am afraid it will have to be taken with
a grain of salt, since, according to my dictionary, Alexander died in
323 before our era, while Euclid lived in the third century. But, as
the Italian proverb goes saying: se & non vero, & ben trovato. If it is
not true, it is well coined.

So, if there aré in my mind some reluctance to admit the exis-
tence of such developing processes, or rather if there are in my mind some
presumption of the non ;xistence of such processes, how can I have been
pushed by a so strange recklessness that I have accepted to be a member
of the present panel? For the simple reason that I have been prompted

by the circumstances to take responsability since a few years in the
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organization of the annual contests of.the Association.mathématique.idu
Québec, and afterwards, of its summer éampg which gather for a few weeks
the students having written the best copies at the contests.

My intention is not to present you here a theory on the subject
of our panel, but rather to narrate to y;u simply the relation of an

experience, of what could be called in the present jargon of French

speaking psychologists un vécu personnel.
First, let me give you a word from my sponsor. L'Association

mathématique du Québec has just celebrated its first quarter of a century.

It was founded by young university and college mathematics professors
eager to promote the educational and cultural roles of their discipline.
The AMQ has, since its foundation, played an important part in the moderni-
zation of the mathematical curricula in Quebec, and has created the
PERMAMA program to promote the reorientation ahd the permanent education
6f mathematics teachers already entered in their careers. Its involvement
has touched any level of mathematical education, from kindergarten to
university, the diversificatiun being accomplished through regional and
special interest groups. Any member of the Assoclatlon can and.is
encou;aged to belong..to those groups.

The AMQ has also given to itself the mission of promoting
research in the field of pure and applied mathematics. For examples, it

has in 1973 initiated the first Colloque des mathématiciens du Québec,

which has since met at a seml-annual frequency, and has given birth to

two periodical publications: les Annales des sciences mathématiques du

Québec, and La Gazette mathématique du Québec.
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Finally, the Association has since nearly its beginning turned
.l
its interest toward the promotion of mathematics as a leisure activity.

This interest has been expressed by its participation in the Fédération

québécoise du loisir scientifique, and by the creation of a committee

of mathematical games which organizes p;riodically promotion campaigns

to make public aware of the interests of mathematical and computer science
games. Nothing expresses that activity bette} than les valises mathéma-
tiques, whose name has probably been borrowed to the most travelling
diplomatic bags. They are big sultcases full of mathematical puzzles,
riddle books, games, and so on, which can:be:easily:carried-to:any:congress,
meeting, or shopping centre, and be presented as efficiently as the street
peddlers do their business in an Oriental market.

But the promotion of mathematics as a leisure activity has also
given birth, since nearly the beginning to the organization of annual
contests to which local representants of the Association in every school
and college were invited to prepare and present their pupils. In the
sixties, 1t war felt that it would- be senelble, as a reward, to gather
the winners of the contest for a few weeks (at that time, it was four),
and invite practicing mathematicians to work with them intensively on a
subject of their choiée. The only conditions to be filled were dedica~
tion and easiness to communicate oqe's knowledge and experience,

I remember to have participated to one of those camps in which
I initiated for a week twenty teenagers to the secrets of mathematical
automata theory on which I was myself working for my Ph.D. thesis. There

reigned in those camps an intense intellectual life and an eXtrehély

elating atmosphere. That handful of teenagers showed an insatiable thirst
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for knowledge, and those camps contributed to orient towards their
present career many young mathematiciahs who now lecture and do research
in Quebec or foreign universities.

Unfortunately, around 1967, the Lesage government having fallen,
the Quiet Revolution having become even more quieter, the government
grants which we used to receive having dried up, we were forced to put an
end to those experiences. The AMQ continued ‘to prepare contests, but
could not veward its winners with anythinmg more exalting than modesﬁ sums

of money by which the participating fees of the contestants were meagerly

redistributed after the organizing expanses had been subtracted.- In:fact, ..

to adjust to the major reforms which were introduced in the educational
system of the province during the sixties, reforms which distinguished
between a secondary level and a cegep level, we even had to organize two
annual contests, one for each of those levels.r But, if the organizational
burdens and details were multiplied by two, our funds remained terribly
modest, and each contest depended upon very scarce resources to reward its
winners.

So, for years, we were forced to let the camp embers to creep
under the ashes. But, in 1978, following circumstances on which you will
allow me, I am sure, not to elaborate, I became for a short period chair-
man of my department.

In fact, those circumstances could be summed up as a crisis of
leadership which had held sway for weeks and even months. As a result,
the chairman's desk was crumbling under pending files when I sat in the
chairman's chair. Among those pending files I found was one concerning

the organization of the annual contest for callege level which had been,
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a few-years before, handled to somebody in our department by somebody in
the AMQ. Don't ask me to give you details about that handling operation.

It appears to be cast under the shadows of prehistory. Anyhow, the file
was there. We were in the middle of February, and the contest used to

be held at the end of that month, because of the interface with the
Canadian Mathematical Olympiads, in which the best of our contestants at
the first year of college level were automatically registered. And nothing,
nothing for that year, had already been done. However, the contest was
held, but with a certain delay, and the Olympiad train was caught, even if
it was, as the expression goes, by the skin of the teeth.

Slowly, the affairs of the department settled, as far as human
affairs can settle, and I was able to come back to private life. So far,
80 good. But my interest in the AMQ contests had not completely died down,
and having heard that other contest organizing g;oups in the province did
réceive from the governmené apprecilable grants for their winners, came to
my mind the idea of reviving those mathematical camps which h;d passed
awvay with the last whispers of the Union Nationale party.

At the fall of 1978,‘1 prepared a memorandum submitted by the
Association to the Ministry of Education, in which we were soliciting a
grant to hold a caﬁp during the summer of 1979. But as the State is,
it's well known, the slowest of the slow monsters, we had to wait until
December 1979 to hear that the grant was granted, and until 1980 to know
which amount was granted.

Of course, during that time, we had to accept to live dangerously,
to organize in parallel and conditionnally the whole thing, to announce

conditionnally a camp for the winners, to recruit conditionnally eventual
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instructors, and so on. I had often the impression to ride on a cross-
breed from a James Clavell suspenée and a three dimensional puzzle with
a deadlined explosion. To put some additional cherries on the top of the
cream ple, we were also afflicted during the winter with a modern variation
of the plague: dirregular sporadic strikes in some of the public CEGEPs,
the junior college level institutions, which of course complicated even
more the scheduling issues. Anyhow, the camp was held on the campus of
the Sherbrooke University with a certain delay, but it was held. It had
a duration of three weeks, involving four professors, three assistants and
24 participants, and was, despite the obstacle race we had to runm, quite
a success, laying down the bottom step of a new tradition. The first
week was devoted to the topology of paper surfaces, the second, to the
study of Boolean algebra, and the third, to the applications of discrete
mathematics to human sciences.

Armed with the experience we had gained in the previous year, -
- Tolstoi once remarked that experience is the stack of arms by which one
has been wounded - it was a 1ot ersier to prepare the 1981 camp. We knew
to which doors we had to knock at, we were ready to answer many questions,
we had already gained some good name amongst the public servants involved
in the file, and amongst the students who had heard from the participants
favourable news on the atmosphere of the previous camp. Everything
rolled on better bearingé, and we received for -two weeks the same numberx
of participants, involving two assistants and two professors. We decided
to have an unifying theme for the camp, which happened to be the Rubik's
cube. Tt was at that time a real craze amongst-the young people. In

fact, the mathematical study of the cube rotations gives very interesting
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developments in the domains of graph and group theories.

Finally, the 1982 mathematicél camp, last summer, involved three
professors, the same number of assistants, and again 24 participants. It
was divided in two subjects: the first week was devoted to Young tables
and their applications to computer scien;e, and the second one to the
structural topology of flexible polyhedra, & subject having 1links with
mathematics and architecture.

Next year, if the govermment, despite its tight budget policies,
gives us what was called the sinews of war, and could also be called the
sinews of education, we hope to go on our fourth camp of the new era. 1

am optimistic: optimism is the sinews of realization.

Do such activities contribute to the development of mathematical
talents? I do fervently believe so, although I would be in a very bad
position if anybody asked me to give a constructiQe proof of 'it, or
wanted a measurable mean to establish my assertion. Let me only say
that those activitlcs cannot create a Newton, a Gauss, or a calois, but
if there i1s somewhere a Newton, a Gauss or a Galois, it can help him to
comé to light, encourage him to become aware of his genius and prepare it
to blossom to the full extent of his capabilities. Any money, even in
those restrictive budget years, any effort, even in those times when
everybody is busy and hurried,is worth such an endeavour. But more
modestly (let us coﬂsider more probable events), to helpbevery year young
students to compete, get involved and become conscious of their tastes
and talents, is already worth the money and the efforts we have -put in

those contests and those camps. That is what I do believe in my
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mathematician's heart, even if I could not prove it to my mathematician's
mind. . .

Could I finish my intervention at this round table in narrating
a little anécdote which illustrates h;w some people sometimes become
competent in some field? A few years ago, a young Italian interested by
skindiving noticed in the Naples Museum of Fine Arts a greek vase repre-
senting a man swimming underwater with in his mouth some pipe which
appeared to him as a snorkel. His curiosity being aroused, he inquired
to the museum direction about the practice and techniques of skindiving
amongst the ancient Greeks. But nobody in the museum could answer his
questions, and he was sent to diverse specialists of the history, the
language, the arts, the literature, the science, the technology, the
gports and the salling of Ancient Greece. But nobody could satisfy his
curiosity. And one day, exasperated as one can Le when he has an Italian
temper, he exclaimed: "But is there anywhere a specialist of that ques-—
tion?" And somebody replied him: "As far as we do know, there are none,
but if you continue to get interested in the subiect, some day you will
surely become a specialist of the field.”

It is in this manner that I humbly hope to gain someday some
competence in the art, if not in the science, of developing mathematical

talents.
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DEVELOPING MATHEMATICAL TALENT
A POINT OF VIEW

Stanley Erlwanger
The education of gifted and/or talented students has recently become

a popular issue, In Canada, the CEA survey: 'The Gifted and Talented
Students in Canada’ (1980) shows there were over 13,000 students entrolled
in programmes for the talented during 1978-79. This trend reflects the
concern and inte?est of parents, teachers and the public in developing
talent. This concern however, is not shared by everyone. The CEA survey
also suggests there is little visible support in this area from universities
or the federal and provincial authorities, Thus, despite the current popu-
larity of programmes for talented students, much of the activity is at the
local school or school board level. As such there is a wide diversity of
programmes across Canada.

Mathematics has traditionally been associated with bright students
and selection. It 1s thus not surprising that the development of mathe-
matical talent has generated much interest,activity and controversy.
Some of these have appeared in the Arithmetic Teacher (1981) and NCIM
Yearbook: The Mathematical Education of Exceptional Children and Youth (1981).
My involvement in this area suggests that not many programmes are based on
the claim that they take into account the characteristics of talented students.
Instead, they are often attempts to ''do something" in response to public
expectations. Moreover, teachers and administrators usually do not have the
time, resources or expertise so that programmes tend to be based on general

views about mathematics and talented students.
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My observation is that the nature of mathematical talent is not well
known so that it is difficult to identify mathematically talented students
or to design suitable programmes for them. It seems that before decisions
can be made about how to develop matﬂematical talent there should be an
adequate knowledge of the general and unique characteristics of mathemati-
cally talented students; general and specific methods of identifying mathe-
matical talent; and the role of mathematical content in the development of
general and unique features of this talent. Although research by Keating
(1976), Krutetski (1975), Getsels and Dillon (1973), Stanley (1974 and
Avery (1979) describe some characteristics of talented students and the
design of special programmes, their information cannot easily be incorpor-
ated into locally designed efforts. I also share Oskorne's view that:

"most (of this research) faii to account fér the unique

characteristics of mathematics and mathematical thinking.

Mathematical thinking is sufficiently different from other

types of intellectual activities to require consideration

of special types of research questions.”

The point of view I would like to advocate is that mathematics educators
should take advantage of the current interest in this area to undertake
research. To continue to ignore this area or to become directly involved
in local programmes and controversies is unproductive. Undertaking re-
search however will demonstrate an objective interest in talented students
in much the same way that mathematics educators have approached the pro-
blem of teaching mathematics to less able students. In addition, research
in this area is likely to broaden our knowledge of the nature of mathematical
thinking and the characteristics of mathematically able students. This
should in turn influence the teaching and learning of mathematics.

I shall illustrate this point of view by discussing further

two areas where I think research 1s needed, These are the identification of
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mathematically talented students and the development of programmes.

Identification of Mathematical Talent

It is widely accepted that talent should be identified early using
multiple methods which include imtelligence, achievement and personality
tests, case studies, teacher evaluations and nomination by peers. My
observation is that this is not an easy task for teachers and administrators.
In practise identification usually consists of an ad hoc mixture of teacher
evaluations and scores on tests. Although this approach appears adequate,
the results may be misleading and lead to controversies and conflicts with
parents,

I think these are symptoms of two underlaying difficulties. One is
the problem of discriminating between intellectual ability and mathematical
talent. High intellectual ability indicated by tests may be a necessary but
not a sufficient condition for demonstrating mathematical talent. Secondly,
the most reliable evaluations by teachers tend to be based on criteria
that reflect high performance on tests. In short, the instruments and
methods that are currently available appear to be inadequate for identify-
ing mathematical talent. What is needed are instruments and methods that
are good indicators not only of high intellectual ability but also of
specific characteristics of mathematical talent. Such instruments should
also be easy to use in the classroom.

Programmes for Talented Students

It is often stated that the regular school mathematics programme is too
structured and narrow for talented students. Hence special programmes are
needed which would take into account the nature of mathematics as well as

the characteristics of talented students, A wide diversity of programmes
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has emerged such as special schools, special classes, and various grouping
patterns such as acceleration, enrichment, streaming, setting and indivi-~
dualized instruction. There are also clubs, summer schools and camps, and
competitions. The mathematics content in such programmes often supplements
the regular programme by including new topics, extensions of regular topics,
and units on some topics like problem solving, graphing, number patterns,
calculators and computers. Material for this purpose is either developed
locally by writing teams or selected from different sources.

These programmes reflect the commitment of teachers and resource personnel.
The typical view of each group is that the design and content of its programme
stresses important features such as originality and creativity, the organ-
ization of data, logical reasoning, the ability to formulate a problem and
to solve it, and so on. However, there is little evidence that some programmes
are more successful than others. 1In fact, it is safe to say that the design
of programmes and the selection of content is based largely on the assumption
that a collection of mathematics topics outside the regular programme contains
features that are necessary for developing mathematical talent.

My observation is that aside from such claims and assumptions, these
programmes are seldom based on what it means to develop mathematical talent
or what it means to claim that a programme takes into account the character-
istics of talented students. Our current knowledge of the characteristics
of talented students makes it difficult to conslder questions such as:
Which characheristics are important in the development of mathematical talent?
Are there characteristics which enhance or inhibit mathematical talent? What
is the role of different types of mathematics content and learning experiences
in developing mathematical talent? What is anappropriate balance between

structured and open-ended experiences in developing talent? What is the role
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of personal and group encounters? Which methods are useful for assessing

the development of mathematical talent in individual students?

The list of questions above could be extended. But it is enough to
illustrate the problem of designing programmes for talented students.

On the one hand, such questions cannot be considered easily in a school
setting by teachers and administrators because of time constraints and

limited resources. On the other hand, we do not have adequate answers

for some of these questions at present.

Surely, unless there is more evidence to guide decisions about the
design and content of programmes for talented students there is little or
no guarantee that such efforts are useful, that effective use is being
made of scarce resources and personnel, or that providing more funds, re-
sources and personnel will result in better programmes. Indeed, unless some
research evidence is available most of these programmes will disappear in
the near future, But, like other popular trends in education, programmes
for talented students will reappear again at a later date. It 1s a moot
point whether we will be better equipped to deal with them then than we are
now. This is the challenge for mathematics educators.

Mathematics educators have in the past accepted the challenge of conduct-
ing research on problems concerning the mathematical education of less able
students. I have tried to suggest here that the current concern with gifted
and talented students provides an opportunity for doing research in another

challenging area.
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CANADIAN MATHEMATICS EDUCATION STUDY GROUP
GROUPE CANADIEN D'ETUDE EN DIDACTIQUE DE MATHEMATIQUE
GEOMETRY SUB-GROUP/SOUS~GROUPE DE GEOMETRIE

Report of the 1982-meeting in Kingston, June 3 to 7

par D. Lunkenbein, group coordinator

The teaching of geometry, or better the lack of it, in elementary and
junior high school, seems to be a persistent concern of quite a number of
collegues. Such concern lead, since the 1980 original working group ! met
in Québec, to an ongoing discussion, specifically with regard to the pro-
blem of getting geometry into the classroom. When some of us met again

in Edmonton in 1981, we decided to take some concrete action by writing or
selecting some geometry activities which might stimulate teachers to include
then into their classroom activities 2. Sucn contributions were collected
during the year 1981/82 and distributed amongst contributing authors for
reflection and criticism. As it turned out, these suggestions not only
included activities %or the classroom, but also general reflections on the
why, what and how of the teaching of geometry in a variety of approaches.
It therefore scemed appropriate to edit these contributions into a CMESG/

GCEDM-monograph on "Teaching Elementary Geometry: Why, What and How''.

For reasons of the relative ineffectiveness of such a monograph with res-
pect to its impact on school teachers and for possible organizational and
financial problems, the participants of this year's meeting felt that it
would be probably better to proceed in the following way before thinking of

producing a more coherent and, to some cxtend complete, monograph.

1. Publication of commented classroom activities in provincial teacher jour-

pals: It has been felt, that short (up to 5 pages) classroom activities
well commented on the bases of teaching experience will stand the best

chance of stimulating teachers to include geometry into their work, at

Report on working group C, "Geometry in the elementary and junior high
school curriculum” in the proceedings of the 1980 meeting of CMESG/GCEDM.

Report on the special group P, "The placc of geometry in the elementary

school", in the proceedings of the 1981 meeting of CMESG/GCEDM,
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least occasionally. The most convenient and inexpensive way of rea-
ching the teacher is by way of provincial teacher journals. It there-
fore was suggested, that such classroom activities be edited or created
and sent to the members of the group (via the group coordinator) for
commentary and, if not yet experimented, for possible experimentation
in the classroom. After such consultation (and possible discussion on
the occasion of future CMESG/GCEDM meetings), comments and experiment-
resplts will then be taken into account by the author. The group
coordinator will ultimately send the thus finalized activity to editors
of provincial teacher journals for publication under the author's name
with the remark that it has been discussed and commented by members of
the CMESG/GCEDM geometry group. The following members of the group have
already agreed to start this process by producing or editing one such
activity in the next four weeks: Tom Bates, Martin Hoffman and Arthur
Powell, It is hoped, that other group-members will join in this pro-
cess, so that over the year we will already publish 3 or 4 such activi-
ties and collect some more for discussion at the next meeting of the

study group.

Publication of position papers in appropriate Math. Education journals:

In a process analogous to 1. , members of the group are invited to work
on general considerations concerning the teaching of gcometry either by
producing or commenting position papers. In particular Tom Bates and
Dieter Lunkenbein invite commentaries to their papers entitled "Activi-
ties and structure in elementary school geometry' and "Géométrie dans
1l'enseignement au primaire' respectively. These comments may be send
directly to the authors or to the group-coordinator. By such process
we attempt to encourage the production and publication of position pa-
pers in appropriate Math. Education journals by several members of the

group.

Geometry monograph of CMESG/GCEDM: It is expected, that, after some

time of producing documents of the types mentioned above, we will be
in a better position to producc a monograph on the teaching of elemen-

tary geometry as a collection of such documents.
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Here is a list of collegues who have manifested a particular interest
in this group over the past two years. It goes without saying that
every collegue, who wants to get actively involved in the work of the

group may do so by contacting the group coordinator.


Peter Liljedahl
Rectangle


