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EDITOR'S  FORWARD

The procecdings of the 1984 Annual Heeting follow the
pattern of previous procecdings which reflect the orpanization
of the meeting. ilow long must onc exist to ciaim tyaditions?
At a young cight years our Annual Meeting has acquired the
following tyaditional ingredients:

a) Major presentations by prominent mathematicians
and mathematics educators.

b)  Several working groups where topics and issuces
of intcrest to this particular smatl commmity
of scholars are considered.

¢) Topic groups permit individuals or groups to
make presentations on items of interest to the
group.

d}  Paneis.

These proccedings, in some small way, reflcct the above
traditions as they unfolded in 1984.

Charles Verhille
Editor.

Preflace

. CA?\!I\DII\N MATHEMATICS EDUCATION STUBY GRrOUR
GROUPE CANADIEN D'ETUDE EN DIDACTIQUE DES MATHEMATIQUE
1984 MEETING

The efghth annual meeting of the Study Group was held at the thiversity of
Waterloo, June 2 to 6, 1984. tbore than 50 nathematics educators and mathe-
msticians came together to discuss and explore issues in mathomatics educa-
tion. Some issues were new - the inpact of computers, recent curriculum
reforms, for instance - others were hardy perennials - the place of visual-
isation and imagery in mathematics, the role of the teacher, for instance.
But in the context of the conferencm, where both kinds were juxtaposed,

and where the between-sessions talk cross-fertilised them, it seemed that
the "new” always raises some "old” questions, and that "old" questions
can be illuminated by deliberately looking at them in "new" ways.

The main invited lectures were given by Leon Henkin {(RBerkeley) on "Lingui-
stic aspects of mathematics and mathematics instruction® and Alan Bishop
(Cambridae) on "The social construction of meaning - a significant develop-
ment for mathematics education?” Both speakers made spirited and helpful
contributions throughnut the conference. A panel of speakers discussed

the inpact of computers on undergraduate mathematics. Jobn Foland (Carleton)
outlined the conclusions of a report based on earlier Study Growp discussions:
George Navis (Clarkson College) conmumicated the flavour of the (ollege's
extensive use of and conmitment to computers in first year courses: and Kelth
Geddes (Waterloo) demonstrated the power of Mapie software and its effect on
the teaching of integration. A second ponel, consisting of David Alexander
{Toronto, and Ontario Ministry of Pducation), Michael Silbert (tlamilton

Board of Bducation), Dale Drost (N.B. Ministry of Rducation) and Claude Gaulin
(taval), discussed the general trends of current curriculim reforms in the
school systems of Ontario, New Brunswick and Quebec. fioth panels contained
excellent contritutions that one would not have wanted to curtail, yet both
ran out of discussion time. 7This was particularly wfortunate in the case

of the latter panel as it was scheduled on the last rorning, so even informal
discussion at subsequent intervals was pre-enpted.

The 9-hour (3x3) Working Groups played their usual inportant part ingiving
coherence to the conference. Not liked by a few (perhaps because they do not
always appear to yleld 9 times as much as a I-hour lecture), they are re-
garded by most of the participants as characterising a significant feature
of the Study Group - an attitude to professional study that includes learn-
ing from each other as well as from experts, and that stresses that finding
key questions is as important as passing on answers. Growp A {ipgo and the
mathematics curriculum) was led by Dale Pumett and Bill Migginson (Queen's:
Grotp B (The inpact of research and technoiogy on school algebra curricula)
was led by Carolyn Kieran (UDAM) and Tom Kieren (Alberta): Group C (Ppiste-
mology and mathematics) by Maurice Bélanger (UOAWM) and David Wheeler (Concordia):
Group D (Visual thinking in mathemtics) by John Mason (The Open Undversity)
and Tony Thonpson {(Dalhousie).

The programme included informition sessions about the Waterloo Mathomatics
Faculty's involvement in computer-assisted instruction, comgpetitions, and co-
operative progranmes. A miscellany of topics, including accomnts of two
courses with a historical flavour given by Tsrael Kleiner and Abe Shenitzer
{vork}, rovnded ont Fhe programme,



LECTURE 1

THE SOCIAL CONSTRUCTION OF
MEANING - A SIGNIFICANT DEVELOPHENT
FOR MATHEMATICS EDUCATION?

BY

"ALAN J. BISHOP

DEPARTHENT OF EDUCATION
UNIVERSITY OF CAMBRIDGE

THE SOCIAL CONSTRUCTION OF MEANING - A SIGNIFICANT
DEVELOPMENT FOR MATUEMATICS EDUCATION?

ny
ALAN J. BISHOP

! would ke today to direct your sttention to what ) consider to be
e significant new research ares for us in mathematica education, and the
best way | cen do this is Lo explain not anly what il is ebout, bLut also
how | came to see its velue. This telk wil) therefore be a kind of journey
through some ideas end will, 1| hope, convey something of the (lavour, and

slso the substance, of the new area.

However, in order to help you comprehend and evaluate what | have to
say you should know that my own working context is in teacher education,
al a Universily Department of Cducetion, end you must also remember that
it is within the W.K. system. One consequence Is that J start my research
from the sssuaption thal the teacher is the mosl important agent in Lhe
whale educational enterprise. Huch of the practice of teaching and of
teacher education In the U.K. is based on the idea of the ‘autonomous
teacher'. This idea is 8 myth, of course, In the sense that every teacher
is subject to sll kinds of pressures but It is e myth that we value and
oreserve. 1 am nol concerned today with whether or nol Lhis is a .quod or
8 bad mylh, but | will be happy Lo agree for naw that it has its dangers as

well as ils blessingst

Hh research interests hoave always been concerned with the mysteries and
the complexities of the mathematics classroom - the context in which
teachers try Lo acculturate pupils Into the mathematicion's ways of under-
standing the world. Hy reaeasch philosophy is that of ‘constructive alter-
netivism® (Kelly, 1955) which means that ) look for aslternalive ways of
construing and interpreling clessroom phenomens in order Lhal Lhe
acculturat ion process can be achieved more successfully than it is sl present,
One of Lhe first strands of this research Lo get develaped concerned my work
on leachers® decision-ameking. ‘lThe leacher es 8 decision-maker' was o
cnu'ce[')lion deaigned to catch the process whereby the teacher deals with the
many choices occurring both before and during Lleaching. 1 was perticularly
interested in the declaions mede during the classroom interaclions, now
referred e o the research bitersture as ‘interactive decision-making

(Shaveleon, 4926). ML is o very powerful conalyucl in that it links the work
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on teochers' knowledge, ideology, sttitudes, etc. with the work
on teschers' classroom behaviour, methods, lenguage etc. Various espects
of mothemstics teachers® decision-meking were learnt (Dishop, 1976a) and
many more are waiting to be expiored. For exemple, dealing with pupils'
misunderstandings and errors constitutes a large part of o teachess
activity but the decision-meking construct forced me to attend to the

foct that, in the classroom situstion, what ls significant is the teacher’s
perception of the errors snd misunderstandings. This is sometimes forgotten
by those researchers who study #hﬂldren’s errors in a lshoretory-like
atmosphere away from the interactive clessroom. 1§ therefore looked et
perrs (teacher perceived errors} and was perticularly interested in the
teachers' strategies for dealing with these (Bishop, 1976b). This
research developed some very useful activities for teacher educstion; for
example, 'freezing' a moment of decision in e video-taspe of 8 lesson end
analysing the choices and criteris open to the teacher. Into such discussion
it is possible to inject many constructs from psychological research which

would otherwise seem very remote from the classroom.

It is also satisfying to see that this construct hes been taken up
in 8 very serious end lerge-scale manner by the Institute for Research on
Teaching at Michigan Stage University. The whole work of the Institute is
based on the 'teacher ss thinker‘ model end the decision-meking construct
is well embedded in that model This conception recognises the fact that
the lasks, constraints and problems of teaching develop certain rhnrarleristl;
ways of [h]nkind in teachers, which clearly has enormous implications for

both initial and in-service teacher education (Clerk and Yinger, 1979).

The second research strand developed from a long-stending interest in
visualisation, and once eqain was concerned with the classroom situstion.
My first attempts were with different teaching methods and their interactions
with various sspects of spatisl ability, but 1 found both of these constructs

(t.M. end S.A.) to be rether remote from the resl clessroom., 1 therefore

reworked both constructs, and changed ‘teaching methods' to ‘spatiel asctivities®,

while ‘'spatisl ebhility®' became ‘visual processing'.

Firstly the move away from ‘methods' to ‘ectivities' is highly significent.

The idea of "teaching method® creates & distinction betveen it and mathematicsl

content which | became incressingly unessy sbout. ‘leaching mathod® fe also

4

o researchers’ snd not a teachers® construct in thot no tencher con
possibly see the necessary renge of teaching that e researcher con, nrd
the teachers | worked with were not heppy either ebout the method/cont ent
dichotomy. ‘Spatial sclivities' on the other hond links much betler with
content end seems to fit more with teachers® ideas of teaching although
it is also cepable of considersble extension beyond those idess (Rishop,
1974).

sctivities' end this is a notlon which several resenrchers are currently

It cen be enbedded in the more general construct of ‘mathemat ical
exploring. for me, the notion of a mathematicel activity relotes to both
topic and process, end §8 8 unit of both method and curriculum. 1
particularly velue its focus on what the pupils ere { supposedly) engaged
in end it aiso enables us to enalyse sctivities by such things as type
(open, closed, prectice, explorstion, onalysis etc.) and group size {whole
class, smail group, individuel}. 1| cen concern myself with devining
relevent, meaningful spatisl ectivities (Dishop, 1982) and 1 can focus my
student teachers' attention on the initiation, organisetion end control of
those éctlvlltles.
activities, i1s 1 think s very rich and importent construct.

*Spetis) activities®, ss # sub-set of methematicel

The reworking of ‘spstisl ebllity’ wes made possible by analysing the
distinction between the ability to Interpret Figural information f.e. the
knowledge, conventions and “vocshulary™ of the many figurol forms we use
in mathematics, end the shility for Visual Processing (Rishop, 17193).  Huch
spatial ebility testing only really tests whet | call Irt and sithouqgh that
is lmpo}lsnl {n mathematics, ! wanted to see what VP could offer in the
classroom context. For example, we know thet individusls differ markedly in
their sbility for

not at ell.

visual processing, some prefercing to do it e lot end some
Krutetskii's (1976) ‘heometers' certainly showed extreme
preference fur.l!. We know also thal there exist differences between
individual teacher preferences as well 83 between those of individual puplls
and we con explore how this ability con be developed or how b person can be
encouraged not to rely on it. It links with idens of, intuition end imogery,

and can also relate to the use of anmiogy snd metephor.

Of particuler interest is how imagery can be shared between teacher and
puptl, end this is vhere the usé of dlegrams ond figures cen be so important.

Spatial activities cen akso be studied in teems of their value in helping
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s

the externslisubion of wmagery snd Lhe gsharing of visusl interpretutions.
Lunquage has o slrong purt Lo pluy here of course because much imagery can

be evoked by appropriate lanquege und exoagles (Kent and Medger, 1960),

While these two research wrcees were developing 1| had become increasingly
uware of the gap belween much rescorch in mathematics educstion and the

sclued clessroom situstion, in aone paper (Bishop, 1980) 1 concluded that,

from the point of view of mosl theories of Jearning, the mathemalics
clussroom wilh its aoiay atwosphere,wilh its multiple objectives, with its
fixed-time Jessons end with its atmosphere of mutual evaluation, wes not e
very good place in which to learn mathemstics! The problem | could see

as o teacher educslor was that research on the learning of malhemalics was
becoming wore and sore sophisticeted while classrooms were becoming mare
and more of @ challenge L0 most teachers. As @ consequence wany people were

feoling Lhet the quality of learning was doclining.

Now | was nat the only person to notice thie, of course, end } could
see different developments which were designed to make the classroom
situation mare controllable and more "uppropriate" for learning as it was
thought it should be done. ln the USA, and to some extent elsewhere, one
development put more effort into the production of the 'ideal® textbook.
Much time, money ond effort is invested in whal some people unfairly call
“teacher-proaf” teats, lhese are carefully designed to avoid se and
faciu) baas, and to build in motivators, reviews, examples, historical
quotetions, check-lests, spaced practice exercises elc. The student's
text and the teacher's lext interlenve precisely and the teacher is told
exaclly what must be done. She thereby loses her authority to the text ‘s
wuthors, Oae con delecl in research also e search for lesson components
which con be put together Lo produce Lhe *idesl’ Jesson (Geod und Grouws,
1979).  In the U.K. too we can find our idess of teacher Lraining dominsted
by the nolion of Lhe ‘mathemalics lesson', Lesson plamning is slressed,
lesson components ere unslysed, snd exercisea are given in 'lessonising’

the curriculum,

A second move Lo controd clussroom learning was also developing in the
U.K. und elsevhere. Ihis was Lhe move towsrde fndividuslised schemes (ke

SHIHE, and KM’) which buill to soms extent uvn the ssrlier resousrch

on programeed instroclion. However we have well-documented evidence of
the ways in which such schemes totelly change the teacher's role from
thaose of teacher, suthority, helper, to those of administrator, marker,
peper distributor (Morqgan, 1977). 1The denger here Is that the more
sophisticated the individusl materiale become, the more they intervene
between the teacher and the pupil. Ihe teacher once sgain loses her

suthority to the anonymous pieces of paper.

Hy awn response to the n:u——wrcn of the complexity of the classraom is
not to seek aslvelion in the textbook full of ideal lessons, nor in the
Joneliness of the individuslised material, but to seek betler ways to under-
stand the classroom. 1t i3 only complex beceuse of our ignorance und if -we
could understend It better, if we could interpret it more richly, then
perhaps we could lesrn how to hendle it better. This brings me to the

third research effort which has occupied by mind over recent years.

1 ruqeq to it as the ‘social construction® frame and like to distinguish
it from our mose traditional ‘mathemetics lesson' frame which, as | have
slready indicated, has tended to dominate our thinking about mathemat ics
education. Ihis ‘*socisl construction' conception has grown out of the
wider range of research perspectives which have been brought to bear on the
phenomenon of life in classrooms. Classroom ethnographers, sociologists,
those who study verbal interactions, teachers' decisions and pupil/tescher
perceplions huve opened our eyes to 8 rich tapestry of classroom phenomend.
We are rc:. for example, much more eware of aspects like teuacher stress,
pupils® fear of muthematics, of the effects of interpersonal perceptions,
of pupil-pupil interactions, of the powerful position of the teascher in
the classroom und of pupils’ strategies for coping with their relotive

powerlessness.

what 1| have been attempting to do is to pul) out from these researches

what | feel are the more significant aspects for us in mathematics education.

Fundaments) to our understanding of wmathemalics classrooms is the fact
that one is deeling with people. It may scem trivial to sey this but Lhe
fuct can easily be averlooked when discuasing details of lesson components,

for example, or pupil sbility, or motivation, ar any other paychological
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or mathematical construct., It is true, of course, thol the classroom,

heing part of an institution, institutionalises the participants. But
each classroom group is still e unique combination of people - it has its
own identity, its own atmosphere, its own significant events, its own
pleasures and its own crises. As e result, it heas its own history creeted

by, shared between, end remembered by the peopie in the group.

A corollary which is of significance to the teacher is thal eesch
individual person in the classroom group creates her own unique construction
of the rest of the particjpents, of their goals, of the interactions between
hersell and the others and of all the events, tasks, mathematical contents
Such ‘ohjects’® as children‘s sbilities,

mathematical meaning, teacher's knowledge, rules of behaviour, do not

wvhich occur in the classroom.
exist as objective facts but are the individuael products of each person's

construction,

Recognition of this sociel construction of phenomena leeds me to propose
8 new orientation for mathematics education. This orientation views methe-

matics clessroom teaching as controlling the organisation and dynamics of

the classroom for the purposes of sharing and developing mathematical meaning.

This orientstion has the following features:

1 it puts the teacher in velation to the whole classroom group,
? it emphasises the dynamic and interactive nature of teaching,
¥ it assumes the interpersonaﬂ nature of teaching, i.e. that the teacher

is working with learners not merely encouraging learning,
& it recognises the 'shared® idea of knowing end knowledge, reflecting
the importance of bhoth content and context,
5 it takes into account the pupil’s existing knowledge, abilitjes
and feelings, emphasising a developmental rather then a learning
theoretical spproach,
6 il emphasises developing mathematical meaning as the general eim
of mathematics teaching, including both cognitive end aeffective goals,
7 it recognises the existence of many methods end clessroom orgenisations

i.e. it does not by definition exclude any methodological techniques ’
already esteblished,

B8 it is 8 conception which permits development of the teacher through

initisl teacher training and beyond.

Central to this view of classroom teoching is the idesa of mathematicael
meoning - @ not fon which should perhaps be clorified ot this point, What
1 am Seeking to emphaesize is the personal nature of the meaning of any

new mathemstical idea. A new idee 1s meaningful to the extent thet it

makes connections with the individual‘s present knowledge. It can connect
with the fndividual‘s knowledge of other topics end ideas in mathematics
but it can ealso connect with knowledge of other subjects outside
mathematics. It may well relate to imagery, analogy end metaphor, but
these connect ions will be of a different type. 1The ides can be sn exewuple
of another mathematical ides (becsuse that ks the nature of mathematicg and
mey well generate examples of its own. Finally, end arguably most
importantly, it can connect with the individual’s knowledge of res! world
situationa. It is obvious therefore thet nc two people will have the gsme
sets of connections and meanings, and in particuler teacher and learner

The

teacher -will 'know' the ideasshe is teaching in terms of the connections they

make with the rest of her mathematicel knowledge.

will have very different meanings associasted with mathemetics.

The lesrner however

is the ‘mesning maker' (Postman and Weingertner, 1971} in the educstional
enterprise and must estabiish the connections between the new idea and her
existing knowledge, if the idea is te be learnt mennlnq!ully. As YThom
(1973) says "The reel problem which confronts mathematics teaching is not
that of rigour, but the problem of the development of meaning, of the
evistence of mathematical objects™. The educational gnal we are concerned

with here then, is that of sharing, and developing, mathematical meanineg.

This conception hes enabled mé to focus my analysis on three fundamental
espects:
mathematical activities - chosen to emphasise the learner's involvement
with mathematics rather than the teacher’s
presentstion of content,
communicat fon - chosen to emphasise the process and product
of shared meanings,

negot iation - thosen to emphasise the non-symmetry of the

teacher/pupil relationship in the development of

shared meanings.
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I have already 1llustrated the bsportunce of Lhe idea of mathemalica) with the pupil's existing ideas end meanings. Comawnication in a mathe-
sclivities but a fow more Lhoughts ere necessury hore. It s e.c::..n.::— aalics cleasroom is thersfore concerned wilh sharing mathwemalical meanings
for the Leacher's pre-class ...n_a:.o:m in that the teacher no longer thinks and connections. We can only share ideas by exposing them, und ‘talk’ is
of how she will pressnt conteat during the cless bul rather she wual make clearly a most inportant vehicle for expoaing connections. Aluo important
the didacticul convarslon from mathcmalical contenl and knowledye Lo ere symbollam, uses of diagrams for conveying images, exemples from
molhematicul ectivities suiluble for the pupile. In the UK we atill different contexts, snalogies and metaphors, and wriltten accounts and
‘think' oo much about content, knowledqge r:& muthematical topics snd not descriptiona. Some of thoae we know relatively more sbout (symbols,
enounh aboul whal Lhe pupils® ectivity will be in cluss. A focus onlo definitions...) others we know relatively less sbout (analogies, metaphors,
malhematical activitiea for the pupils can leprove that situation and can contexts). Moreover if we add into the construct of communicalion the
put U pupil's sctivity at the centre of the teachers' concerns. dimension of sharing, then the three-way process, from the pupil to teacher

88 wel) as teacher to pupil end pupil Lo pupil, shows us how ignorant we are

Not only does this affect pre-class decisions bul it also affects Lhe aboul pupils' analogies, metaphors, contexts, examples, elc. and aboul ways
teucher®s interactive decision-making. leaching ie, as a resull, more of enabling these to be exposed and ghared. For exanple, sctivities can
concerned wilh Lhw iniliation, conlral, orgenjaation and exploilation of be developed which encourage and legitimise this exposition and sharing,
the pupilds® activily. Ihere i6 mors of a dynemic, organic-growih, feeling such as investigations which involve creating symbolism, or projects which
in Lhe classroom thun of o coapartmentalised bist of specific knowledge or draw on knowledge of the pupils environment, or discussions of mathematical
skille to be taught from nothing, and to be finished ul & ael Lime. ideas and their diagrammed analogics (number lines etc.). Several research

studies have shown us thet in clasesrooms it is the teacher who does most

Anatdher aspect which “mathematical activity" makes ua sliend Lo is talking. What | should like to see ere developments which show teuchers how
colluboral ive working. Pupils value collaborative working but mathematics pupils can be encouraged Lo take more part in the sharing of mathematical
teachers in the UK have am smbivalent altitude towards it - most seem to meaning. 1 think Lhat exploiting the ideas of two-way and three-way
prefer pupils Lo work on Lheir own bul wil) say things such us "you cun work communication could be a profitable way forward.

with your friend if you don'l muke too much noise®d  In fact in UK mathemat ics

classroons Lhere will exastl much collaburalive learaing but most of 1t will If communication 1s aboul sharing meanings then neqotistion 1s uboul
be covert end often *illegal’ instead of being deliberately planned and developing meanings.  Without wishing to suggest that the teacher is the
encouraged by teachers. I only we could develop more small group malhe- authority for malhemstics in the classroom, il is Lhe case that Lhe teacher

matical aclivities for pupils the teachers could be encouraged Lo tuke a more is given authority and power by the society for the specific education of

pusitive altitude Lowards collaborative and interdependent working than they her pupils. This wuthority means that the teacher has certain qoals and
do atl present. intentions for the pupils and these will be different from the pupils’ goals
and intentions in the classroom. Negotistion is goal-directed interaction,
Comunicalion is not 8 new construcl in education but in my view il has in which the participants eeek to sttain their respective goals. We can
never been well analysed or activeted within muthematics educelion. In include 10 this jdea Lhe working out of & "modus vivendi® in Lhe clussroon
generol, in the tK, mathematics clussroons ore places where you do mathe- . d.e. the sules of procedure, discipline snd behaviour which teachers already
subics not where you communicote or discuss mgthematicsl meanings. Mesnings kinow much wbout. What the construct of neqotiation also offers is en ides
snd understunding ure sbout the connectiony one hos belween idess - a new of "modus sciendi™, o way of knowing, which is what the teucher is Lrying lo

bdea wil) be meaningful for e pupil Lo Lhe extent Lo which I8 connecls well developby the uue of hor own, nocessarily richer, malbemalical knowledye aod
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understanding. This construct then specifically catches the necessary
power imbalance implicit in the tesching/learning reletionship but it
describes it in such a way that we can see alternatives to the mere

imposition of knowledge from the powerful teacher.

What it therefore forces us to do is to consider how tu encourage
teachers to use their power not to impose their knowledge on the pupils.
It makes us think more about how teschers can encourage the negotiation
process, how teachers can encourage pupils to play s greater part in the
development of their own mathematical meanings, how teachers cen recognise
more positively the pupils' context and goal structure, and how teachers

might evaluate better the development of meanings.

In conclusion then, may I suggest that this 'social construction’
conception and the three constructs, °activities’, ‘communication' and
‘negotiation’, offer us many rich evenues to explore in research. Like any
good construct, they recast what we know about snd direct us to what we need
to know about.
the following:

- the development of activities, particularly those which exploit the

I would, as a result, particularly urge more sttention to

pupils' context and those suitabie for small group work,

- the analysis of the relationships between activitjes and mathematical
topics,

- studies of teachers' interactive decisions with pupils engaged in activities
of different types, ;

- studies of teachers' techniques to encourage sharing of mathematical
meanings,

- the analysis, from the 'sharing' perspective, of pupil-pupil discussions,

- studies of the process whereby visual imagery can be shared,

- the analysis of teachers' decision-making concerning mathematical ‘authorlty,

- the analysis of teachers' strategies which permit negotiation,

~ the development of methods of evsiusting the development of meaning.
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“LOGO E EMATICS CURRICULUM"

The description of the working group read:

The computer language Logo and its underlying educational philosophy,
developed at the Massachusetls Institute of Technology over the past
fifteen years shows signs of being one of the most popular pieces of
educational software of the 1980's The developmental history of Logo
has been such that the time period between very limited accessibility
(1968 - 1982) and widespread accessibility {1983 - ) has been quite
short. A major implication of this is that mathematics educators have
had litle time to consider a number of important questions.

It is the purpose of this working group to provide a forum for the
discussion of these questions. Issues to be considered will include
problem-solving in a Logo context, the infiuence on school curricula
and Logo investigatons. It will be assumed that participants will

. have some rudimentary knowledge of Logo.

Working Group Leaders: J. D. Burnett and W. C. Higginson

Some fourteen members of the Study Group focussed their attention on
these and related questions over three, three-hour, periods during the
1984 meeling. The initial session was given over to an examination and
discussion of a wide range of resource materials and the sharing of diverse
experiences which had arisen out of participants’ research and teaching

activiies with Logo. Following this session one of the participants (J. Clark)
summarized some of the questions which had arisen:

1) What do we mean when we say Logo? s there a distinction between

Turtle Geometry and Logo philosophy?
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2) How do Logo philocophy and Turlle Geomelry support existing
elementary and secondary mathematics curricula?

3) Other than that which relates to mathematics, what can students
learn from Turlle Geomelry?

4) When and how should Logo be introduced into classrooms?

5) What are some models for classroom implementation which deal
with time, space student access, etc.?

6) As a device for learning mathematics, why is Logo superior to other
teaching devices (such as geoboards and pattern blocks)?

7) Is it important for children to learn programmmg? I so, when and
how should it be taught?

8) What are the advantages of Logo as a programming language?
9) What is the role of the teacher in the child’s Logo environment?

10) Is there some connection between debugging and how students view
errors in general?

11) What are other “objects to think with™ like Turtle Geometsry? (See
Mindstorms  page 11 and page 122)?

In the second and third sessions the majority of time was given over to the
* exploration and discussion of a number of Logo investigations. Two of these
were Dale Burnett's “Turlle Billiards™ microwor!ld and Gary Flewelling's
“Transformation” investigation. The latter was posed in the form:

Using only the Logo primitives FD, BK, RT and LT, write a
small procedure (6 - 10 instructions) that will draw a small
‘doodle’ on the screen.

Investigate the effects of carrying out various transformations
on this procedure

The group found that actjvi(‘les of this sort generated significant
mathematical questions extremely quickly. It was felt, however, that
teachers without substantial mathematical training would probably not
recognize all of Lthe potential of these situations. Commenting on the
problem stated above, for example, Gary Flewelling wrote:
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Here many teachers would have to be given a sample of

possible avenues of inquiry, for example, reverse the FD's
and BK's, or reverse all the LT's and RT’s, or reverse the
order of the procedure, or replace all FDs and BK's with
the procedure itsell, or...

Teachers might also have to be told the task’s target audience.
In this example, the task is appropriate for Junior, Intermediate,
Senior and Post-Secondary students.

Teachers will also have to be shown the links between the
various lines of inquiry and the Mathematics curriculum

they are trying to implement. In this example, various
investigations link to such topics as transformation geomelry,
algebra, group theory and combinatorics.

six conclusions arrived at by the working group near the end of its
deliberations were:

1) Logo, not linked more strongly to existing school programmes,
runs the risk of becoming trivialized.

2) Logo deserves to be integrated into school math programmes.

3) Logo is a tool that can be used by teachers to help them
implement their mathematics curriculum.

4) Teachers need proof of the two previous points

9) Proof is particutarly needed in the form of student tasks
which jllustrate these two contentions.

6) Samples of such tasks need to be developed and delivered
to teachers.

Further discussion about the nature of these Logo tasks l=d to the following
consensus:

The tasks should satisfy many of the following criteria
1) Can be used by students with a variety of interests and abilities

2} Allow for a number of lines of inquiry.
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3) Can be returned to again and again through the school year

. -4) Can be utilized through the grades at varying levels of
sophistication.

5) Has links to the mathematics curriculum.
6) Contains an element of choice/freedom/modifiability for

both the teacher and the student.
WORKING GROUP B

7) May require the student to construct various procedures
to carry out related investigations.

8) May have to be accompanied by prewritten procedures. THE IMPACT OF RESEARCH AND TECHNOLOGY ON
SCHOOL ALGEBRA CURRICULA

9) Invites the cooperative effort of more than one participant.

Gary Flewelling {(Mathematics Consultant, Wellington County Board of
Education, 500 Victoria Road North, Guelph, Ontario N IE 6K2) volunteered
to coordinate a ‘task’ force to generate a collection of such tasks.

Participants in the working group: }. Bergeron, D. Burnett, J. Clark,
G. Flewelling, W. Higginson, ]. Hillei, B. Hodgson, H. Hough, R. McGee,
A.McLean, M. Rahim, P. Rogers, P. Taylor, E. Williams.
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Ihe work ol this group can be characterized by what we onsidered,

bul perhaps best by the proposed fdeas and fol bowup work which came as a

reaction to the material consldered. Finally the work of the group can be

focussed by extensions which we did not have time 10 consider and by material

and directions which we deliberately chose not to fallow.

Background

As backqround 10 our wark mewbers of the group brought the following

kinds of concerns:

group:
Lars Jansson,

What Is it we want In school Algebra in § - 10 years? What distortions
will the use of micros cause in algebra?
What will be the effect of new technologies in algebraic synbol mani-
pulation and its meaning?
What implications do computer related thinking, learning and knowledge
building theories (eg. Al) have for algebra?
What effects will the computer experience -backgrounds of situdents have
for 1eaching algebra to them?
What kinds of software and computer uses will help in alyebraic concept
developaent? low can this be assessed?
Can compulers be used 1o ameliorate student learning difficulties?
Mow can this he studied in algebral
Yhere is high poweied software which *‘does algebra'.

How does one learn 1o use it?

How docs one teach its wse?

A The group specially commended Carolyn Kieran whose extra cfforts in providing

the technical set-up wade many of ous considerations possible.
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How does it impinge on what is currently taught in algebrat
- What ought to be taught?
- How dovs one teach teachers abqul conputers for tcaching algebral
- What is the interaction among human algebraic knowledge building tools,
algebraic games on @ computer and programming?

How does one study

this phenonena? Measure Its effect?

Haterials Considered

The working group considered four kinds of materials: Documents, soft-
ware, gral reports and site visits,

t. 1The qroup considered a number of documents. Two studied and discussed
by all were:

- .Fey, J. 7. (ed.) Computing and Mathematics, a Report of a

1982 conference. HNCTM, 19Bh. (especially the Algebra chapter)

- Btume, G. V. A review of research on the effects of computer
programming in mathematical oroblem solving. A paper from the New
Orleans AERA meeting, 198A.

We also had availablie a smail Tibrary of text materials using computers
in school algebra from 1969 - 1984,

2. The group together reviewedsome pieces of relevant software, in

particular Algebra Arcade and My Math.

3. Group members provided oral reports,particularly one by Alexander on
the chanqes in algebra curriculum in Ontario and its relationship
to computer applications ;:nd one by Kieren reviewing his and Hatlfield's
research of the late 1960°'s,
HAPLE

4. The group visited Project in the Computing Science Department

of the University of Waterloo.

Included was a denonstration of the algebralc capabilities of MAPLE.

‘region), the player Is encouraged to use other than Jinear graphs.

Group deliberations
As suqaestced by the title of (his report, consideration of the above

malerials secned to stimulate discussion of more global approaches o school

a!gcbr_a'.‘ These alobal approaches secemed mediated by whole-graphic approaches
to the study of families of algebralc objects, by the use of the Janguage of

powerful algebraic compuling programs and through the use of structured pro-

granming languages.

Algebralc Games
As an opening exerclse the group looked at the game Algebroids from the

software Algebra Arcade. In thls game a person is presented with a number

closed ﬂgurfzs called "algebroids' on a coordinate pltane. The object of the
game is to use ‘algebralc expressions to generate graphs which "hit" the alge-
broids. Since higher polnt values are awarded for hitting more than one
algebroid with one graph (without hitting a "monster’ or designated negative
A graph
length limitation keeps one from using curves which would more or less cover
the screen (eg. f{x}) = 100 sin 100x). There was a uniform positive reaction
to this game by groun members both in terms of playing and in terms of poten-
tial for use In secondary school mathematics. This game and its uses tended to
dominate the group's discussion throughout Its sessions.

A first question arlsing questioned whether this game focussed on analysis

rather than algebra. Although it has analvtic features, the aroup consensus
was that it aided in the teaching of the nroperties of families of curves and

particularly on the effects of alacbraic transformations on notation (related

to graphlcal transformations on the screen).
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e group noted too damcdiate deatning benefits. Qoe was the soeed ag

witi ch e coudd pioduce {and booefubly hold on a practice screen for comparisons)

various suabers of a family {eg. linear functions y = ax + b), related

families {y = an + b, y = m |x§ + n, ax® ¢+ p) or wransformations within

2

y =

- 2
famibies (v = ax” ¢ p, y = alx - k)" ¢ p}. Thus one's imagination in synbol

use would he supporied by rapidly developed related images. The second benefit
relates 10 the *'games’ phenomena. The work of Malone on qualities of video
gancs and of Loftus and Loftus on the psychology of playlng such games was

discussed. Thus these scemed 10 be twe lmpacts - an emphasis on families of

alyebraic expressions as opposed to single manlpulations and the motivational
effect of relating images 1o algebraic expressions (perhaps making their mani-
pulation and study more intuitive and object related).

The most significant thesis that arose from the gioup dellberation can
best be seen in curriculum/research questilons.
Is it necessary to have an atomic understanding of the funciions
to play the gamel Should we not take this more global approach
1o teaching about algebraic objects such as dinear, quadratic or
exponential expressions? Does one nced to learn ordered pair ideas
at all 10 study this material? s a different sequence of instruction

in school mathematics (say In the algebraic aspecks of arades 7 - V1)

suggested?
These questions and reactions to them dominated the group's discussions.
Sone Interesting points were as follows.

- The global approach through the manipulation of expressions and

generation of related graphs scems more intuitive than the ordered

pair firsy eophasis.
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S was questioned whether one could look at operators or transfoimg:

tions without knowing about states or objects transformed.
- Alternative curriculum sequences were discussed. One such experi-
mental sequence constructed was as follows.

t. In grades K - B graphing experiences using points and inter-
pretina graphs would be introduced and developed.
“Algebroids’ or a like game could be used to introduce a family
of functions and the manlpulation of related expressions and
for what values of b does an expression aof the

equations; eg.

form 3x + b hit an algebrold centred at (2,7)1

It. a) An alternate *'algebroid’ sequence would consider the family
y = a Ixl + b because Iin such families It is easier 1o see the
effects of all parameter manipulation and such graphs can hit
more ‘algebroids' at once - hence are motivating.

11, The study of granhs as point sets would follow the study of

familties of expressions/graphs. In the game context this would
be done by reducing the *‘algebroids" to single point locations
necessitating the consideration of the graphs as sets of points.
The group considered the teacher education necessary for such a changed sequence
and emphasis. (It was noted that such an approach would aim at many of the
current objectives of high school algebra, but the objectives and activilties

would be dranatically different from a teacher and classroom organization point

of view.

Algebraic Computers

The group saw a denonstration of the very powerful MHAPLE manipulation

system which is aimed al being usable in the next ageneration of micro computers.

The group also used the currently avallable Mu Hath system. This latter system
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is stow 0 doing certain kinds of secursive atacbraic computations becauvse of
its list vrocessing character. Still the group saw a number of implications
and quesiions Tor school alqebra arising from algebraic calculator use.

. 0s a call for renewed emphasis on algebraic manipulation in our
curriculum obsolete? What is the role of such lcarning now?

2.0 MWith the use of alqgebraic calculators comes the need to introduce
a new notation system for algebraic expressions; will this notation
become standardized?

3. Since the aigebraic catculator can generate correct sentences, there
will be an increased need to study seis of sentences and look for
patterns or properties. Thus as with graphic ;aoabllitles, the
algebraic calculator sponsors the study of the global,

4. Might more new algebraic topics (eg. matrices) be introduced or

introduced earlier into the curriculum?

Follow up activities

The group, because of its interest in the effects of algebraic games,

set some goals for study during the year. With respect to a game like Algebroids

the following research was proposed:
V. Can we develoo and test a sequence of instruction incorporating
"Algebroids"? Thlc quesiion will be studied In a large curriculum

sense (where does such activity fit into the algebra curriculum?)

and the specific sense {what Is an approoriate sequence using Algebroids

to study a particular family of expressions, say quadratics?).

2. MHow would one modify the ''Algebroid'' program to enhance learning?
There is currently a practice screen. Could lts use be improved by
allowing graphs to siay on? be in different colours? Could nore
information about available expressions and manipulations be huilt

into the game?
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3. Con we use "AMlgebroids” as a testing device?
- Given a graph give expression,
- Given expression give qeaph:
- Can we vse shape recognition program in this
effort (eq. GMATCH at the Univ. of Alberta}?

b. 1o what ways is the use of a global approach to algebraic expressions
through **Algebroids' Intuitive. How can such use be telated to a
theory of mathematical knowledge buiiding?

Can one generate evidence of knowliedge-building from intuition in
algebraic novices (eq. Gr. 9 studenis) and more expert students (ég.
Gr. 12 students studying conics) as they use tools and games such
as '""Algebroids''?

Our group hopes to be able to have a continuation session at next year's

meetlng to share results of this work with one another and with (MESG/GCEDM

at large.

NOTE: . The group does not see much use for computer-aided practice in
algebralc manipulation. Thus, there was timited study of any such
curriculum materials.

2. The group did not consider image-retated games which might be
related to teaching algebralc structures such as groups. This is
an obvious update of the work of Dienes in the 1960's. Such
computer graphical/symbolic use could also be used at a more
advanced level to provide background for the study of various
types of groups or other algebraic structures. Such study would

be an extension of the work proposed above.
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HORKING GROUP C

EPISTEMOLOGY AND MATHEMATICS
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LEADERS: MAURICE BELANGER
DAVID WHEELER

Working Group C: Mathematics and Epistenology

In the first session the group attempted various partial descrip-
tions of epistemology, and then worked for a while on the episteno-
logical foundations of subtraction (in order to conpare their analysis
with one by Gérard Vergnaud in his article, "Cognitive and develop-
mental psychology and research in mathematics education: same
theoretical and methodological issues™). Whereas in his article
Vergnaud makes his analysis on the basis of the problems that students
at school have to solve, the group began with a model: “Given sone
objects, remove same, how many are left?* The limitations of this
knowledge model were soon apparent: it is clear that to "know sub-
traction" inwolves knowing more than a single model offers. After

the coffee break the group looked at same research results concermed
with students' arithmetical errors - the connection being that the
researcher (or the teadher) must try to reconstruct what is in the
child's head, i.e. the child's knowledge. A rather loose excursion
through the landscape of bugs, debugging and feedback followed.

The discussion in the second session was launched by reading two
articles - Alan Schoenfeld, "Metacognitive and epistenvlogical

issues in mathematical understanding*, and Caleb Gattegno, "Curricu-
lum and epistemology”. Schoenfeld's paper raised sharply the question
of "relative epistemnlogies: do we all have the same epistamlogy?
do students and teachers share the same epistenvlogy? The Piaget
story suggests that epistemology is ewolutionary in the individual.
Gattegno's paper, while not shedding much light on the nature of
epistemology (in a holistic sense), gave sone instructive insights
into the various sourpes of epistemvlogical information that can be

tapped.

In the third session the group attenpted to formulate same research
questions. ’

1. what are teachers' and students' inplicit epistemlogical beliefs
about mathematics? How do they ocmpare with each other and with
mathematicians' epistemological beliefs?

2. Make a didatical-epistemological study of various elenentary
mathematical topics, using as entry point the distinction be-
tween signifier and signified.

3. Conpare the epistennlogical questions raised by the history
of mathamatics with those raised by the development of mathe-
matics in the individual.

4. Generate a taxonany of epistemological assumptions that oould
be applied to the analysis of mathematical textbooks.

5. Study the epistenology of the individual, e.g. how does anyone
derive general knowledge from particular instances, or parti-
cular knowledge from general principles?
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6. Wwhat is the epistenological significance of a currently fashion-
able topic: the representation of knowledge?

The group became aware that their discussions were difficult and

not making obviously significant discoveries. The feeling was express-
ed that much nore work in this field has been done by e.g. French
mathamatics educators, influenced by Bachelard, and that one obvious
step would be to find out nore of what they have achieved and are
working on.

The appended statements were volunteered by members of the group.
Raffaella Borasi

Although the title of thea working group focussed on the word "epistemo-
logy", we desperately tried in the course of all three session to
"define” such a term. Looking back, I realize now that this specific
objective could have made us overlook same very interesting outcomes
of our discussion. We may not have reached an agreement over a
“rigorous” or even satisfactory definition of epistenology (what a
disappointment for a group of mathematicians!), but I think we con—
tributed to identify some important elements and questions concerning
mathematics education research.

I will try briefly to list some of them:

- what is the student’s/the child’s/the mathematician's/the math. ed.
researcher's/ conception of mathematics?

- what does it mean "to know" samething?

- how do we "get to know", what is the "knowing process" in the child/
the mathematiciar/the math ed researcher?

- how can we evaluate our methodologies and results in mathematics
education?

- what is the child's/the mathematician's/the math ed researcher's"
system of beliefs about how we get to know in mathematics, how we

"do" mathematics?

~ for each of the previous points we might have to distinguish whether
we are speaking.about mathematics in general or a specific math

topic or concept

- in, what sense can we talk of "the mathematician's"/"the child‘s"
epistemology (or more specifically, conceptions, system of beliefs,
etc.), rather than a specific person‘s epistemology?

Dieter Lunmkenbein

Three domains of epistemology seem to be of inmportance in the discussion
of the theme: mathematical epistemology, genetic epistemology

and epistenology of mathematics education. It is crucial to separate
these three damnains in order to avoid fundamental misunderstandings.
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Mathomatical epistenology studies mathomatical science in order

to determine or to elucidate its logical origins, its value and its
importance. 1t is a bridge between mathomatics and philosophy and
of great relevance to the mathematics educator, sinoe it informs him
about the nature of mathematical knowledge, the content of mathe-
matics teaching and leaming.

Genetic epistemology, created by Jean Piaget, who is also its most
important representative up to now, studies the emergence and the
evolution of mathematical notions and conceptual contexts in the
individual (in particular in the child) and it is intended to ex-
plain and to rationalize the individual's behaviour in situations
where such notions emerge or can be applied. This domain is of
particular relevance to the mathematics educator since it informs
him about developmental proocesses and their most inportant vari-
ables, processes he wants to stimulate, accelerate or direct.

Epistenology of mathematics education studies processes and
methods to obtain and to validate knowledge in mathematics educ-
ation. Its results are of importance to the mathematics educator
since they inform him about the validity of his methods and the
relevance of his results,

while the distinction between these three domains is crucial for a
clear and systematic discussion of the theme, anly the synthesis of
all three aspects indicates the importance and the soope of the
epistemological approach in mathematics education.

Brock Rachar

As individuals, we seem to have same sense of the point at which we
know that samething is the case. We may even be able to identify
how we know. .

The how may be based on inductive experience or a kind of gestalt
perception, or it may be derived deductively from previous knowns
by an aogquired system of logic.

We are also aware that different individuals may came to the state
of knowing that something is the case without the how of the know-
ing ooinciding.

This latter observation has decided implications for curriculum.

As mathematics educators we should have available different strate-
gies for enabling the learning of the knowing of something. As
teacher educators we should be looking at those approaches that

are nost likely to be successful and most likely to be free of setting
up erroneous conclusions. The settings we use for investigating
mathematics are important to the kinds of leaming or epistemplogical
framework that children (learmers) acquire.
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If we beliewe that nathematics is the development of skills in per-
forming algoritus in order to answer standard sets of problems,
then we inpart one view of mathematics.  If mathenatics enables you
to know "what to do when you don't know what to do" in solving a
problam, then that is a whole other world view of mathematics.

As Alan Bishop pointed out in his lecture, what we do and the connec-
tions we make in mathomatics leaming are largely determined by

the way we think about the purposes of mathamatics and the ways it

is leammed.

David Wheeler

Before making any attampt to “report” on the group's activities,
1 present saie exanples in order to ask whether the insights em-
bedded in them are epistenplogical - or samething else.

Ex. 1. (This is a quotation froam a review of an article about

mathematical induction.)
"We nust not overlook the conceptual/technical
difficulty of handling the vital step P(n) — P(ntl).
Most encounters of students with things like P(ntl)
‘have been straight substitutions - substitutions of
ntl for same variable in a known expression (function).
But in the induction proof the student has to handle
almost the reverse of this. For exanple, he takes
P(n) and adds samething to it, then has to arrange
the new expression to show that it is in fact P(ntl).
This requires getting it into the form P(x) while
sinultaneously “thinking™ of ntl and not x as the
variable. This is really hard, in many cases, because
one is not using the alebra to sinplify but to force
a correspondence to a certain model. Were else are
students required to do this?*

Ex. 2. A “classical" problem runs: show how to detect the
false coin, which is too light, in a set of 9 ooins using an
equal-amm balance twice.

The ocorrect solution requires splitting the 9 ocoins into
3 sets of 3 and weighing two of them, then weighing two
single coins from one set of 3. Most solvers begin with
sets of 4 or sets of 2, perhaps because of the strong
“binary” flavour of the setting - two arms to the balance,
two weighings, two kinds of coin. "R “classical" puzzle
often has this quality of tenporarilydeflecting the approach
to a solution - this may be what makes it a good puzzle.

It seams intuitively "clear" that infinite sets can have
different nuerosities. It is “obvious" that there are nore
natural nubers than even nuibers, nore points in a unit
square than oh a line seguent. Yet by adopting the 1-1
oorrespondence rule for cowparing nuerosities we can show
that "in fact® theve are the same nuber of natural
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nubers as even nunbers, and the same nuwber of points in
a unit square as points on a line segment.

So now it is intuitively “clear” that what were thought to
be different infinities are not. So, intuitively, all
infinities are equivalent.

But no! for Cantor's diagonal procedure shows that there
are different orders of infinity, non-equivalent to each
other.

And so it goes.

Ex. 4. when we see an algebraic expression like
x-1 .2, A
x2—x—6 x-3 xt2

we see 5 minus signs, but do they all mean the same thing?
Well, yes and no. No because, if we set about sinplifying
the expression, we treat them in 3 different ways. 1The
minuses in x-1 , and x-3 are like letters in a word.
The minuses in x“-x-6 are signals or "controls" which
guide us in factoring it as (x-3)(x+2). Finally, the
minus between the first two fractions almost means sub-
traction - although, provided we get our "rules of signs"
right, we needn't be aware of this when we collect all the
nunerators together.
And now, if we add one almost insignificant stroke to

our writing,

. x-1 _ 2 , 1

X -x-6 x-3 x+2

we "see” the whole system totally differently.

1f there is a comon characteristic of these examples, it is that al-
though they each relate to some familiar mathematics, they focus more
on “awareness" than qn knowledge. The points they make are overlooked
in the usual mathematical accounts. Yet a student involved with mathe-
matics needs these awarenesses as much as he/she needs to know the
appropriate mathematical content. Here is potentially an epistewology -
an t.apistemalogy that studies awareness rather than knowledge - which

is just as inportdnt for pedagogy as epistemology of the usual sort.

1 \'renture to suggest that epistenology is the right word because

of ‘my confidence that such a study can be objective. That is, although
focu§ed on awareness (which sounds persanal, subjective), what can

be discovered has the quality that can make us say, "Yes, these aware-
hesses are part of what everyone (who is inwolved with this particular
mathematics) must know. ™

This “epistenmology of mathematical awareness” is not the whole of
"didactical epistemology”, which must contain enpirical and abservation-
al ingredients, as well as "knowledge of mathematical knowledge*,

but its significance for ne at the moment is that it is a part that

1s overlooked by nost who have discussed the epistannlogical foundations
of mathematics teaching.
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Bruce Reopolos

let me rarind you that the Oxford English Dictionary, a generally
reliable arbiter where matters of meaning are concerned, defines
epistamology as follows: *"The theory or science of the method or
grounds of knowledge.® If we enmbrace this definition, then I feel we
in mathematics education are bound to address certain issues. “"Method”
and "grounds,” it seems to me, both deal with caming to know more
often than knowing, and with either of these more often than the
content that is or is to be known. It may well be that the nature of
what we seek to know shapes to some extent the methods we use to
search for it and the standards by which we judge whether or not we
have found it, much as the design of a tool is influenced by the
nature of the materials to which it is to be applied. I think it would
be a mistake, however, to focus on the goal or the finished product

at the expense of the process.

Now reflect far a mament on the question of what methods and grounds
of knowledge students are expected to operate with in the mathematics
classroom. All too frequently, I suspect, the method is absorption
and the grounds lie in extermal authority. Students 'soak up' what
the teacher, who of course can not be wrong, inundates them with,

That such a situation is inappropriate and unacceptable I take as a
truism. How can intellectual growth take place in soil of this sort?
I believe that absorption should give way to inquiry and external
authority to internal validation. Perhaps it is not realistic to
expect young children to begin thelir learning careers with inquiry

and intemal validation, though I would argue that it often is realistic.
Perhaps this ‘giving way' is something that students should actually
experience as their education progresses. In any case, 1 feel certain
of the direction in which I would like to see things go.

Thoroughly consistent with all of this is a strong sense of the
sanctity of the individual in the quest for knowledge. Not
surprisingly, I f£ind a preoccupation with common epistemolegical
assurptions more than a little unsettling. While I will grant that
cawmon ground is a nice place to begin inquiry, I do not think that
it is the only place. Even if it were, is it not that the differences
which set the warking of one mind apart from the workings of all others
so often command our attention when we try to teach mathematics? Do
these differences constitute obstacles to learning, or are they
invitations to explore the richness of the individual? Are they
sarething to be worked around and smoothed out, or are they to be
relished and revelled in? 1, for one, have always preferred revelry
to wark. :
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WORKING GROUP D

VISUAL THINKING IN MATHEMATICS
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CANADIAN MATHEMATICS EDUCATION STUDY GROUP
June 1988 MeeTing (WATERLOO)

REPORT OF WORKING GRoup (D)
Working Group on Visualiziog Mathematics

Tony Thowpson & John Mason

Our (Thompson and Mason) intentions were to make a catalogue of standard
topics in upper-secondary/first-year, which students find difficult, and

to explore ways in which the explicit use of imagery might assist students.
Our background assumption is that many students believe that mathematics
takes place on paper; that (hey'have no supportive imagery or connections
and consequently they fail yo participate in an essential aspect of

mathematics, .

we soon found that the instruction “make a record of what comes to you
when | say the following words", followed by sin(x); O+x)";
V,r, v, e, ... produces a wide variety of responses. It emerged that the
word “image', which I used in preference to visualizing in order to admit
acoustic and muscular responses as well as pictorial images, weans many
things to many people. For example, on examining images connected with
absolute value, the idea of a dog on a leash was suggested, to describe
|x-al<b. On the other hand one might hope that students would have a
geometric picture of an interval of leungth 2b ceatred on a, and an
accompanying sense of being on a and reaching out b on either side. This
highlights a distinction betweea what I would call 'metaphoric associations'
(dog on a leash) and 'mathematical images’ (like points on a line).

Even though | could ;}obably not give a definitive distinction between

these 1 feel that I want students to contact and be friendly with the

purer mathematical images. It may be that metaphor or simile can help,
but I am not too sure. Most participants seemed content to employ a
shot gun approach in class, trying out a variety of metaphors so that
students can respond to ones thai appeal particularly to them. 1, on
the other hand, still believe in, and seck, core mathematical images
which lie at the heart of the hard mathematical ideas. When I spoke of
appropriate and powerful images, it was pointed out that these must be
relative terms - relative to individual propensities and to intentions,
I nevertheless feel that some images are more valuable than others.

Here are two examples:

1. Multiplication by -1 is notoriously difficult for many

students. All sorts of metaphoric models have been proposed
involving profit and loss, temperature and so on, as attempts
to justify (1) x (-1) = §. 1 believe that this is a
structural fact arising from the wish to retain the 'laws of
arithmetic' when extending to negatives. It also has a
very potent geometric interpretation as a rotation of the
numberl ine about 0, through 180°. 1[I call it potent, because
rotations through other angles (not just 90°) can lead to
useful investigations as well as supporting de Moivre's
theorem and Argand diagrams in the 90° case. Thus it extends
consistently to more general situations while providing a
geometric image to accompany arithmetic calculation, an image

which will not have to be modified later.

2. Continuous functions are usually thought of as functions which
have no breaks, and no infinitely wiggly portions (2 la sin(1/x)).
For most students only the former image is available, and the
formal definition of continuity seems like a lot of unnecessary
symbolism, One of the features of mathematics is the

modification of images (intultion) as a result of experience,

Perhaps time devoted to the necessary modifications of intuition

would assist students, in conjunction with making it clear to

students when the formalising of intuition is taking place

(s0 eloquently spoken of at the conference by Professor Henkin)

and when intuition is being worked on and modified.

We kept returning to the distinction between particular and general - 1
&mﬂgine a square; if I draw it, it is particular yet I see it as general;
in my imagination it is sort of particular, yet sort of general in its
fuzziness. Am I aluays sure in a class that the students are seeing the
generality that 1 am seeing wvhen looking at or working on a particular

exsmple?
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Some time was spent seeking primitive images connected with various 3.
mathematical topics, but in my view not enough progress was made to

report on. Participants tentatively agreed to work on imagery in theiv
classes, and to report-some examples next year, 1 tried to draw what

is for me an important distinction between talking about an image, and
talking directly from an image, but it requires considerable practice.
To talk from an image is to consciously form and enter a mental image,

and ‘to describe it to someone who is not present. To talk about an image

is to talk in generalities as if you expect others alreadi to 'have’

your image. We all found it difficult to form and thed)from an image,
yet it is essential to talk from if students are to be assisted in 6
forming images. 1 recommend that veports of trying imagery in classes

consist of

explicit instructions to form an image and work with it,

(i)
as illustrated in the appendix,

an account of what students made of it and lessons learned 7.

(ii)
in vorking with imagery.
We finished by watching and working on a Nicolet film on conics. 1 was
able to demonstrate what I mean by °reconstruction®, which is a necessary
but overlooked aspect of studying that deserves more attention. The last

event was 3 request to participants to jot down one or two salient

moments from the workshop, and some of these follow.

t. The earliest event that made an impression on me was during the first
'exercise', when we did a 'free association' of images for sin x,
(1+x)"; ar some point, I became vividly aware of hov disparate
are the possibie ways of 'imaging' such objects, and what a huge
variety of things are going om in my students’ minds when I pick

on one such image to teach a given concept.

2. The second items that sticks out in my memory stems from the discussions

at the end of day | and most of day 2: namely, the realization of how
difficult it is to create a specific set of instructions to convey a

particular image (like |x-a| and its possible images), even once you've
chosen a specific image. Also to what a large extent I talk about

things rather than trying to get my students to think about them, and
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I learned how to be more passive vhile inviting my students to
become more active, when 1 am lecturing,
Images that illustrate an example

of a phenomenon vs. images that

treate an initial awareness of a phenomenon. We frequently blurred

the distinction (eg. imagery for ).

A difference between metaphor and image which I had not thought about

before struck me forcibly.

I suddenly realized that the inability for me to demonstrate motion
on the blackboard, in the text book, on the overhead in sitvations
vhere I had been waving my hands could be possibily be overcome by
deliberately evoking motion in mental images. 1 feel I always

personally “sauw" motion in my mind and hoped my students did.

To share imagery 'both' participants must be allowed to expose their
own versions of the image. On more than one occasion during the
seminars I became conscious that I was trying to impose oy image
on the other person - to know that ! was doing that embarrassed me.
I was in the 'teacher-trap' feeling that 'my® image was better

than 'yours’ and mine was the right one.

Reassuringly I wasn't the only person in the group making this mistake!
John was asking us to visualize a square moving through two fixed points
and introduced a third point (which I visualized as being not the

square already) and then suggested we move the square through the three

points and I was stuck, unable to see that a square would go through

three points!
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APPENDIX

Images: Multiplicatfon by -1}

¢ lwagine 8 numberline marked off with 0, 1, 2 , ..., -1,-2, ...
Hake your numberliine go from left to right.

4 Rotate it about the O, through 180 degrees.
Where does 2 end upl ...

Thie s one way of thinking sbout multiplication by -1,

Exploration

4 Go back to your original number line.
Rotate 1t sbout 2, through 180 degrees.
How does (ts position relate to ite starting position?
Where sre 2, 3, 4, .. now?

Coneider the adventage of showing s brief dynsmic image
(f1la/tape) of s line rotsting about a successfon of points, then
inviting laner images. The film should provide s common basis for
images, as vell as 8 memory trace on which to fwpose particular
questions.

# Generalize: rotate about two polnte in euccession; where will
the line be thenl

Resist algenrs until you feel ready to express s generality which
is as substantial and precise as you feel fs possible, before
using symbols.

# Go back to your original number line. Rotate it about 2 through
180 degrees.
Nov rotate 1t about the old positlon of 3 through 180 degrees.
Where s the line now copared to Ite starting position?
% Generelize: rotate about two polnts in succeselon; where will
the line be thenl

Generallze: rotate through several points in successlon, all
tdentified by thelr original names; where will the line be
then?

Game: A wove consiste of fnstruction ‘to rotste your numberline
about some point (tdentifficd efther by lis new name, or ite
original nsae, but be consiscent in each gaawi). Attcr «
predetermined number of moves, or perhape on a move selected
by some random event such as velling & ) or 6 with a die,
the next player MUST return O to {ts original poaition.
Players may thea challenge whether it has been done
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euccessfully. Avold using symbols Zo ‘work !t cut . Try to
see it directly in your head.

f Generalize: votate about the pofnt 2, through 90 degrees; now
fotate about the current point 3 throuh 90 degrees; where is the
ltne now relative to ite starting positiont

* Generalize to several successive rotations; probably best to
sgree that the line should alwaye come back to the horfzontal
before trying to describe its position.

* Gencralize to different angles.

Possible notaton for describing effects of rotations:

totations through 180 degrees correspond to multiplication by
-1; rotstions through 90 degrees correspond to multiplyfog by &
éyabol, say r (which can be used for other agreed angles as well),
or, say 1, which le traditional for 90 degrees.

Rotatfon through 180 degrees is a potentialy potent {mage for

multiplication by -1 because it extends In such a rich manner.
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Curriculum Guidelines - A flope in Print

- D. W. Alexander

In asking me to participate In this session, David
Wheeler suggested that the focus should be, "What are
the problems of making curriculum change effective in
the schools™. T

The SIMS project has given us a clarified model for the
process of curriculum implementation in emphasizing the
distinctions among

the intended curriculum

the Implemented curriculun
and the attained curriculum.

The implementation of curriculum invoives ‘negotiations’
between developer and teacher, teacher and student {or
more completely: between developer and author, author
and teacher, and author and student). Each ‘negotia-
tion' involves the exploration of and relnterpretation
of !meaning’.

This mode}l re-emphasizes the fact, which we all recog-
nlze, that curriculum change supposedly mandated in
documents such as Ministry guidelines, is nothing more
than "A Hope In Print". Before {t becomes implemented,
it must be understood and believed in by teachers. A
commitment must be made upon the part of teachers to
implement the change and finally implementation must be
engineered In sich a way as to change the leatning of
students.

Fullan and Park in the resource booklet Curriculum

" Implementation, Ministry of Fducation, oOntario, 1381

entify the overall problem:

"most efforts at curriculum and policy change have
concentrated on curriculum development and “on
paper” changes. ... the implementation process has
frequently overlooked people (behaviour, bellefs,
skills) in favour of things {(e.g. regulations,
materials) ... While people are much more difficult
to deal with than things, they are also much more
necessary for success”.

They alao state that cruclal to Impiementatjion Is that
teachers:
see the need for the change;
are clear about the change, and do not perceive the
change as too complex;



have available or are able to generate materials
that incorporate the change and are practical.

While "on paper" changes are clearly only a start, they
can contribute to implementation by making the change
intended clear. It is this clarity I have been concent-
rating on over the last two years.

The easlest example to refer to is the issue of calcu-
lator usage. For a number of years curriculum leaders
in Ontario, as elsewhere, have been advocating increased
use of the calculator in mathematics classrooms. 1In
1980, the Intermediate Guideline Committee suggested
that teachers explore methods of using calculators in a
variety of ways, but they did not mandate the use of
calculators, and they did not clarify the relationship
between traditional arithmetic computation and computa-
tion using calculators.

A survey of students in Grades 7 to 10 inclusive, made
in 1981, showed that 80% of the students owned or could
easily borrow a calculator but less than 60% were
permitted to use them in class and only 20% of those in
Basic Level classes were permitted to use them on tests.
{Classroom Processes in Teaching Mathematics, Ministry
of Education, Ontarlo, 1383).

We decided to clarify the change advocated and include
the following statement (which some of you may recognize
as being an offspring of Mathematics Counts.)

Ugse of Calculators

The calculator has become an integral part of our
way of life. 1In recognition of this fact, schools
should ensure that students become proficient and
discerning in the use of calculators.

Students should possess some reliable methods of
carrying out calculations without the use of a
calculator when a small number of digits. are
involved, and with a calculator when a large number
of digits are involved.

Calculators shall be used when the primary purpose
of a given activity is the development of problem-
solving or other skills in which computation is of
secondary importance.

It should be noted that the “shall” in the last sentence
makes this a policy statement in Ontario. Thus we are
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clarifying the change - the choice is no longer there

for the teacher (on paper} - the calculator shall be
used.

In support of this change we have also identified for
Grades 7, 8, 9, 10 and for Grades 11 and 12 General
Level Mathematics (for which the interface with the
Colleges of Applied Arts and Technology imposes some
terminal objectives) clarification of what "small number
of digits"® means in terms of calculations without a
calculator. This clarity has an additional purpose, to
encourage the change, on the part of Grade 7 and 8
teachers in particular, from spending so much time on
computation that they have little time left for geometry
and measurement. '

Another area we have addressed is that of problem
solving. The 1980 Guideline Committee had emphasized
problem solving, but in very geperal terms. Curriculum
committees trying to incorporate problem solving in the
course outlines and resource document of their respec-
tive boards had wrestled with the issues of what should
be done and at what grades. Recommendations were made
to us to clarify the intent.

I endorse the view that in this area we must take what
Fullan refers to as the Adaptive approach (as opposed to
the Fidelity approach) to curriculum change. That is, 1
believe that the nature of the change we want in this
area 'must be clarified through the process of implemen-
ting it. On the other hand, I also believe that the
work such as that of Charles and Lester (JRME, January

'1984) gives us a basis for being clearer in our expec-

tations.

Thus, while we do not include specific content objgc—

tives for problem solving we do make statements whlgh

provide a framework for development of problem solving
and further, we have tried to identify a sequence for

the teaching of heuristics throughout the grades.

In the introduction we state:

Problem Solving

Developing the ability to solve problems is a ma jor
goal of mathematics education. Problems are solved
by drawing on past experiences - sometimes in a ‘
systematic manner, but often in flashes of creatl-
vity and intuition. Problem solving is not exclu-
sively the domain of mathematics; it is an integral
part of all subjects and of everyday life.
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Systematic problem solving involves the following
stages:

I The awareness of a situation in which there is
given information and a goal

II1 The consideration of possible strategies
{models)

111 The choice of a strategy (model)

1V The carrying out of the strategy

V The verification of the solution in the
situation

There are two major types of problems:

1. A strategy is evident immediately. Difficul-
ties in solution are related to ability to
carry out the strategy correctly.

2. A strategy is not immediately evident. Diffi-
culties in solution are initially related to
choosing an appropriate strategy.

A given problem may be of the first type for one
individual, but of the second for another.

Word problems assigned after a mathematical concept
or skill has been taught are usually of the first
type, for most students, requiring only the appli-
cation of a known algorithm to process a solution.
It is essential that students also have experiences
throughout each grade with problems of the second
type. Generally, these problems should be solvable
by a variety of strategies or by models and tech-
nigques that have not been recently taught or
practised.

» The following should be stressed in connection with
the stages of systematic problem solving:

I Identify relevant and irrelevant information:

‘Read
Understand
Paraphrase
Summarize
List

I1 Identify possible strategies:

Classify information {insufficient, conflic-
ting, extraneous, redundant})

Search for a pattern

Draw a diagram or flow chart

Construct a table
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Estimate {guess and check: improve the guess)
Choose operations and sequence them

Assume a solution and work backwards

Use a mathematical operation, a formula, or
write an equation

Solve a simpler problem {(part of the problem)
Account for all possibilities

Check for hidden assumptions

Make an assumption and draw a conclusion

IIT Consider reasons for the choice of strategy:

Familiarity
Ease of implementation
Efficiency {elegance)

IV Carry out the strategy:

Work with care

Check work

Present ideas clearly

Persist (try, rest, try again, try another
strategy) .

V Determine how good the solution is:

Verify in the problem situation (reasonable-
ness of result)

Generalize the solution to similar problems
Search for a better solution .

Throughout the Intermediate and Senior Divisions,
courses must include planned experiences based on
Type 2 problems, which will strengthen the

students' problem-solving skills summarized above.

While for Grade 7 and 8 we identify the following
strategies for particular attention:

Problem Solving

Emphasis should be placed on the following aspects
of problem solving:

I Identify relevant and irrelevant information:

Read
Understand
Paraphrase
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11 Identify possible strategies:

Classify information (insufficient, conflic-
ting, extraneous, redundant)

Search for a pattern

Draw a diagram or flow chart

Construct a table

Estimate (guess and check, improve the guess)
Choose operations and sequence them

Assume a solution and work backwards

Solve a simpler problem

Make an assumption and draw a conclusion

111 Consider reasons for choice of strategy:

Familiarity
Ease of implementation

IV Carry out the strategy:

Work with care

Check work

Present ideas clearly
Persist

Vv Dpetermine how good the solution is:

verify in the problem situation (reasonable-
ness of results)

Hopefully this will provide sufficient clarity to give a
basis for growth on the part of teachers. The danger
here is that materials (and textbooks) will produce
"false clarity” and translate this material into work
with types of problems to illustrate each strategy,
rather than emphasizing the critical aspect of conscious
selection from a set of possible strategies.

The hope inherent in my last illustration may be the
least attainable, since its implementation will be
influenced more by economic and social concerns than by
actions of teachers.

some background is necessary:

Since 1972 there have been two major programs in Grades
11 and 12 in mathematics in Ontario. One, Foundations
of Mathematics, was developed essentially as a pre-
calculus program. The other, Applications of Mathema-
tics, was developed to provide a general program for
students not intending to take mathematics {or mathema-
tics related subjects) at university.
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One of the major destinations of students enrolled in

the Applications of Mathematics courses should be
Technology or Business programs of the Colleges of
Applied Arts and Technology, however, the perception of
teachers and students, strengthened by the level of
difficulty of many CAAT courses, is that the program is
inadequate preparation for Technology programs, in terms
of the algebraic skills developed. The result has been
an increasing pressure on the Foundations courses to
accommodate students who in understanding and motivation
are better suited for the General Level program.

Taking as a basis, a statement of desirable prerequi-
sites which was endorsed by the Deans of Technology, we
have constructed a program which should provide students
with those prerequisites. The problem is that as long
as there is a pool of Advanced Level graduates to draw
on, it seems unlikely that the graduates of our Mathema-
tics for Technology program will get preferential
treatment for entry into Technology programs. For
implementation of the change we desire, we must see a
dramatic drop in students taking Advanced courses. This
seems to be asking too much of a change in parental and
student expectations in terms of “"keeping the door to
university open®".

My dream is that the Deans of Technology will find the
graduates of our new program so superior in the prere-
quisites they require that they will create admission
policies that will enhance the appeal of the program.
My fear is that we are in a chicken/egg situation and
many students will continue with the new Advanced
programs to the detriment of both themselves and the
program.

I have tried to examine the problem of effective change
in curriculum from the perspective of the development of
Ministry guidelines. Mike Silbert will look at the same
issue from a perspective a little closer to the class-
room, that of a mathematics coordinator for a large
school board.

In my view, intended change can only be achieved through
the modified teacher belief and behaviour which comes
from appreciation for the need for change and commitment
to it. 1In a rational world, this would precede the
development of the "on paper" change, but our systems of
education do not seem to be adapted to such a process
and it is quite clear our world is far from rational!
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REACTION TO CURRICULUM GUIDELINES

A HOPE IN PRINT

By
Dale R. Drost

Before reacting to the presentations of David Alexander and
Mike Silbert, I would like to describe briefly the context
in which which I work in New Brunswick. New Brunswick is a
bilingual province with less than 150 000 students enrolled
in grades 1 through 12, approximately two thi1d§ of whom are
anglophone. The provincial department of education has two
program development and implementation branches, one for
curriculum work in each of the two official languages.

1 am the mathematics and science consuitant for the
anglophone section 0of the department. Along with other
tasks to which I am assigned, 1 am responsible for
overseeing the mathematics and science curricula from grades
1 to 12. 1 attempt to monitor the situation and to keep
teachers content. Silbert‘s notion of a consultant as a
navigator providing information and charting a course based
on the best information and technology available de§cribes
my position; however, due to the wide range of curriculum
offerings in mathematics and science, more time is spent
providing information than charting courses. Ontario is
criticized for not having a permanent staff member
responsible for looking after the interests of Mathematics
on a full time basis. Although New Brunswick has such a
person in theory, the wide range of responsibilities makes
it difficult, if not impossible to do all that needs to be
done in mathematics education.

In New Brunswick, we have three mathematics curriculum
developnent advisory committees to work with the consultant
to formulate and make recommendations regarding mathematics
curricula. There is a committee responsible for each of the
elementary mathematics curriculum, the junior high
mathematics curriculum, and the senior high mathematics
curriculum. Each committee contains members from the
university community, as well as from the public school
teaching community., Teachers form a majority on each
committee.

Whenever necessary, a committee conducts an assessment of
the current program and reviews the aims and objectives.
Input is received from classroom teachers as much as

possible. The statement of aims and objectives is

transformed by the committee into a set of criteria for
evaluating textbooks and other instructional material. .
Following a review of available materials, a selection is

made from those which rate highest upon evaluation. Pilol.
classes are established in several schools to assess furthey
the materials and to identify inservice needs and other
tasks attached to implementing the program.

Based on the results of the pilot projects, the committee
makes a recommendation to a provincial curriculum advisory
committee (PCAC). The PCAC is composed of representatives
of such groups as the school superintendents, the teachers*
association, trustees, and universities. 1If the recommended
material is approved, steps are then taken towards
implementation throughout the schools of the Province. 1f
not approved, the recommendations are returned to the
conmittee for further study.

In theory the process described above provides input into
the curriculum development process from all concerned
bodies. It also allows for curriculum materialis of any
nature, either those produced by commercial publishers or
those developed locally. 1in reality, the various programs
usually are defined eventually by the textbooks which are
adopted.

To a large degree in Canada, the content of textbooks is
defined by guidelines developed in the more populous
provinces, particularly Ontario. Provinces such as New
Brunswick, because of their smaller enrollments and
therefore smaller market, have limited impact on textbook
content and availability.

Recently, after evaluating our general mathematics programs
at the grades 10 and 11 level, a decision was made to search
for new textual materials. Two Canadian publishers had
series available which appcared to meet our needs for the
grade 10 course and had plans to develop an additional book
which possibly could meet our grade 11 needs. However,
because of delays in the production of guidelines in
Ontario, each company has postponed publication of its
additional book until it is more certain of Ontario's
direction. 1In the meantime, we in New Brunswick have
piloted and selected one of the programs for grade 10 and
wait anxjously for the production of the additional book.

To be fair to publishers, they do allow us some input into
their products. Sometimes they are prepared to add a chapter
for us, or provide us with a booklet containing material not
in the main textbook. Recently with respect to chemistry
programs, publishers agreed to make changes to their

programs to make them more Canadian. Although such changes

are often minimal, they are of importance to the success of
the program.
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Silbert comments that curriculum guides with a content
listing as a central feature create difficulties since they
often do not provide a primary focus on the rationale for
the curriculum. Most curriculum guides already provide at
least a short statement of rationale - but do teachers read
it, and if they do, do they abide by it? Most of us here
would agree that statements on rationale for the curriculum,
statements on issues such as calculators and problem
solving, and statements as to specific elements of content
that are to be included in the curriculum need to be
included in provincial curriculum documents. Insurance that
such intents are actually implemented and attained must come
from extensive inservice programs, rather than from the
documents themselves.,

Alexander refers to the problem of preparing students for
post secondary programs in technology in Ontario. We have
experienced similar problems in New Brunswick. Students who
have traditionally enrclled in some techmology programs have
studied general mathematics courses in high school.
Community colleges complain that these students have an
inadequate background in algebra and trigonometry. As a
result many more students are now opting for the high school
academic program to satisfy entrance requirements for
technology programs. To some extent this lowers the average
ability of students in the academic classes and to minimize
failure rates, standards are sometimes lowered. Then
universities complain because students are not prepared. A
catch twenty-twor situation results. In mathematics in most
provinces we have several levels within our high school
programs--levels which allow most students to study
mathematics at a level commensurate with their background
and ability. 1f our programs are to retain credibility,
standards within each level must be set and maintained.

Many problems associated with implementing change in
mathematics are mentioned by Silbert. These include
political constraints, human constraints, school
administrators who lack curriculum training, and teachers
other than those trained in mathematics teaching
mathematics. In New Brunswick, the provincial government
currently is investigating the possibility of extensive
reform in the educational system. Concern has been
expressed that at the secondary level, a single core program
for all students in being considered. Such a decision would
be at the political level and not at the educational level.
The other concerns mentioned by Silbert are also real and
unlikely to change in the near future. Yet, he is
optimistic about curricular change.
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1t could be argued that if publishers arc unable to provide
us with material congruent to our needs, then we should take
more initiatives in developing our own material. For
several reasons, this is a difficult alternative in New
Brunswick. Our population is not only small, it is also
largely rural and spread over a large area. To bring
teachers together is costly and hence not feasible on a
regular basis in the province. Finally, New Brunswick has
tried to maintain the same program for all of its students
with the same basic material used in all schools. In New
Brunswick, development of materials at the local school or
board level to supplement a core provincial curriculum is a
feasible task; development of materials for that core is
much more difficult, if not impossible given current
circumstances.

Silbert asserts that ‘curriculum guides are overrated
documents in terms of impact®’. Alexander adds that 'while
on-paper changes are clearly only a start, they can
contribute to implementation by making the change intended
clear'. In New Brunswick our curriculum documents are
modest ones which provide a brief rationale of the program
and in most cases outline the sections of a textbook which
constitute the content in the curriculum.

My informal observation of what is done in the classrooms of
New Brunswick is that most of the mathematics taught is, in
fact, recommended in the curriculum outline. However,
everything in the outline is seldom done. Notable examples
of this are geometry topics in the elementary and junior
high grades, statistics and probability in our academic
eleventh grade program, and an emphasis on °‘real' problem
solving throughout the curriculum. In other words, in New
Brunswick the intended curriculum is not congruent to the
implemented curriculum. 1 suspect the same is true in other
provinces as well. The document may contribute to
implementation but the impact is limited by the teacher's
perception of what is important.

Alexander elaborates on statements on calculators and

- problem solving that are to be recommended for inclusion in

Ontarjio's curriculum documents. Will such statements make
any difference in the classroom? Will they have an impact?
1 suspect that, although the statements provide general
direction, most teachers will be unable or unwilling to
translate them into specific activities. The number of
teachers who read the statements and implement the
corresponding intended curriculum may be inversely
proportional to the length of the statement.
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Silbert advocates an ongoing rather than a shot-gun approach
to change. HNone of us would disagrec with this position,
yet in New Brunswick, and } suspect in other provinces or
well, the approach tends to be shot-gun. We tend to react
to situations rather than keep them under constant review.
Can it be otherwise with a single consultant responsible for
all mathematics and science programs for grades 1 through
12.

Both Alexander and Silbert emphasize the importance of the
involvement of teachers in all aspects of the change
process. The system must be open, and must also be perceived
to be open, to all of those involved - teachers, pupils,
parents, trustees, administrators. In New Brunswick we
attempt to keep our system open through our curriculum
committees and by close cooperation with teachers’ subject
councils and district professional development committees.
Yet, ironically, those whose views do not prevail see the
system as not involving them. It is difficult, if not
impossible, to keep all people happy with respect to the
curriculum.

How can the intended, the implemented, and the attained
curricula be made more congruent., 1In New Brunswick
beginning in June 1985, there will be compulsory provincial
examinations in mathematics for all students at the end of
grade 11. Will this place teachers in a position where they
must at least cover the intended curriculum? Already some

. teachers complain because of too much material in the
curriculum and too little time. At the same time,
institutions of higher learning complain because students do
not know enough. 1t is possible to make the intended
curriculum congruent to the attained curriculum. 1 suggest
yes, but it will not be eacsy.

The teacher is the key and teachers for the most part need
direction - specific direction. This can be done through
curriculum guides, making teachers aware of the intended
curriculum and the rationale for it. Teachers also need
inservice - specific inservice directed at particular
problem areas. The inservice needs to be more extensive
than is presently often the case to ensure that the intended
curriculum becomes implemented. And finally teachers need
feedback - specific feedback on how they and their students
are doing. Given proper use of this feedback the
implemented curriculum can become the attained curriculum.
And, of course, to do all of this requires funding -
specific funding directed at particular problem areas. That
funding must come from provincial governments.

Silbert claims 'the real challenge is to prepare curriculum
for teachers learning, not student learning'. To a large
extent 1 agree, however we must not lose sight that the
teacher learning must result in student learning. At that
time the 'hope in print' will become a reality.
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CURRICULUM GUIDELINES: A HOPE IN PRINTE

" Panelisi: WMichael R. Sifheri

. In order to put my comments in perspeclive, | fee) that | should share
with you my mandate. As Supervisor of Mathematics for a reasonably large
urban school board, 1 am officially responsible for all aspects of the quality
of program and instruction in Mathematics from Kindergarten through Grade 13
Lhroughout our Jurisdiction. This includes staffing our Mathematics progr ams
as well, While my comments will focus primarily on the consultative aspects
of my mandate -- those aspects which relate to effecting curvicular and
instructional change -- i will be touching, albeit briefly, on issues related
to staff setection,

What is a consultant? Well, I use to have a tom cat. We'd sleep all day
and be out all night carousing and causing a lot of trouble in the
neighbourhood. So | took him Lo the vet and goi him fixed. Now he's only a
consultant!

The following cartoon puts it another way:

“I don't know. My bark isn't worth a damn
and my bite o't worth a damn”

t l.owe a tremendous debt of gratitude to my colleague, Gai! Rappolt, for the
discussions we had prior to the preparation of these remarks and for
germisgion to paraphrase and excerpt from her recent article, "Effecting

ducational Change", in Contact 61 published by the Canadian Studies
Foundation. .
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A ongoang theae an Lhe bitecature on teaching and learning is that
teachiers tend to project theyr own learming style Lhrough the same content aml
welhodology employed o thew own educabion.  If this ¥s so, and my own
observations tend 1o cosroborate Whis, then one of the most difficult dydewnas
facing a consultant Lrying to wplement new curriculum is how to inlerveone
effectwvely in this cycle and help people change.

Often, teachers appear unwilling or unable to change. They seem
determined 1o hang on Lo classroom strategies and evaluadlion practices which
vesult 1a high failure and drop out rates. They hold on Lo these Lechniques
i spite of a hast of theoretical and empirical evidence indicaling Lhat
learning will take place using wmore diverse and excitiang lechniques. The
solution to this dilewna is part of the problem -- our own education. As
Berirand Russell noted in his Skeptical) Essays, “We are faced with a
paradoxical fact that education has bhecome one of the chief obstacles to
intelligence and freedow of thought."! Although it is difficult to break oul
of owr own thinking patterns, we aust try to focus on changing our curriculum
and teaching strategies based on the findings in two areas: curriculum and
learaing theory. lastead of eathusiastic support for these new ideas, )
encounler vesistance and disbelief.

Unfortunately, vather than facing this problem -- and 1t s certainly one
of considerable magnitude -- it is both easier (and safer) to Vash out at an
impersanal, distant curriculum which appears Lo deay the reality of Lhe
teacher that we do have and will continue Lo have 1n our classrooms. One
thing that has gradually become evident to me is Lhat you cannot depend an
your eyes when your imagination is oat of focus, and my own focus, given my
mandate, must be on i1ntervening in an effeclive way wilh teachers 1o help them
recognize and alter those behaviours and beliefs which impede curricular and
instruct ional change.

Ihe problem we face 1s a Lremendous one and the resources are clearly
bunited, Bul constructive change, | believe, 1s indeed passible.

Iminking of the following historical analogy brings the problem 1ato
sharper focus.

Picture an 1an 1a Palos, Spain, August 3, 1492. AL the table beside you
a group of sarlars cun philosophers are talking after several jugs of wine.
It s the evening after Columbus has sailed. The conversalion you overhea
may have gone something Vike this:

First Sailor; *Aay fool can see the world vs flatt”

Second Sarvlor: "The warld may well bhe vound, but arcund here dt's flat."
“1 have read, lNistened to the experts and looked at Lhe
maps and charts -- Lthere 1s po other logical explanation
-- the worbd must be round.*

Ihaird Sarlor;

b Bertyand Russell, Skeplical Essays. (lLondon, 1928), p. 160,

h8

Fourth Savior; “Round, flat or triangular -- finding out won't pul food

on wy léble -- we are all still out of work!™

Over the past ten years | have

come Lo accept that my attempls to

Coavince Leachers to chan

ge Lthew practice, other

dbout as likely to succeed as dttempts to gel cons

than superficially, are
ensus at that table in

Palos. HNote that even sailor

three, who was convinced, was nol on board one

of those shipst

How daes the analogy fit? Like Columbus,
that ideal education is process oriented, addr
styles, recognizes right/left brain dominance

degree that learners believe their own needs are being met.

1 begin with an assumption:
esses several differeat learning
and is individualized to the
The following

figure presents my image of the {DEAL -- analogous to Columbus' ROUND WORLD!

I haven't seen the idez! on a large scale yet,

that it is both desirable and possible Lhat at
shipst

———

but | believe strongly enough
least I'm on board one of the

FROM

Duect 1eaching (students pussive) ————

Class managed as sn entity “
—

Elhcwm:! aintained by wachos thus
discouraying risk and niinimizing chunge

Tune und waditions detenmine what 1s taughy Training

Student yroups smobide

T0
¥ Paruicipatory learning {students ucuve)

Students and teachers devalop responsible
classrooms where risks are encourayed

Studeins and teachieny develop b creative aimd
Challenging envitanment

Needs of siudent, sehool and Cunhunly
deseimine wiat is taught

Figure 1

B Student groups Hexibie

Goals tos Educational Change
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However, as a consultant, | am aware lhat many teachers are still n

Palos, and 1 might add, feel the same way about
one felt about the round world.

mere!y poinls along Lhe continua of knowledge,
Realistically, what possible evidence would the
would suggest the world was round?

my educalional 1deal as sarlor

Given this, I must now be prepar
' : ) s red Lo 2
dismissal of my view of the world and sce the responses of ?he‘fuur Tors &

: savlors as
skills and attitudes.

average saivlor encounter that

Consider how foolish 1t would have been for sailor one to have been op

:g;rd the P?nla. He was (horoughly convinced that the world was flat -- he
no other experience. Likewise, teachers' views reflect their experieace

- e | fr [ Ir 0w educaly ] -
\ . heir own ) . N -
b [§ om the 4] ducatron Ve ¥ ﬂdlﬂg, or from Va-serv lce or



The key, as a consultant, is Lo see the teacher as merely having certain
beliefs at a given point in time (not forever) and to see the consultant as a
navigator providing information and charting a course based on the best
information and technology at his/her disposal. MHowever, Lhe consultant is
not the captain, and thus is critically dependent on information, credibility
and marketing to make her/his case.

But enough of this talk of sailors from a bygone era! This panel is
about curriculum -- “Curriculum Guideiines: A Hope In Print",

What is meant by curriculum? s it, as the Ontario Ministry of Education
suggests, "all those experiences of the child for which the schoot is
responsibie"?Z This definition causes me some personal difficulty as it
suggests that curriculum is a consequence of authority rather than a result of
planned action that arises from a carefully thought out, well-researched plan.
While this 'after the fact' definition certainly suggests that accountability
coexists with authority, it focuses primarily on the implemented and attained
curriculum and not on whalt was intended but perhaps not experienced.

Curriculum guidelines, in the Province of Ontario at least, are vastly
overrated documents in terms of their direct impact on classroom instruction.
These general documents, vague in intent and distant from the reality of the
teacher and the classroom, have little direct impact when compared to learning
materials such as texts and workbooks. Admittedly, the content listing in the
guideline makes itself felt in the classroom indirectly through these learning
materials but, in terms of impacting on the process component of Jearning, the
present gquidelines are abysmally unsuccessful.

One of the profound difficulties with a curriculum which has a content
listing as a central feature, be this intentional or otherwise, is a lack of a
primary focus on the rationale for the curriculum as a framework for interpre-
tation. This lack of focus can lead to significant misinterpretations of the
intent of the statements in the content Tisting and to a course development
that is diametrically opposed to that intended by the guideline developers.
This point was forcefully brought home to me in recent weeks by two
mathematics leaders who have played an active role in the current process and
who are preceived as 'innovators'. It was their belief that the 'caps’
(restrictions) on some of the more traditional arithmetic and algebraic
operations meant that more time was to be spent on these topics -- not less!
They had equated increased specificity in the core content listing with
increased proficiency, or greater mastery, if you like, and greater time on
task.

Documents do not effect change; people effect change. As Cooper and
Petrosky reported on a study made almost a decade ago, "Students’ attitudes
and learnings are directly influenced b; the personal qualities of teachers
and the classroom climate they create.”

2 Ministry of Education, Ontario, Education in the Primary and Junior
Divisions. (Toronto, 1975), p. J.

3 Charles R. Cooper and Anthony Petrosky, "Secondary School Students
Perceptions of Math Teachers and Math Classes", in Mathematics Teacher,

(March, 1976), p. 227.
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The minmmal impact of our curviculum documents on even the implemented
c?vhvculum Is c?early evl@enl in the findinas of the vecent provinSial review
of Malhematics in the senior division and the earty J0's study of "Curvent
Ontario glementary School Mathematics Programs" . Clearly something in the
process 1s not working; what was intended is not being implemented.

Unfortunately, in Ontario, politics has been the signifi ivi
fqrce behind the current set of curricular revisions altaouggc;naoggsvégqthe
first to agree that some of the areas of change are long overdue. This
co§cluslon is only too easily formed. The guidelines for Grades 7 to 10 which
were qeveioped in the early 60's took over 15 years to be superseded and yet
;$V|S|9ns on their successor commenced less than 2 years after they had been

sseminated to the schools. One of the early criticisms that we, as a
writing team had to face, was how we could possibly be changing caurses that
hed not yet been fully implemented. Such an action, while being consistent
with other non-curvicular educat ional thrusts, left some curriculum support
personnel at the local tevel shaking their heads in disbelief of the P

Ministry's . ; : :
process{ apparent lack of respect for the integrity of the implementation

) Ihe‘currlcu‘qm model that, for all intents and purposes, is operational
:n Ontarlg today is the "add water and stir® or “snapshot” (some might argue
slgpshot )'app(oach to curriculum de<ign, development, impliementation and
:ev1ew." This discrete mode) treats the phases of the curriculum cycle as

events” rather than as a series of complex, interrelated processes.

The curriculum process, as a whole, is admi i
i ittedl :
number of environment al con;traints, no{eably: Y operating under a
. Political constraints
. Human constraints (time available, rate of learning)

There is a serious under-resourcin

e i g of the process at both the local and
pro:;ncnal !evels: for example, !here is no one presently on permanent staff
;n ; e Currvculqm Branch of the Ministry whose primary vesponsibility is to
aok after the interests of Mathematics on an ongoing basis.

Another matter of considerable personal concern is th titioni
asseasment, cu(r§culum and instruction. At a time whe: th:rgaz;|:‘g::gg Ozr
for @ccouqlahllity" we should be attempting to develop a symbiot ic 9y
relatlonshlp‘between curriculum, instruction and assessment. It is my
p:rsgsal 2el|ef thag assessment should reflect instruction, and instruction
soggib';e lf:ti:u:;;c:;zgé bg;htthe intent and content, to the greatest extent
p . v that our teachers have not dev
integrated approach to these three aspects of the teachings:ggizizgcgtgzggz'
given the mode? that we have provided? When "push comes to pull® belweén
gurrlculum, which is general, and assessment, which is specific, it is the

atter rhvch rules the day with curriculum taking a back seat! ’when we come
across “exemplary strategies”, do we build them equally into 60[h our
Instructional and assessment repertoires? The answer, qenerally, is no

At the local level,

' there are two additi :
cignif e ional problems that have

impact on effecting curvicular change.
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At the administeative level, many administrators tack the curviculum
training and experience and hence do not have either the tools or the
credibility to convince Leachers that anything but a teacher-centred, rule-
oriented mode of operation will provide them with the necessary security and
stability in the classroom.

At the classroom level, many educational jurisdictions in Ontario have
responded to declining envoliment patterns by establishing a subject-
independent seniority system. As a result, an increasing number of teachers
are teaching mathematics without adequate background in the discipline and
with no formal mathematics education preparation. In our jurisdiction, 10-15%
of our instructional lines are being taught by Lhese "cross-over" teachers
while at the same time, of the 22 probationary teachers in our secondary
schools who recently had their contracts terminated due to declining
enrolment, 7 {31.8X) were teaching mathematics on a full or part-time basis.

Given the present constraints we face, 15 change possible? My answer is
an optimistic, enthusiastic YESI

Clearly what is needed is a dynamic, responsive curriculum process with
an appropriate allocation of resources to support all phases, noteably the
implementation and assessment phases.

How might the “add water and stir" process we now engage in be modified
to optimize the possibility of effective curricular change? Certainly, a more
rational procedure for effecting change would provide for an ongoing rather
than a shot gun process of curriculum development and implementation with
appropriate mechanisims built into the process for monitoring, maintaining and
updating the-curricuium.

Two notes of caution apply here:

1. As with other “sequential systems”, the process 1s bound by its least
effective phase. If inadequate resources are applied in the
implementat ton phase, for example, additional resources in other
phases will neither speed up nor improve the quality of the overall

process;

2. As with virtually all human endeavours, there 1s a “law of
conservation” which governs the currviculum process.

Change must be manageable in amount and pace and should be instituted as
an accepted part of the teaching/learning process. When we are assessing
teacher performance we must go beyond looking at what the teacher knows and
should be asking, “What have you done recently? What have you learned?"

Experience has demonstrated thal most individuals are reluctant, in
general, to change their present practices unless they are forced to do so or
believe that they have something to gain as a result of their change in
behaviour. Two of the strongest non-coercive motivators for change are a
reduction in work load to achieve the same level of output or an increase in

(2

perceived productive outpul for the same level of energy expenditure
these faclors in mind the incentives and vewards for the users of neQ
cursiculum innavations are very dependent on the design and extent of the
support‘provlded on implementation. We must increasingly shift our focus to
develqplng and nuturing intrinsic motijvation to change on the part of teachers
as evidence suggests that “appeal to authority" alone will not work.

Hith

In order for students to derive full benefits from a new curri
teachers need to be prepared through the identification of needs ';Eul:2Fene<s
of the potential of the curriculum to meet those needs and a fam%liarity and
comfort with both the conception and actualization of the curriculum. The
development'of the§e environmental factors is as important as the development
of the curriculum itself. Unless the clients perceive both needs on their

- part and significant benefits resulting from their use of the curriculum, the

cost of the project will not be justified by its benefits.

o !n order to encourage full participation in new curricular developments
individuals and groups must, in addition, perceive that their participation ’
will not be directed against their own interests. The openness of the curreat
process has done much to encourage an active rather than reactive participa-
tion on the part of members of the educational comunity across Ontario.

. d»?qtivalgoh to change, alone, is a necessary but not a sufficient
ondition. Even with a high level of intrinsic motivation th i i
need for training. fre ts sl

If curr!culum Is to be more than just "a hope in print*,
must now be lnvestgd i quality teacher education programs
implement the curriculum that has been developed.

time and money
In order to

For those who wish to design better curriculum,

S the real challenge :
prepare curriculum for ge e o

teacher learning, not student learning.

That this wil) be done effectively is my hope!



CANADIAN MATHEMATICS EDUCATION STUDY GROUP

June 1934 meeving (WaTERLOO)
REPORT TO PANEL ON
THE IMPACT OF COMPUTERS ON UNDERGRADUATE MATHEMATICS

Panel on the impact of computers on undergraduste mathematics
Chairman: Peter D. Taylor (Queen’s)

At the June 1982 meeting of the CHESG one of the working groups, led
by Tony Thompson and Bernard Hodgson, explored the impact of computers on
undergraduate mathematics education. The group felt ite deliberations to
be rather successful, and at the following meeting, in June 1983, Bernard
and John Poland sat down and prepared a paper which they published in the
November 1983 edition of the Notes of the Canadian Math Socfety.

At the June 1984 meeting of the CMESG, the topic was agaln pursued
with a panel chaired by Peter Taylor. The three paneiists were John
Poland (Carleton), George Davis (Clarkson) and Kelth Geddes (Waterloo).
John spent 15 minutes highlighting the paper referred to above, in
particular, addressing the question of how thé cuirent undergraduate
curriculum might be modified to take advantage of (or be enziched by) new
developments in computer hardware and software.

George Davis is a mathematics teacher and Professor of Educational
Development at Clarkson University. He is instigator, architect and
administrator of the much talked about Clarkson scheme whick puts a
microcomputer into the hands of every entering freshman. He presented
some of the philosophy behind and detafls of the scheme and then gave a
number of pedagogical examples from hie lab courae in mathematical
modelling. He has kindly prepared a digest of his presentation, which is
appended.

Keith Geddes {s Associate Professor in the Computer Science
Department at Waterloo. and works with algebraic algorithms for symbolfic

computation. He 18 currently involved in the implementation of MAPLE, a
language suited to exact manipulation of matrices and functions. 1In his
presentation he described the central features of this language. It aima

to provide software which can be easily used by undergraduate students on
microcomputers, and which will manipuiate and factor polynomials,
differentiate and integrate functions, and manipuiate matrices, all with
rational arithmetic. He hopes to have a version avatlable in 1-2 years.

Ol

Appendix A Microcomputer for Every Student

A. George Davis ~ Clarkason University

Clarkson University has an undergraduate enrollment of approximately
3300 atudents and a graduate entolliment of nearly 300. Of the under-
graduates 631 are engilneering students, 20% are science studente and 171
are in management studies.

In the spring of 1982 the President assked the faculty to submit
proposals for "“peaks of excellence” in undergraduate programs. In the
broad comuter area three proposals were submitted:

(1) hardware for computer labs for majors

(2) =& retraining institute for solving the shortage of college level

computer sclience instructors.

(3) a microcomputer for every undergraduate.

Given the nature of our fnstitution these were all natural propoeals end
by October 1982 the Board of Trustees was persuaded that the funding of
these proposals would creaste a "peak of excellence” in education.

I will concentrate on the microcomputer proposal since it was mine.
The heart of the proposal was to require each atudent to have a micro-
computer (one specific model to be chosen). The student would upon entry
pay a fee for maintenance of the computer for the 8 semesters in attend-
ance. At the conclusfon of the four years the student would be given the-
computer but until that time the University would maintain ownership. The
program was to be phased in over &4 years by providing computers for each
first year clase. Thus, the fnstitutfonal investment in dollars would
level off after 4 years. The program beganm in the fall of 1983 so we have
completed one year of experience. The faculty who were to teach freshmen
courses in the fall of 1983 were provided with a computer in December of
1982 so thst they could have lead time to develop material for their
coursen that relied on the computer. Since every student at Clarkson is
required to take a course in computer programming some use was guaranteed.
The biggest use outside of these courses was in the humanitfee course
vhere word processing was widely used. Broad use of computer based
tutorials was made in the basic phyaics course where the professor pro-
duced some 30 tutorials and etudents produced approximately 200 tutorfal
lessons. These tutorials were distributed through the currfculum support
area of the Educational Resource Center. The major question facing us now
ag we prepare for sophomore courses and beyond s "How do we make certain
that we don’t have horseless-carriage courses?”. By that I mean the micro
should not only fnfluence how we teach but also what we teach. Resal
thought needs to be given to what should course content be wow.

To that end let me describe my experiment with a mathematics
laboratory. This course was started 4 yeare ago with one wicro and 10
programmable calculators. 1Ite basic thesis is that {nteresting problems
are investigated now - not the traditionul approach that you can only look

at them after you have taken courses A, B, C, etc.

Programming s not the emphasis - but the development of mathematical
models ie the focus. Sfmplie prograsme that are easy to alter are used to



fuvestigate the lmplications of the models and the predicted outcomes are
checked with the real world pheoncmena.

Thie past year among the projects investigated were:

(1) A practical now-euclidean geometry with fmplications for city traffic,
robotice and {aformation etorage. lMere at first a rectangular pattera of
"streets" was essumed and all polnts were considered, not just "street-
corners" 88 in "taxi cab geowetry". Questions addressed the nature of
"stralght lines", perpendicular bisectors, etc. Some of the better
students investigated similar questions for a radial pattern of setreetsa.

(2) Exponential decay or growth. Here one of the goals was to get
students to guess at a closed form of the solution.

(3) Pendulum. This was investigated after the answer for the period of a ]Iyilg_fﬂgyyi_k
simple pendulum had been developed in their physice course assuming small

oscillations. Questions addressed include "How small 1s small”, how long

wust arm be in order to just detect a 5f change 1n gravity - different

answer for different initial angle?, interaction of precieion of time FAMOUS PROBLEMS IN "ATHE"ATICS
weasuring device with the above queation. My question 18, given the tools

now available why do we do the "“small ocscillation" work at all? AN OUTLINE OF A COURSE

(4) Mechanice. (a) The Elight of a baseball. Questions include how A BY: 1ISREAL KLEINER

should the batter behave differently in Fenway Park, alr is heavy - DEPARTMENT OF MATHEMATICS
tmpact?, the complex job of getting under a fly ball, how to throw balls YORK UNIVERSITY

to home on the fly or bounce? (b) Advantage of being tall in basketball -
aside from rebounding.

(5) Length of Arc. (a) Length of first arc of the sine curve. Interesting,
here studeats don’t belleve the answer because when we draw sine curve we
rarely use the same unit of distance on each axis. A chance to
investigate mathematical theory when outcome conflicts with fintuition.

(b) length of an ellipee

(6) Moonte Carlo Methods.
(a) Buffon Needle problem
(b) arc length of an ellipse
(c) logaritha
(d) why did using average radius of ellipse work well for arc length

but £ail for area’ (a model question)

(7) Randow numbers (central limit theorem)
' (a) shuffling a deck of cards
(b) energy statee in atomic chemfstry and physics

1 will spend some of my summer working out new queations to 1llust-
rate these same concepts 60 1 won’t be tempted to short cut investigations
but be truly as tnvolved as the studeants in the wmodel work. In some way I
will, get my questions anywhere - Sclentific American, todays newspaper,
the gambliang table, etc. ... )
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CANADIAN MATHEMATICS EDUCATION STUDY GROUP
June 1988 meeving (WaTeErLoO)
REPORT OF Topic sroup (L)

Famous Problems in Mathematics: An Outline of a Course

israel Kieiner, York University

This is a one-semester course at the Jrd year level offered in the
department of mathematics at York University. (Some technical detalils about
the course are given at the end.) It is not a course In the history of
mathematics, but it has a significant historical éomponent. In fact, one of
the objectives of the course is éo make students aware that mathematics has
a history, and that it may be interesting, useful, and important to bring
history to bear on the study of mathematics.

The course tries to legitimize in the eyes of students the point that
it makes sense to talk about mathematics in addition to doing mathematics;
that it makes sense to deal with ideas in mathematics in addition to dealing
with "mathematical technology”. In brief, the course attempts to make
students more "mathematically civilized”. (The phrase in quotes {s the title
of a "letter to the editor” written by Professcr 0. Shisha; it appeared in
the A.M.S. Notices, v.30 {(1983), p.603).

Before dealing with the so called "famous problems”, let me 11st some

ideas or themes which I try to pursue in the course, with brief indications

of intent:

(a) The origin of concepts, results, and theories in mathematics.

]

A relevant major theme of the course is that “concrete" problems often give

rise to abstract concepts and theories.

(b) The roles of intuition and logic in the creation of mathematics

Students often see only the logical side of the mathematical
enterprise. But, in the view of Hiadamard, "loglc merely sanctions the

conquests of the fntuition”. History often bears him out. On the other

hand, there were times in the evolution of mathematics when logical’

rather than intuitive thinking was the creative force. (The creation

(c)

()

(e)
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of sou-Eactidean geometry and set theory are prime examples.)  For
the working mathematictan there {5, of course, an oungoing interplay

betwcen intuition and logic.

Changing standards of rigor in the cvolution of mathematlcs.

The concepts of "proof” and "rigor"” fn mathematics are not

absolute but change with time. Horeover, the change I8 not necensarily

from the less to the more rigorous - there are fluctuntions in atandards
of rigor. 1In fact, T think that what we are witnessing nowadays (both
pedagogically and professionally) is s reaction against the strict rigor

and abstraction which have dominated mathematics for much of this century.

The role of the individual in the crestion of mathematics.

Thg socioclogical theory concerning the development of mathematics
can be summarized succinctly and poetically by the following statement
of J. Bolyat: "Mathematical discoverfes, like springtime violets in the

woods, have their season which no human can hasten or retard.” At the

same‘}lme, the discoveries are made by humans -~ humans with personalities,
passions and prejudices vhich sometimes have a bearing on the mathematics
they create. (Ganéor is a case in point.)

Hore generally, the intent i3 to pay attention to the creators as
well 2s the creations of mathematics (l.a., the humnn drama in the creation

of mathematics).

Hathematics and the physical world.

The relatfonship between mathematics and the physical vorld is a

longstanding one. 1t has enriched both mathematics and our understanding

of the physical world. Moreover, our view of this relationship has

‘hanged over time (especially in the 19th century). WUitness the following



)

(g)

x

69

words of Whitehead: “The paradox 1g wow fully established that the

utmost abstractlons are the true weapous with whilch to control our
thought of concrete face.™
The "relativity of wathematics®.

By this | wean that mathematical truths are not absolute but
depend on the context. For exsmple, the statement "If a + b = a t ¢
then b = ¢ 18 true tn the domaln of, say, rcal or complex numbera
but false in the domatn of transfinite numbers. Again, the equation

2 + 1 = 0 has no solutions in the domain of real numbers, two

solutlons ta the domain of complex numbers, and fnfinitely many solutfons

1h the domaln of quaternfons.

Mathematics - discovery or faventionl

This question arises more or less naturally in counection with
varfous mathematical developuwents in the 19th century uhich are dealt
Horeover, one need not opt for one characterization

with-fn the course.

Davis and Hersh (in their book The Mathematical Experience)

or the other.

suggest that the typical working mathematicifan is a Platonist on weekdays
and a formalist on weckends {thus viewing mathematics at one time as a
discovery and at another as an invention).

Remark

The above themes are, of course, of major Importance in the history
and philosophy of mathematics, and one can not treat them exhaustively in
a8 one-gemester course.
vather are

they are not dealt with one by one (as listed above), but

discussed in the course of dealting with che “famous problems”. So much

They are, however, central to the course. Morecover,

/0

for the snderlylog chemes.  Now to (e "problema”,

The content of the course g flexible and one can choose the
problems wore or less as one pleases. lere are some of my cholces.
They are dictated by persounal taste, by the level of the course, by
the fact that the subject matter of the problems 1s usually not dealt
with tn the standard cuurse?. and, most fmportantly, by the relevance
of the problens to the themes which I am trytng to expound.  (You wil}

note that “problems" are interpreted quite broadly.)

Diophantine equations

2 2 2 2
e.g., x +y =2z°; x" + ’2 - z; xz + 2= y]; xn + yn ~ zn, n> 2,

The common threaq tn the four equatlons 1s that one embeds concrete
questions about integers in a theoretical (algebraic) framework of unique
factorization domains (e.g., xz + y2 - 12 ylelds (x + yi)(x - y1) = 12

an e?ua(lon in Caussian Integers). Once developed, the theory bears on
the solutfon of the councrete problems one started with. (The story of
Fermat's equatlon 1s more complex.)

Such questfons gave rise to a new branch of mathemacics, namely

algebralc aumber theory and, in particular, to such concepts as unique

factorizatfon domafn, tiag, field, ideal.

Distributfon of primes among the fntegers

'E \ ”" L1}
Wlere one embeds “practical questions about Integers fn the

theoretical framework of analyets. The starting point i{s Euler's fdenttey

P - W

[]
[Lind B p prime

-1
-8
(-p7) » 8 any real number > 1, wlifch
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Fuler used to plve an alternate prool of the fofluftude of primes

and to show that the primes nre {(ln some sease) “dense’ among the

Li/p diverges with £ 1/n s cf. the
p prime n Integer

I t/p
p twin prlme) :

use of analysis in number theory and led to analytic number theary.

Integors (I.e., that

convergence of This was the flrst instence of the

Othetr problems considered are prime-producing formulas (e.g.,
Fermat & Hersenne primes, the Matijasevich polynomial, Dirlchlet's
theorem on primes {n an arithmetic progresslon), the Prime Number
Theorem, and the Riemann Wypothesis. 4.
ngglg_gg_floblems iand 2
In addition to providing 1liustrations of some of the themes
mentioned above (e.g., (a), {(b), (e)), the study of Number Theory,
as exempiified in the first two probiems, sheds light on the following
points:
(1) "Simplicity” in mathematics s complex (there is an abundance
of "simple” questions to which there are, as yet, no answers).
(11) To study problems in a given syskem (1n this case, the integers) >
it 1s often very helpful to enlarge the system (a recurvent
themelin mathematics).

(111) The role and limitatfons of the computer fn mathematics.

Polvnomial equatfons

The cubic, the quartic, and higher degree equatfons.
Students think that it was the quadratic equation (e.g., xz +1-0)

which led to the introduction of compiex numbers. This 1s not the case.

In fact, it was the cubic vhich gave rise to complex numbers. The “why"

‘at Cambridge University around 1830.

and "how' of this "story” are explored.

evolfutfon, and acceptance of a "mathomatical system™,

Some fndlication s glven of how the study of permutationa of the
roots of a polynomital equatfon elds in the study of solutions of the
cquation - an fmportant source of the rise of the group concept.

This problem {llustrates themes {(a}, (d), (e), and (g}.

Are there numbers beyond the complex numbers?

The answer depends on what we mean by "numbers”. We explore

the historical evolution of the varfous number systems {indicating

galns and losses at each stage of the evoluttonary process), and then
fntroduce the quaternions and the octonfons (Cayley numbers), {ndicating

This problem i1lustrates themes (a), (b}, (d), (e), (f), and (p).

Why s (-1)(-1)=11

This is an instance of the general problem of the (loglcal)
justification of the lawe of operation with negative numbevn. It
became a pressing pioblem (for both pedagogical and professfonal rennonsg)
Feacock and others set themselves
the task of resolving this problem by codifying the 1nus of operation
uith numbers. This was perhape the esrifest fnstance of axfiomatics in
The seeds of “abstract algebra” that emerge here are:

algebra.

(1) The manipuiation of symbols for their own sake (80 called symbolical

algeben); Interpretation comes iater.
{(11) Some freedom to choose the laws obeyed by the symhole.

The problem fllustratea themes {a), (h), and (c}.
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Remark on Problems 3, 4, and 5.

Problems 3, 4, and 5 come from algebra and are an fadication of
the transitfon from “clasaical” algebra (the study of polynomfal
cquatlons and laws of operation with "numbers") to "wodern” algebra

(the study of axfomiutic systems).

Euclid's parallel postulate.

This problem gave rlse to the creation of non-Euclidean geometry,

the re-evaluation of the foundations of Euclidean geometry, and the

study of axfomatics. It is an excellent toplc for ralsing Interesting
1ssues (e.g., what Is wathematics?) and, in particular, addressing all

the themes (a) to (g) mentioned above.

Uniqueness of representation of a function in a Fourler series.

developments in mathematics. The problem of unique representation was
addressed by Cantor and this led him to the creacion of set theory and

the clarifficacion of the concept of the (actual) tafinfte.

and transcendental numberg.

This §s au excellent topic for 1llustrating themes (a), (b), (4),

(f), and (g).

Paradoxes in set theory.

Varlous approaches to resolving Russell’s paradox concerning the

set N = {x:x¢ x) led to different axfomatizations of set theory in the

7

eavly 20th century.  (e.g., Russell‘s theory of types forblds asking
1€ NEN; the Zermelo-Fraeukel theory forblds the formatfon of N; the
voa-Neunann-Gldel-Bernays theory classifies N as a class but not as a
set.)

Among other causes, these axiomatfizatlons led to vartous

phitlosophiles of mathematics (logicism, formalism, fntultfonism),

The problem helps illustrate themes (a), (b), (c), (d), and (£).

Consistency, Completeness, Independence.

Here we study the continuum hypothesis and, especially, Gldel's

theorems and thelr fmpact.
These matters {llustrate themes (b), (¢), (£f), and (g).

Remark on Problems 6, 7, 8, and 9.

In addition to 11lustrating the various themes as indicated, these
problems relate to questions in the philosophy of mathewacics, and

especlally to the fundamental question about the nature of mathematics.

Notes

(1) In & oue-semester course one can deal with only some (at most six)

of the above nine problems.

(11) No textbook s used. However, many references are glven and studeats,
are expected to go to the library and read some of thenm!

(111) The prevequisites for the course are any two mathematfcs courses.
Students vith oaly this minimum prerequisite are asked to take concurrently
at least one or two more mathematics courses. (One is looking for the

elusive quality of “mathematical maturicy".)
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(1v) The technfcal aspects of the course (which constitute about /3

to 1/2 of the course) are not very demanding. Many students, however,
find the intellectual aspects demaunding. To deal with idcas in
mathematics, to be asked to read independently in the mathematical
1{terature, to write "mini-essays", are tasks which mathematics students

are not - but should become —~ accustomed to.

Other Problems
Here are a few more problems (technically somewhat 'more demanding)

which may by considered in such a course.

a) The KYnigsberg bridge problem; the Euler-Descartes theorem for
polyﬁedra; the Four-colour theorem; (motivated the development of
graph theory, topology).

b) Measurement - length, area, volume; (motivated the development of the
integral).

c) "Exotlc" functions; space-filling curves; (motivated the rigorization
ard arithmet{ization of analysis).

d) Isopeiimetr%c probléms; other maxima and minima prcblems; (motivated
the creation of the calculué of variations).

e) Aspects of Fourler series; (led to a re-evaluation of a number of
fundamental concepts of analysis such as function, integral, conver-

gence).
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INTELLECTUAL RESPONSIBILITY - A HISTORICAL APPROACH
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DEPARTMENT OF MATHEMATICS
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/!

CANADIAN MATHEMATICS EDUCATION STUDY GROUP
June 1984 meeTing (HaTeERL0O)
REPORT OF JoPIC GrROup  (H)

INTELLECTUAL RESPECTABILITY - A HISTORICAL APPROACH
ABE SHENITZER, YORK UNIVERSITY

In wy talk I described three courses® that 1 have taught in recent years at
York University. Each of these courses has considerable and historical
components. 1 also mentioned a mmber of recent books that could help
teachers devise "intellectually respectable' courses.

* Cowrse 1 A topics course that centered on a nunber of major mathematical

issues.
Course 2 Largely a course on the history of the calculus stressing the
thematic and genetic approaches.  (Main text: C.M. Edwards, The
- Historical Development of the Calculus, Springer-Verlag,

Course 3 Issue (1). Klein's view of Geometry illustrated by the Study

of Euclidean, sinmilarity, affine and projective geometrics.
Issue (2). Mlyperbolic geonctry and the impact of its discovery
on mathematics.

19797y
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COURSE 1
A topics course in Mathematics*
I intvoduced this course into a program of fered by the department of nnllunutus
at York University and intended primarily for in-service teachers.
‘Ihe following major topics were covered in 1982-83.
1.  The evolution of the maber system. (The discussion included a
comparison of the contributions of Eudoxus and Dedekind, and consideration
of major shifts of viewpoint.)
2. The Method of Archimedes.
3. Some Greek constructjon problems and their modern algebraic solutions.
4. Kepler's law and Newton's Law of Universal Gravitation.
S.  llyghens* cycloidal clock ( This was intended as a simple demonstration
of the power of the calculus and of the importance of the idea of

curvature.)

6. Minima and maxima. From the isoperimetric problem to the calculus

of variations.
7. The discovery of hyperbolic geometry and its intellectual implications.
8. Geometry, peomctries, and Klein's Erlangen program.
its genesis and impact of mathematics.

9. Fourier's series -

10, UHilbert's thivd problem.
of vohume.)

(The impossibility of an elementary theory

1. “I,LCI[JII\()’ as progress.
Godel. )

(Comments inspired by some of the work of

* Adctailed description of the cowrse and of the topics listed above has
appearcd in volune 30, issuc 2/1984 of the German journal lier Mathematihntervicht,
published by Fricdvich Verlag Velber, 3016 Scelze 6, West Germany.

For an English version write to: Abe Shenitzer, l)cp:nu“cnt of  Mathemiatics,

bownsview, Ontavio, Canada  M31 1P3
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Remark

When 1 teach this course in 1984-85 1 shall call the attention of

student lecturcers to new possibilities. Specifically, topic 4 on

.Kepler and Newton could profit from the inclusion of relevant

material on Einstein along the lines of splendid two-page essay in a

first book on physics by A. P. French {see next page). Topic 1 on the
evolution of the mmber system could profit from the inciusion of material
on quaternions and octonians. As for new topics, | would tike students

to discuss:

(a) Infinitesimals from_Leibniz to Robinson.

{(b) Comic sections in Greek geometry, in astronomy and in 19th century
geometry.

(c) Some aspects of the evolution of projective geometry in the 19th
century, (More explicity, how projective geometry became an independent
discipliney)

(d) Euclid's classification of irrational ratios in Book X of the Elements
and the modern classification if irrational numbers.

80
COURSY 2
A course in the history of mathamtics
The Greek roots of the calculus and of geometry and their subscequent evolution.

Last year 1 taught a course in the history of mathematics that centered on

the history of the calculus but included a discussion of some aspects of

the evolution of geometry. The approach was thematic and genetic. 1 relied

to a large extent on C. 1. Ldward's The historical development of the calculus®
and on the relevant parts of a recent Russian series of books on the history
of mathematics. The main topics discussed in the course were:

a. The wots of the calculus in the works of Archimedes and Fudoxus.
b. Philosophical continuation in the 14th c. (Oresmes, etc.)
c. Technical continuation in the 17th c. (Cavalieri, Descartes, Fermat ctc.)

d. Creation of the apparatus of the calculus by Newton and Leibniz. A critical
comparison of the approaches of Newton and Leibniz to the calculus.

e. Newton's role in the emergence of differential equations as the core of
the calculus and in the growth of mathematical physics. Determinism.

[. Infinitesimals from Leibniz to Robinson.

g. Euler's introduction of the study of functions as an important

concern of the calculus.

h. Fourier's series and its impact on mathematics: (1) impact on the function
concept, (2) impact on the concept of the integral, (3) impact on
mathematical physics, and so on.

i. The contributions of Cauchy, Riemann, Weierstrass and lLebesgue
to the development of the central concepts of the calculus.
j. Fudoxus and Dedekind. The arithmetization of analysis.

k. The axiomatic mehtod. Fuclidean geometry and geometry in the 19th c.

* Those unfamiliar with Fdward's book might like to know that it is a wnigue
combination of hard-to-come-by computational material and cxcellent critical
analyses.
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EINSTEIN®S THEORY OF
GRAVITATION

(A.P. French, Newtonian Mechanics)

We have deacribod eurdiar ‘haw Newtoa socogaleed that the
~ropartionality of welght ta Incotlal mass ls o fact of fundamental
~ignificance; it playcd a contrul soka da keuding him lo the con-
* usion thut bis law of gravitution must b & goncrul iw of
saturc. For Newton this was a stiictly dynamlcal sesult, cx-
wessing the basic propertics of the force law. But Albert Einstcin,
:n 1913, looked at the gituation thiough new cycs. For him the
fact that sl objects full towand the sarth with the same sccclers-
tion g, whatever sheir size or physical state or campasition,
-implicd thag this maust be in some truly profound way & kinematic
o¢ gcometrical scault, aat a dynamical ons. He scgarded It a3
being 0n & par with Galilco's law of incriia, which expreased the
rendency of abjects to peralst in straight-line metion.
Building on thesc idcas, Einstcln developed the theory that
« planct (for cxample) follows its chatacteristic path around the
sun because In so doing it Is traveling slong what is callcd »
svodesic linc—thal is to say, the mos cconomical way of getling
from onc point to saothcr.  ils proposition wus that ulthough
i the abscnce of masive objects the geodasic puth is u straight
iinc in the Euclidcan scnsc, the prescaca of aa estrenicly massive
abject such a3 the sun modifics the geometry focally s0 that the
gcodeaica become curved linca. The state of sifuins in the vicinity

of a massive abjoct i, in this view, to be ntcrpretcd not in ten
of s gravitational fickd of force but In keaus of & “curvature «
spacs™—s fucila phiuse that covers aa abstract aad makh
smatially complex description of non-Euclidean geometrics.
For the most part tha Einstsia theory of gravitatlon gin
results Indistinguishabls rom Newion's; the graunds for po
ferving It might sccm (0 bo conceptusl rather than praacica
But in onc cclebrated instanca of planctary motions thece is
scal discrepancy that favqes Einstcin's theory. This is in ot
so-callcd “precession of the periticlion” of Mercury. The ph
nomenan is that the orbit of Mcrcury, which Is distinctly ¢
lipticel in shaps, very gradually rotates or processea In lia ow
plaae, 0 that the major axis is along & slightly diffcrcat dicccio
at tho cud of cach complete sevolution. Mot of this preccssio
(smouadag to about 10 minutcs of are per ceatusy) caa b
undesstood la teruts of the disturblag cliccts of the other planct
according ta Nowtoa's law of graviiation.® But thers remeias .
tiny, obstinate resldual sratatioa oqual ta 43 scconds of asc
ccatury. The attampis 80 explala B on Newtonian theory—fa
exsmple by postulsdag aa unobscrved pladet Ingide Mercusy
awn orbit—sll cann o grkf by confliciing with other facts o

. abycevation conccming the solar system. Einstcin's thoory, o

the othes hand, without the use of sny sdjustabks puramcicn
Ikd ta s calculatcd precession rete that agreed cxacily wid
obscrvation. Mt corresponded, in effect, to the existcacs of 8 ver
small forcs with a diffcrent dependence on distance than the
dominsnt 1/r? force of Newion's theory. The way in which
distusbing ciccr of this kind canses the orbit o process is dis
cussed in Chupier 13, Other empisical modifications of th
busic law of gruvitation—small depastures from the inversc
squurc law—Hhad beea tricd beloro Einatcin dovelopal his tcory
but spurt from thcic arbitrary charmactcs they also bed 0 fulx
predictions for the other plancta. In Einstein's theory, however
it cicrged automaticully that the sizc of the disfusbing term wa:
propastional 10 tha square of tha angulur wlocity of U plunci
snd honcs was much more important for Mcroury, with ii
short period, thun for sy of the other plaacts.

The epperut st of lon as viewod fom thve curth bs actually
sbout 1.5 por contury, but mosd of this ks duc 1 d contiauous changs io
the dlioction of the carth’s oww axis (the precession of tha equinoncs — scc
Chagier §4).
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COURSE: 3

A Course in Geometry

Last ycar | taught a geometry course which could be
described as an introduction to the geometric tdeas
of Klein and a discussion of the discovery of
hyperbolic geometry and its revolutionary effect on
mathematical thought. I regard this material as

very well suited for producing ihe mysterious side
effect known as "mathematical maturity". (Groups
come to life and so do invariants. llistory becomes

a history of ideas rather than a chronicle of equally
insignificant events). The materials I used included
a Swiss high school text on transformation geometry
(out of print!), * a sketch of the history of the
parallel gostulate and of the discovery ot hyperbolic
geometry ,®an essay on the significance of the discovery
of hyperbolic geometry¥ and a proof of the consistency
of the axioms of plane hyperbolic geometry (the
Poincare model). &

Max Jeger, Transformation peometry, Allen §
Unwin Ltd., 1966

€ Introduction to Kelley § Matthews, The non-
Euclidean hyperbolic plane, Sprinper Verlag.

+  Guillen, Bridges to antinity, J.p.
pp. 105-115.

Tarcher, Inc.,

& Moise, Llcaentary gbmnclry from an advancad viewpoint,
Addison Wesley, 1963, ch. 25.
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A few books of use in developing similar courses

A few recent books with substantial critical and historical components
could be used to develop a course in mmber theory. The books
I have in mind are:

.M. Fdwards, Fermat's lLast Theorcem.
Weil, Number Theory. An Approach through ilistory.
Scharlau and Opolka, Von Fermat bis Minkowski

The brand new German series of books called Grundwissen Mathematik
(published by Springer; volumes 1 and 2 are out and Tour more

volumes are promised for 1984') may help one develop similar courses in
other areas.

als



