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INTRODUCTION

Dr . Li sa L uPresident, BI&SCIGCEDM
St. Francis Xavier University

Thank you, Regina! We returned to arpierson annual meeting in 2023 following three interrupted years. It was so
wonderful to be together again and to catch up with old friends and make new friends. Both our scientific and social
programs left our heartand minds filled. Our plenary speakers both discussed ideas relating to mathematical
modelling, Dr. Jennifer Suh addressing this idea from her research with young children, and 8neMydgiom

exploring this idea from her work as a research mathematBth talks had me wondering about what we teach in

Ki 12 and possecondary mathematics and whether we are still teaching the kinds of mathematics children need to be
learning. When plenaries challenge the very nature of mathematics education, | believe that makes for a great
conference. Ouworking Groups also dug deeply into their respective topics and the working group summaries, as
always, made me wish | could have been in all of these sessions. We were also inspired by some amazing topic session
spealers and five new PhDs. We are grateful to have their ideas and words documented in these proceedings.

| want to thank the executive who have worked so hard over the past year to make this meeting happen. Securing
speakers and working group leaders is a complex and often challenging task. Our executive spends many hours
throughout the year ensuring everyitiis in place for this event. We were pleased to see thlecgons of Limin

Jao as membatlarge and Alayne Armstrong as treasurer. They work hard for our team. Both Edward Doolittle,
memberatlarge, and | were continuing in our roles this past.y&dditionally, coopted members Jhonel Morvan and
Jeanne Koudogbo, rounded out our team. Together this team managed the scientific program while our social program
was organized by the amazing local organizing committee of Kathy Nolan, Gale Russell, Edwofittte, Alayne
Armstrong, and their team of helpers for such a-eajknized conference. We particularly note Alayne and Edward
doing double duty on both the executive and the L@tghanizingCommittee.

Following our meeting this year both Alexandre Cavalcante and SabémantHoffered to take over the roles as
newsletter editors, replacing the outgoing Sarah DuFour and Robyn Rutt&dzengwho did wonderful work over
the past four years. This is such an important role that allows us all to stay connected -amfdrnwedt in between
meetings.

Thank you to the University of Regina, the Faculty of Education (U of R), First Nations University, and PIMS for
their generous support of this meeting.

Finally, | want to thank all members of our wonderful CMESG community who came and gathered again and shared
ideas, laughter, joy and even a few tears. Our community is strong because we truly come together to learn and laugh
together.

Merci Reginal Apr s trois ans ddéinterruption, nous sommes r e
Co®t ai t merveill eux de se retrouver, de revoir de vi
scientifigues et s ociespits. Nosednféreneiengeh séanocelgéniere ont tous deextabondé s

des idées liées a la modélisation mathématique. La Dre Jennifer Suh abordant cette idée a partir de ses recherches avec
les jeunes enfants et la Dre Mamie Ngom explorant cette idée atrade son travail en tant que mathématicienne

chercheuse. Ces deux expos®s mdont amen® ~ mbébinterroge
enfance jusqubéau postsecondaire et 7 me digueagualesr s n
enfants devraient apprendr e. Lorsque |l es pl®ni res re
mat h®mati ques, je pense que <ceci est signe dbdune exce

Vii



CMESG/GCEDM Proceedings 20 23 - Introduction

approfondi |l eurs sujets respectifs et |l es r®sum®s des
avoir pu participer a toutes ces sessions. Nous avons été inspirés par des intervenants extraordinaires lors des sessions
thématiquestegar cing nouveaux docteurs. Nous sommes reconnaissants pour leurs idées et leurs paroles documentées
dans ces actes.

Je tiens ° remercier | es membres de | 6ex®cutif qui ont
runi on puisse avoir 1|ieu. La recherche de conf ®renci e
et souvent difficle Notre comit® ex®cutif consacre de nombreuses
tout soit en place pour cet événement. Nous avons été heureux de voir les réélections de Limin Jao en tant que membre
actif et doAl ay n eésdiéreities travaillent faet pourt natne équipeuBelwatd Doolittle, membre

général,etmen® me avons continu® " assumer nos fonctions | 6dan
Morvan et Jeanne Koudogbo ont complété notre équipe. Ensemble, cette &quipeen charge le programme
scientifiqgue. Le programme social a quant ° |l ui ®t® or (
Kat hy Nol an, Gal e Russel |, Edward Dool i tudntpermiuneay ne Ar
conf ®rence si bien organi s®e. Nous soulignons tout par
comit® ex®cutif et au comit® dbéorganisation | ocal

Suite a notre réunion de cette année, Alexandre Cavalcante et Safiona bint proposé de prendre en charge la
r®daction du bulletin déinformati on, -Roenrqéompaccarcph ment d
un travail remarquable au cours des quatre derni res a
de rester en contact et bien informés entre les réunions.

Merci 7 | é6Universit® de Regina, ~ la Facult® ddé®ducat.i
leur soutien généreux pour cette réunion.

Enfin, je tiens a remercier tous les membres de notre merveilleuse communauté GCEDM qui sont venus et qui se sont
réunis a nouveau pour partager des idées, des rires, des joies et méme quelques larmes. Notre communauté est forte
parce que nous nous réumiss pour apprendre et rire ensemble.

Thank you / Merci,

Lisa Lunney Borden
President CMESGPrésidente du GCEDM

;‘i‘\

PIMS
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CULTIVATING JOY, WONDER AND POWER THROUGH
COMMUNITY-BASED MATH MODELING

Jennifer M. Suh, PhD
George Mason University

ABSTRACT

This plenary talk detailed a process for designing community based mathematical modeling tasks where
mathematics educators and teachers collaborated cnreating tasks. Communityased Mathematical

Modeling has the power to catalyze change by focusingudding awareness of social issues and using

mathematics to take action. Educating the hearts and minds of our youth is at the core of our work as
mathematics educators. A critical skill in mathematical modeling involves posing mathematical problems in
authenticreall i f e contexts that are relatable to studentso6 i
to use mathematics to help make decisions, predict, and determine meaningful solutions to the problem. In this

plenary talk, | share about aotfaborative project where we focus on advancing equity and strengthening
teaching of mathematical modeling using culturally re
mathematical strengths and assigning competence, teachers positioneatssiaglenathematicians. This

plenary talk invites the Canadian Mathematics Education Study Group to engage in dialogue with one another

in cultivating joy, wonder and power through Commuibiiged Mathematical Modeling.

RELATED RESEARCH

WHAT IS COMMUNITY-BASED MATH MODELING?

Mathematical Modeling (MM) involves posing mathematical problems in authentilifesebntexts that are relatable

to studentsd interests, knowl edge, and skills that ena
and determine meanihg solutions to the problem (Garfunkel & Montgomery, 2019). Mathematical Modeling is part

of the school mathematics curriculum in a growing number of countries. In the United States, making mathematical
models is a Standard for Mathematical Practice padic modeling standards appear throughout high school as part

of the Common Core State Standarder{@honCore State Standardd nitiative [CCSSI] 2010). The Guideline for
Assessment and Instruction in Mathematical Modeling Education (GAIMME) sf@@ohsortum of Mathematics

and Its Applications, Bedford, M& Society for Industrial and Applied Mathemat{€@OMAP & SIAM], 2016) that

mat hemati cal modeling should be taught at every stage
motivate curricular requirements and to highlight the importance and relevance of mathematics in answering important
guestions in the real world.

International communities of mathematics educators have been keenly interested in the many perspectives of
mathematics modeling. For example, in the recent International Psychology of Math Education Plenary, scholars
addressed three strands of researahath education: a) pedagogically oriented research perspective, where Blum et
al. (2022) explored teaching approaches that promote math modeling competencies; b) socicouitumtzty
research perspective, where Yang et al. (2022) reported on waydumeirethnomathematics in modelirand c)
psychologicaloriented research, where Schukajlow et al. Z2@Xamined the role of affective aspects and Lu et al.
(2022) explored the influence of creativity on math modeling.
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For this plenary talk, | highlight a collaborative project called EQSTEMM: Advancing Equity and Strengthening
Teaching through Mathematical Modeling, where my team used a pedagogic approach called Community based
Mathematical Modeling (CBMM). Inthispaper I wi I | use fAwed to reflect the i mj
principal investigators on this project as well as the many teachers and coaches that collaborated on task design. This
CBMM approach builds on the work of Anhalt et al. (2018), Aguét al(2019) and Cirillo et al. (2016) introducing
mathematical modeling as a vehicle to engage students in rigorous mathematics while bringing awareness of social
issues in their community. CBMM is situated at the intersection between Teaching Math for Ssticial (I MfSJ)

and Math Modeling (Cirillo et al., 2016) and has the potential to build critical consciousness in both teachers and
students (Anhalt et al, 2018). In introducing CBMM to elementary teacher designers, we also focus keenly on a socio
critical perspective (Barbosa, @) by building awareness of soci al i ssu
identifying a situation in the real world that students can connect with and that can be solved with mathematics. For
CBMM, there is a critical component where the mathematical limgd@nd analysis leads students to using
mathematics to make decisions and take action for change {&tehet al., 2023).

Take Action Build Awareness :
888 on the community- through authentic, local ﬁ
based problems community-based problems f

/_> Make Sense of \

Situation or Problem N

Validate the Model
and Report Out - Identify Important
Quantities/Varnables

~

& /

: i é
Analyze, Interpret & Build & Operate on
Refine Models — Modeils/Solution

Figure 1. CBMM cycle.

Mathematics educators have emphasized the importance of TMfSJ as an approach to teaching mathematics that
supports students in analyzing power dynamics and tchallenging injustices as they learn to read and rewrite their world
with mathematicsAguirre et al., 2019Berry et al., 2020Gutstein, 2006 TMfSJ is an ambitious practice which

places importance on a specialized knowledge required for mathematizingshitital issues. More specifically, as
Felton et al. (2017) n gsoeabgliticdl Maehematica leseogs requirds am umdgelstandimgn t i n
of both the sociopolitical and mathematical knowledge that a task is likely to @{mkés2).

In the United States, the Standards for Preparing Mathematics Teachers developed by the Association of Mathematics
Teacher Educators (AMTE, 2017, Standard C.2.1) places emphasis on preparing teachers of mathematics-with equity
oriented practices wheretébre r s fiuse mat hematics to address probl ems &
(p. 13), and yet not many practicing teachers have engaged in learning mathematics through this approach. Teachers
need to experience learning mathematics through TM&Sates (Gutstein, 2006) and to see mathematics as a human
endeavor and develop critical consciousness (Anhalt et al., 2018). Other mathematics professional organizations in

the United States including TODOS and NCSM (2016) call for a dual commitment temadits and social justice

by fielevating the professional | earning of mathematics
modeling exemplifies a teaching approach that provides students and teachers a powerful way mathematics can be an
analytical tool to understand complex situations and take action (Gustein, 2006). CBMM is important and authentic

yet challenging to design and ambitious to enaotd we need professional development support for teachers to
integrate CBMM into their practice.

One of the critical steps to @esigning Communitpased Math Modeling Tasks focused on access, fairness,
representationand justice is working with teachers to consider local community problems that are relevant to the
students. This requires knowing deeply about the local contexts and issues to build Ghwardsess and
consciousness about contextual factors and thattten&formative potentiglemal, 2017) for students to take action

on inequitable conditions to initiate positive change. An irtgmd caveat is that teachers do not simply take an activity

6
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out of a book and implement it in their classrooms without first doing theefldttive work. This kind of self
reflective work takes time for teachers and is more effectively done in a collective professional learning community
and alongside standarttat guide the mathematics and social justice connections (Learning for Justice, 2022).

DESIGN OF THE STUDY

CENTERING CULTURALLY RESPONSIVE MATH TEACHING IN CBMM

Teaching mathematics attending to both social justice and math modeling requires mathematics teacher educators to
support teachers in this ambitious teaching. Our project called EQSTEMM has used the Culturally Responsive
Mathematics Teaching framework (Zda & Aguirre, 2023 Figure 2 involving a set of specific pedagogical
knowledge, dispositions, and practices that privilege mathematics, mathematical thinking, cultural and linguistic funds
of knowledge, and issues of power and social justice in mathematics education.

Knowledges & Identities Rigor & Support Power & Participation

Centering Sustaining Cognitive Distributing Intellectual
Cultural & Community Demand Authority
Enabling students to closely explore tedrl) L
FUI’ld_S of Knowledge and analyze math concepts]s), Jp:;svn_@umg maL.nemoncsr
Helping smdeqrs cqrrrnecf procedurefs), and m‘l‘:‘jﬁplnenfcn?r: Drfr;;oewsﬁzgc: ;’:d
reﬁev?ﬁ%i’;i’:ﬁ;ﬁsﬁes or problem-solving/reasoning communication 2
Situations in their lives strategies
(Re) Humanizing Disrupting
Mathematics Scaffolding Up Sz B Gl [
Supporting creativity, broadening Maintaining high rigor with high SIS
what counts as mathematical Ch Sl e Gl G L G
knowledge. and affirming posifive ,e,n,&m,—ps pf‘:en, in ot
math identities for all students mathemafics classrooms
Honoring Student Affirming Analyzing and Taking
Thinking and Ideas Multilingualism Action

Creating opporfunities fo elicit,
express, and build on student
mathematical thinking in multiole
ways (e.g.. through gesture,
pictures, words, symbols)

Making space for Supporling sfudent use of
multiingual leamers (MLL) fo be mathematics fo analyze, critique,
cenfral parficipants in and address power relationships

mathemafics activities and injusfice in fheir lives

Figure 2. Culturally responsive math teaching framework (Zavala & Aguirre, 2023).

Zavala and Aguirre6s (2023) comprehensive framewor k,
theoretically grounded in the intersection of culturally responsive pedagogy (EBdlsags, 1995), pedagogical

content knowledge, and humanizingtimematics. Table 1 shows the three key areas of CRMT: knowledge and
identities; rigor and support; and power and participation, along with essential questions for teachers to integrate into
their instruction. The first area centers children and familigsattention to cultural/community funds of knowledge,
rehumani zes mat hematics with attention to curiosity,
second area attends to cognitive demand, ways to scaffold for students to magoasgeand sustained engagement,

and affirms multilingualisnby highlighting ways to uplift children learning mathematics in more than one language.
The third area illustrates how intellectual authority and participation can be broadened, works toaltestmittive
stereotypes that pervades all mathematics classrooms, and provides opportunities to take action to make positive
change in their communities.

GUIDING OUR WORK WITH DESIGN PRINCIPLES FOR CBMM

The desigrbased principles for CBMM, generated through an e¢foitysed professional learning project, illustrate

how mathematics must go beyond traditional mathematics tasks often void of humanizing practices to mathematical
tasks that elicit culturalrel community knowledge and experiences, address power dynamics, and broaden student
participation and what counts as mathemat@ivil, 2007, Turner et al., 2021). My current project, EQSTEMM:
Advancing Equity by Strengthening Teaching through Math Madelvith colleagues across three other regions of

the United States, has demonstrated that CBMM tasks provide transformative humanizing math learning spaces that
emphasize community care, equitable participation, and deep mathematical undersutdetaa(., 201,8Turner et

al., 2021; Turner et al., 2023)

To attend to the dual focus on mathematics and social jusiaeirez, 2002 2013 Kokka, 2022;) and support
teachers in designing authentic tasks with math teacher educators (MTE), my colleagues and | shared five design
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principles for CBMM tasks (SyhTate, et al., 2023). These design principles offered our Lesson Study teams a

structure to support the @wnstruction design process focused on social justicam@nishicluded in Table 1.

Table 1. Design Principles for CBMM (Suh, Tate, et al., 2023).

Design Principles for CBMM

Prompts for Designers

Design Principle #1CBMM tasks are situated in authentic local
community issuesTogether the teacher and students pose a mathema
modeling question that impacts the local community

How do you build meaningful connections and
context focused on social justice issues?

Design Principle #2CBMM tasks explore data to identify and understar,
social issuesData related to the situation help students use mathemati
better understand the phenomenon or social issues.

How can mathematics be used to unearth factors
related to social justice issues?

Design Principles #3ZBMM tasks use rigorous mathematics to describ
predict, optimize, and make decisions about a situation centering issu¢
social justice

How do you sustain the rigor of the mathematics ¢
you explore issues of social justice?

Design Principles #4CBMM tasks encourage the-construction of ideas
through collaboration, negotiation, and justification to build collective
knowledge through community.

How do you attend to important mathematics
processes and practices as students engage and
meaning of the issue?

Design Principles #82BMM tasks yield useful and solutioniented
action for community stakeholderStudents feel empowered by bringing
awareness, taking actions, and attaching the learning experience with
empathy.

How do you move beyond awareness to taking
action on social justice issues?

Research Questions

Through these calesigned lessons, my colleagues and | explored the research questions:

1. How do the three areas of CRMT (knowledge and identity, rigor and support, and power and participation)

reflect in the enactment of a CBMM?

2. How did the design principles support teachers wdesigning justiceoriented CBMM tasks?

Setting and Participants

This study is part of a broader research and professional development program focused on culturally responsive
mathematical modelingMIM) in the elementary grades. Teachers participated in algmegyr hybrid professional
development program that included monthlyperson sessions and asynchronous activities to deepen learning. In
person sessions, facilitated by the authors, introduced frameworks for CRMT and included time to explore modeling
tasks and routines, collaboratively plan activities, and reflect on classroom enactments. Asynchronous materials
included readings, videos ofodeling lessons, and reflection prompts.

This study focused on 18 elementary school teachers with students from kindergarten thgyadk ages 5 through

11). The teachers participated in our professional development program at one of four research sites in different
regions of the United States throughout the ithntic. The teachers were from two school sites from this- Mid
Atlantic region that served racially and linguistically diverse students from underserved communities.

Description of the Case Studies

This plenary talk focused on three case studies of CBMM tasks. One of the tasks was called Diversifying the Library,
which was implemented byfast-gradeteacher who calesigned a CBMM task that investigated cultural and racial
diversity of books in the class library and whether the library collection was fair. Another task, the inclusive
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playground, was generated by a team of teachers whose school was going through renovation. The task focused on
understanding what inclusive meant and how they could use a budget to plan for an inclusive playground in their
existing school yard. The thirdgk was called The Sports Clinic (Shhaxwell, et al., 2023) and was inspired by a

teacher who lived in the community and experienced a lack of access to sports for her daughter and realized that the
students in the community did not have access to fedssportsTable 2includes the tasks with the focus of the
mathematical modeling; justice in terms of access, representation, diversity; and the team of teachers engaged in the
Lesson Study.

Table 2. Description of CBMM Task.

CBMM Task Diversifying Library Inclusive Playground Sports Clinic

Math Modeling Descriptive modeling from clasq Surveying students on Statistical investigation to
taking inventory of diversity accessibility of equipment. understand the problem situation
representation in books to makq Budgeting and designing the | through survey and make decisior
decisions on book purchases td optimal play area for an on which sports to offer at the spor
make the | i br a]inclusive playground clinic. Planning logistics of running

a sports clinic after school.

Justicefocused Representation and diversity of| Access and Universal Design | Access to sports clinics for student
characters, ,authors, and for handicapped and physically in elementary grades who may not
illustrators by people of color | challenged students to enjoy | have access to learning sports

playground offered in high school

LS Teams with Grade 1 teacher and grade 6 | Five Grade 3 teachers from | Grade 3, 4, 5, 6 teachers with

facilitators teacher from School 1 and thre{ School 1 and two Grade 3 an{ schootbased coach at School 1
kindergarten teachers in Schoo| two Grade 4 teachers from

School 2

Data sources

Our data source included transcripts from planning sessions artd-gadr interviews with teacher participants. Each

teacher participated in an heleng individual interview with project researchers after completing professional
development activitiesl nt er vi ew topi cs i ncl MWedd coneeations eortlse0OCRNTe r ce p t |
framework experiences implementing modeling lessons, student leaamdgsupportsand challenges for teaching

modeling. Secondary data sources included reflective mefteogach session and teacher journal prompts about/for

how MM activities enacted in their classrooms supported components of CRMT.

RESULTS

HOW THE THREE AREAS OF CRMT WERE REFLECTED IN THE ENACTMENT OF THE TASKS

Through our study, we found communligsed math modeling empowered the teacher to leverage equity, empathy

and mathematical rigor in the early grades. The case study demonstrated how teachers can design lessons that help
children make sense of complex sbtopics and advance their mathematical reasoning strategies. Children connected

to an authentic situation that impacted their own community, they investigated possible inequities, and mathematized
fairness which deepened their critical mathematical @agésuh Maxwell, et al., 2023) and civic empathy toward

others now and in the future (Lee et al., 2021)

To engage in justiceriented task design, we first invited our teachers in thesidfctive work of asking how they
experienced or withessed injustices and if they had discuss topics related to Access, Fairness, Representation and
Justice. We engaged & discussion around how mathematics could be included josteated mathematics tasks.

Most of our collection of communitinspired tasks that were codesigned with teachers generally fell into three broad
categories including) schoolbased issues drevents; 2) environment justice issuasd3) historical and current

social justice issues in their community.
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For research question 1, we analyzed the three CBMM tasks in terms of how the lesson focused on knowledge and
identity of students, rigor and support, and power and participation. Across the three tasks we noted some common
themes. Regarding knowledge adeéntity of students, the heightening of teachesmsareness around recognizing
students' strength in their thinking, their funds of knowledge, and creativity in math allowed for abaasset
orientation that celebrated their students' thinking. Theuwasksituated in authentic situations in their community,
brought a level of funds of knowledge that was unlike a textbook problem. For example, in the Diversifying the Library
task, we captured two boys debating what to do when they reached $19 for #ashlwok purchases. Instead of
leaving the $1 unused, one of the students exclaimed that they could combine their $1 to make $2 to get an extra book.
In the debrief of the lesson, the teachers and | discussed students' thinking and how brilliaftthevato optimize

their funds. We also reflected on the community that students came from and how they value communal and
collectivism and wondered if that strategy was more accessible to these young children due to their cultural
background.

Figure 3. Highlighting student creative mathematical thinking.

In terms of rigor and support, the complexity akalworld problem offered students rigorous mathematics that they

were motivated to solve. For example, in the Inclusive Playground, the students looked at surveys filled out by the
students on accessibility of the playground and interpreted the data to makendeeisbut which inclusive
playground sets to add to their existing playground. The realistic prices of the equipment were in the thousands and
tenthousanedollar range which students worked thgh mathematically to find the total. In addition, the playground
equipment had details about the amount of square footage it would need, and students considered the area of the

playground.
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Figure 4. Rigorous mathematics in the Inclusive Playground task.

Finally, in terms of power and participation, we found that teachers and students felt empowered and agentic in making
a change. For example, the Sport Clinic task offered students an opportunity to explore the issues of access to sports.
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As a mathematical modeling task, students posed the problem: what sports should we offer in our sports clinic and
how can we run this successfully? This led to many mathematical modeling pathways including polling students in
their community on their favde sports and the sport they want to play in high school. Using the decision matrix,
students created criteria to make a decision. The class considered different plans and logistics and ways they could
take action and change the structural barriers thased this inequity. They came up with an idea of offering an
afterschool sports cliniwhere parent coaches or college graduates would teach basic skills that are needed for high
school sports like lacrosse, baseball, and volleyball and wrote a letter to the schoshb@ardn Figure 5.

Dear School Board Representative,

My class and | would like to create a sports clinic for the kids who don’t have the money or time etc and can't play sports. We would
like to do this sports clinic to help children expose themselves to brand new sports. Based on data we collected some of the on land
sports most kid's want to play but currently aren't d: h
also added a favored option, soccer!

tennis, and volleyball. And to to get students to come we

Elementary and High School
M Elementary [ High School
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After we found sports they would like to play, we found some important barriers for sports kids may face. Those barriers arethings
like, cost of joining a team, cost of equipment, packed schedule, and sports no longer being fun. | believe sports are incredibly
important for children our (my school) age because | | have six siblings and we don't really go out alot besides sports. Also sports are
a great way to make new friends and bond over a certain sport. | ask you if the school board would pleaseconsider funding an
8-week fall (and if it goes well maybe again in the spring) sport clinic program. Me and some fellow students in my class helped run a
test drive for sacc to see our sport clinic in action and the kids had a great time. They had fun trying new sports and | feel other kids
would like to try out some new sports. We may not use the same exact sports if you fund this as a program for the fall but we do
believe the kids will enjoy learning any new sports we show them. But in order to do this for our whole school we will need the school
board to please help fund our sport clinic, we will need to pay for equipment, coaches, etc. We (my class and |) worked with some of
our teachers to work to pull this off and turn this idea into a reality.

- From Emily in Mrs. M's 6th grade math class

Figure 5. Taking action by writing a letter to the School Board.

HOW THE DESIGN PRINCIPLES SUPPORTED TEACHERS IN CODESIGNING JUSTICE
ORIENTED TASKS

For Research question 2, we examined how the five design principles supported teachers in their design and enactment
of the CBMM.

In terms of Design Principle #CBMM tasks are situated in authentic local community isshiegether the teacher

and students pose a mathematical modeling question that impacts the local community. All three tasks were motivating
for the students because the problem was situated in their community. One of the teachers recounted how codesigning
the Sports Clinic task was important to her because she lives in the school community and her children attended
elementary, middle, and high school in the neighbodh She witnessed this inequitssthandas a parent and felt

that students could feel empowered by this issue.

In terms of Design Principle #ZBMM tasks explore data to identify and understand social isfsga related to

the situation help students use mathematics to better understand the phenomenon or social issues. As a facilitator, it
was important for the professional development facilitator to support teachers in finding data that allowed teachers to
dig in deeper with the social issues. Tasks that are social justice oriented unveil factors from multiple perspectives.
For example, using eeport on access to youth spontgh disparities across household income eamk/ethnicity,

then understanding the many facets of barriers to access was important for teachers to understand. With this
knowledge, teachers felt more equipped to have critical conversations about issues that were systemic and ways to
take actions to address them.

In terms of Design Principles #8BMM tasks use rigorous mathematics to describe, predict, optimize, and make
decisions about a situation centering issues of social juskice rigorous mathematics that played a role in each of

the CBMM tasks differed and were appropriate to the grade levels in which the task was implemented. For example,
for the Diversifying the Library, the first graders worked on optimizing the puralfe20 to buy books that would
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make their librarydmore fairdIn the Inclusive Playground, students ihighd 4" grade worked on budget as well as
mapping out the equipment within a given area. Finally in the Sports Clinic, students used a decision matrix to weigh
in on important criteria for determining which sports to offer. As part of the consideration, they teeatike sense

of and analyze the survey data they collected from their pe@mades 86. Each of these tasks presented messiness

in the realworld data, but because the task was authentic and relevant to students, they persevered and used all the
mathematics skills they possessed.

In terms of Design Principles #£BMM tasks encourage the -construction of ideas through collaboration,
negotiation, and justification to build collective knowledge through commukitymportant phase of the modeling

cycle after building the model is analyzing and interpreting and refining their model. In each of the CBMM tasks,
teachers allowed small groups to present their model and receive feedback from peers. In the casdusivhe
Playground, students had to describe how their playgrounttuwasinclusivedSome of the justification and design
thinking demonstrated a level of empathy that was impressive. Students justified why they placed certain inclusive
equipment and gave a rationale that theyndtdvant to just purchase equipment to add to their existing playgdound
notjust integrated but to make it really inclusive so that children can gge by sidé

Integration Inclusion

Figure 6. Justification for the Inclusive Playground.

In terms of Design Principles #6BMM tasks yield useful and solutioniented action for community stakeholders
Students feel empowered by bringing awareness and taking actions and attaching the learning experience with civic
empathy. This design principle took the PD facilitators and teachers a significant amount of time to consider. Teachers
engaged in deep coersation to list the ways we can impact change that goes behanity to bringing some
structural changes. For the Diversifying Library tasks discussion led us to thinking about how getting book
donations of books with diverse characters would improve the situations but would be more impactful if we worked
with the school librarian to take stock of current books and examine book purchesitiges to diversity books.
Additionally, we could start a campaign to write to book publishers to take inventory of their book collection and
encourage authors and illustrators of color to write more books to diversify literature.

Taking Action

Charity vs Structural Change

Charity ideas ’ Structural Change Ideas

e  Work with the school librarian to take stock of books and examine book

e Book donation

with diverse purchasing practices to diversity books
characters. e Start a campaign to write to book publishers to take inventory of their book
. collection
e Raise money to e Encourage authors and illustrators of color to write more books to diversify

purchase more
books.

literature.
e Students write books about LR Shopin Cot for e Soe

themselves and publish for - g —

their own school library List Summary

N

Figure 7. Taking action to go beyond charity to promoting structural change.
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CONCLUSIONS AND IMPLICATIONS FOR MATH TEACHER EDUCATORS AND

RESEARCHERS
In summary, the three cases of Commubiged Math Modeling tasks cultivated joy, wonder, and power in teachers
and student s. Studentst wéll decalble to shewhwehat & dnportdint to them, as well as see that they

can make a difference in their communities and in our world. They CAN make a Differengeh o t h elrwoutdh ar e d
like to think that this could be the start of a visibility campaign and bring about real change in all schools, but
disappointment is a part of life too. | will demonstrate resilience by encouraging students to not@ivelupl t hi s way

we heard our teachersé radical hope, a commitment to t
the midst of oppression (French et. al., 2020).

Some important implication for mathematics teacher educators is coming to this work by engaging in community
building and trust with teacher -@esigners. Teachers come with great assets as being community informants who
not only know more about the fangii, community and students but also come with lived experiences that play in
important role in planning and teaching a justiceented task. Working with young children around topics of social
justice also brought a level of sensitivity and care. The tdaeachers working on the Diversifying the Library had

deep conversations with one another about talking about race and culture. As a team we talked about the notion of
multidimensional identities

During this community task it was challenging to decide how to approach the conversation of identity and
fairness. My team wondered what was most appropriate for our grade level. Ultimatelgcided to broaden

the idea of identity beyond race and ethnicity and that allowed all students to access the task from many
perspectives.

CBMM mathematical modeling has potential to exemplify a practice that aligns with the four recommendations from
National Council of Teachers of Mathemati®CTM, 2020) and act as a catalyst for change that mathematics
educators should consider in early elementary mathematics education.

In reference tobroadening the purposes of learning mathemafid€TM, 2020), students who engaged in
mathematical modeling experienced the wonder and joy of solving a problem to improve their environment, which
broadens the purpose of learning mathematics. They felt a sense of agency as they worked on impredingatheir
community problem. Mathematical modeling aims to provide students with comnasiégl tasks that they can
connect to personally and make meaning of the mathematics within the werkté¢hesing in.

In reference tocreating equitable structures in mathemati{®¢CTM, 2020), CBMM focuses on the tenets of

Culturally Responsive Math Teaching Framework (CRMT, Zavala & Aguirre, 2023), immersed in the task with peers

who complemented one another with the multiple knowledge bases that each student brought. Tjeedsk pi
studentsod6 interest because it was set in their communi
students designed their solution. The classroom communities built thnoadiematical modeling embodied high
expectations, and empowered students as the holders of mathematical knowledge.

In reference toimplementing equitable mathematics instructiddCTM, 2020), teachers created participation

structures with partner talk, carousel wal ks, Agive or
mathematical identities and a strong sense of agency. By having thought partners withettseistpdents had a
mat hemati cal community behind them, as they dared to

finding a solution. The mathematical modeling structure ptdsedeacher with the crucial role of facilitating the
learning that is owned by the students. As teachers work in the background to further push the groups of students in

their thinking, every student 6s mton aseheyahelp thea peerstdckla s t a k
a meaningful challenge.

Finally, in reference taleveloping deep mathematical understandiNGTM, 2020), the elementary students used

the mathematics that they learned to describe the plan, take action and tackle complex issues in their community and
rigorous mathematics. As showcased in this case study, the realistic and messy nature althg task set in the

real world allows students to encounter mathematical ideas many times beyond the grade level objective. Ultimately,
students are enticed to engage in more rigorousima mat i ¢ s . I n our project, we hea
math so we can solve this problénthe empowered disposition that we want to cultivate in every student.
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In closing, Iwould like to share a quote from Gholdy Muhammad (2023)

Criticality asks students to evaluate and dismantle systems of oppression while building sociopolitical
consciousness. It allows them to think outside of themselves and consider how to love others in hipmanity
11)

Community based math modeling allowed teachers to cultivate mathematical doers and thinkers who could apply their
learning and problem solving to question and examine multiple perspectives on issues in their local community to
develop their voice and becemyoung change agents.
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BUILDING THE FOUNDATIONS OF MATHEMATICAL MODELING AND MACHINE
LEARNING

A PREPRINT

Marieme Ngom
Argonne Leadership Computing Facility Argonne National Laboratory

ABSTRACT

Mathematical sciences are widely used in a plethora of industry and business applications such as healthcare,
finance, or meteorology. With the rise of machine learning, artificial intelligence, and big data analytics, novel
and innovative use of mathentatiare being edablished. Early exposure to the concepts of computational
mathematics can help students develop the skills to solveveell problems and better understand the
mathematical principles that underlie our modern world. Moreover, learrongreéate and analyze mathe
matical models at a young age fosters critical thinking and analytical skills that can be applied across various
disciplines beyond STEM. This talk will explore the importance of introducing mathematical modeling in the
classroan at a young age. We will provide practical, easy to grasp examples of how educators can incorporate
these concepts in their curricula.

INTRODUCTION

The aim of this report is to explore the role of mathematical modeling and machine learning in modern education from
the point of view of an applied mathematician. We show how introducing fundamental concepts from these areas early
can empower future gersion in a datadriven world. We will first give a complete definition of mathematical
modeling and machine learning, focusing in particular on the intrinsic relation between the two. Then, we will discuss
how important and relevant it is to introduce famkntal concepts of mathematical modeling, programming and
machine learning in the lower grades. Finally, we will provide hamdsasy to follow exercises educators can
implement or adapt in their classrooms.

MATHEMATICAL MODELING

DEFINITION OF MATHEMATICAL MODELING

The Consortium for Mathematics & its Applications (COMAP) and the Society for Industrial and Applied
Mathematics (SIAM) defines mathematical modelingiasa process that uses mathematics to represent, analyze,

make predictions or otherwise provide insight into -weaild phenomenain the guidelines for assessment and

instruction in mathematical modeling education (GAIMMEonsortium for Mathematics and Its Applications &

Society for Industrial and Applied Mathemati@916 p. §. This mathematical repsentation typically consists of

equations and functions that capture the essential relationships between-th@nmedl d sy st emds compol
resulting models serve as powerful tools that are used in various disciplines from physics and engineering to economics

and social sciences. For instance, mathematical modeling played a central role in the response ageenstCoeid

global pandemic. Mathematical models were not only used to predict the spread of tfi2iojes al.,2020)within

a population but also to measure the effectiveness of the vaccines and Queitictariants(Zvyagin et al., 2022)
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Another application where mathematical modeling is widely used is in Num@tezther Prediction (NWP). In this

field, the physical laws governing the atmospheric processes (pressure, tempetajusge represented with
mathematical models which are used to predict weather conditions. The different steps involved in setting and solving
a mathematical model are illustrated in Figlire

Real world problem

Make
Implement and assumptions,
launch the Assess, evaluate and It define variables
validate model and results erate as needed ) 4
modeL report set constraints

results

Set up & solve
mathematical model

Figure 1. Chart describing the different steps of a mathematical model.

CHALLENGES AND COMPUTATIONAL SOLUTIONS

In many realworld situations, mathematical models are too complex to be solved exactly. In NWP for example, the
governing equations, the famous Nav&tokes equations, cannot be solved analytically. Additionally, measuring all

relevant quantities withba model 6 s domain can be impractical. Consid
feasible to measure every atmospheric process at every point. To circumvent this, a technique called discretization is
often used. We can represent the system, (g dmosphere) as a grid, sampling a finite number N of points for

numerical approximations and inference. These approximations, often achieved through numerical methods like finite
differences €quation to follow which is often used to approximate the derivative of a fundtiora grid of points

whQ pE

0 ¢ "Qw "Qw
0w —
Q
WhereQ ® is the discretization step, allow us to translate the model into a form suitable for computer
calculations.

Computers play a crucial role in this process. They automate calculations, provide speed and efficiency, and enable
visualization of complex models. Higherformance computing facilities like the Argonne Leadership Computing
Facility host several superconters such as Aurora and Polaris that possess the processing power and memory
capacity to handle massive datasets, facilitating {acgée numerical simulations.

In essence, mathematical modeling relies heavily on two components in practice: numerical approximations and
computeraided numerical simulations. When developing these computer programs, considerations like efficiency,
scalability, accuracy, and reprodbitity are paramount.

MACHINE LEARNING

Machine learning (ML) is a subfield of artificial intelligence (Al) that allows computers to learn from data without
explicit programming. ML algorithms can identify patterns, make predictions, and improve their performance over
time as they are exposednmre data. Figurg illustrates the different steps involved in a ML workflow. This makes

them valuable tools for analyzing complex datasets and extracting meaningful insights. The applications of machine
learning are vast and ubiquitous in our daily $iveecommendation systems eooenmerce platforms and streaming
services leverage machine learning to suggest products or content tailored to user preferences. Similarly, weather
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forecasting models are increasingly incorporating machine learning techniques to improve prediction accuracy by
learning from historical data patter(idguyen et al., 2023ML-powered software programs are transforming the
educational | andscape. S lavelialw(a.d.) &2verdade kmachir@ dearnirey glgoethmis éoa r ni n g
tailor | earning materials and difficulty | evels based
approach fosters inclusivity by catering to diverse learstyles and paces. Furthermore, machine learning can be

used to identify students at risk of falling behind, allowing educators to provide timely interventions and support.

Regression, Decision Trees,
Neural Networks etc

Critical step

Figure 2. Machine learning procedure.

Beyond direct student interaction, machine learning offers valuable tools for educators themselves. Machine learning
aided research can assist in analyzing student data to identify potential biases or representation issues within
educational materials, suc as c¢ hi | dr e n-Griven bpproakisallowsTeducatorsdoactirate more inclusive
learning environments that cater to the diverse needs of their students.

Two among the most common ML approaches are

1 Supervised learning: In this approach, algorithms are trained on labeled datasets where each data point has
a corresponding label or category. These labeled examples serve as a guide, allowing the algorithm to learn
the underlying relationships between feas (data points) and labels. Once trained, the algorithm can then
classify new, unseen data points based on the learned patterns.

1 Unsupervised learning: In contrast to supervised learning, unsupervised learning deals witkeladla
data. Here, the objective of the algorithm is to uncover inherent structures or patterns within the data itself.
Clustering algorithms, a common typeusfsupervised learning, group similar data points together without
any predefined labels.

THE INTERSECTION OF MATHEMATICAL MODELING AND MACHINE LEARNING

As opposed to mathematical modeling, machine learning does not require a clear and explicit understanding of the
realworld problem of interest. In fact, it only needs data to learn properties and make predictions. However, in
practice, mathematical modeling and ML are intrinsically related.

For instance, in climate modeling, complex mathematical models represent the physical processes governing the
Earthdés climate system. Machine | earning can then be us
subtle patterns or trendisat may not be readily apparent in the traditional model. This combined approach can lead

to more accurate climate predictions.

Additionally, linear algebra, probability and statistics methods, differential and integral calculus are furtdhmen
defining and solving a ML algorithn and in using it to make predictions
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By introducing both mathematical modeling and machine learning concepts early on, we teach students the necessary
skills for understanding and interacting with the efath world around them. The next section of this report will
explore practical, classoorready exercises that can introduce these concepts in an engaging manner.

HOW TO INTRODUCE MATHEMATICAL MODELING AND MACHINE LEARNING
CONCEPTS EARLY?

To equip students with tools that are becoming increasingly crucial in every professional feelinpbrtant to
introduce many of the concepts discussed earlier at an early stage. This will build a strong mathematical foundation
that will benefit them in higher grades and everyday life. Fundamental concepts such as derivatives and finite
differences an be effortlessly incorporated into an elementary school curriculum. For example, students can record a
guantity periodically and observe its change. &ddn be introduced using garden grids with different flowers/plants

or floor tiles. Sampling methods can be easily demonstrated by placing candies of different colors in a jar. Students
can then draw a sample of candies and categorize them by color.

Several resources can be used to introduce programming in the classroom, even for lower grades. This can be initially
done without a screen by utilizing educational robots. Students could, for example, try to program a robot to move
from point A to point B This activity can be complexified by asking students to find the shortest path. Younger
students (K2) can be introduced to important computer science concepts like algorithmic thinking (e.g., by having
them create a stdpy-step process for everyday iagies like baking) or hardware components by showing them a
computer and having them build a model out of cardboard boxes.

Machine learning concepts can also be effortlessly taught early on. Students can learn to analyze data, identify patterns,
and make predictions. For example2lstudents could record the weather conditions (sunny, cloudy, rainy, or snowy)
over a specifiperiod, then count and label each occurrence. In graiestBdents could record daily temperatures,

plot them on an xyplane, and analyze the relationship between temperature fluctuations and rain or snow. They could
then attempt to predict future weattevents (e.g., the next rain) using the collected data (this will, of course, require

a sufficient amount of data).

CONCLUSION

Early exposure to mathematics modeling fosters engagement with mathematics, critical thinking andsaioligm

As we progress further into the digital age, familiarity with AI/ML concepts from a young age will prepare students
for a future where these skills could be crucial. The goal is not to push every child to become a future mathematician,
computer sientist scientist or ML specialist but to equip them with the skills and understanding to navigate a rapidly
evolving datadriven world.
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MACHI KIS KIYIH TAM USKE/NANTAW OTA: ITEYIHTAM MAS KOOCH ETIKWE
APEHKA TAM EYINIW MISIWE USKE KAWAPAHTIK AKE IHIKE WIN EWA
KISKINO HUMA KEWINA (IN BUSHLAND CREE)

LEARNING FROM/ON/WITH LAND/PLACE: IMAGINING POSSIBILITIES FOR
BRAIDING INDIGENOUS WORLDVIEWS, MATHEMATICS, AND TEACHING

APPRENDRE AVEC LA TERRE/LE LIEU : IMAGINER DES POSSIBILITES POUR
TRESSER LES VISIONS DU MONDE AUTOCHTONES, LES MATHEMATIQUES ET
L'ENSEIGNEMENT

Ed Doolittle,First Nations University of Canada
Florence GlanfieldUniversity of Alberta
Elder Dr. EImer Ghostkeepéddniversity of Alberta
Elder Betty McKennak-irst Nations University of Canada
Cynthia Nicol,University of British Columbia
Jennifer S. ThonlJniversity of Victoria

COLLABORATOR S

Lisa Lunney Borden Shana Graham Cynthia Nicol
Layne Burns Jennifer Holm Kelly Paton
Brody Causley Marc Husband Tina Rapke
Natasha Davidson Limin Jao Gale Russell
Kirsten Dyck Eva Knoll Garry Strick
Ed Doolittle Stephanie La France Jennifer Suh
Lisa Eberharter Betty McKenna Jennifer Thom
Florence Glanfield Richelle Marynowski Jo Towers
Elmer Ghostkeeper Joyce Mgombelo

INTRODUCTION

In our Working Group descriptionwe invited the CMESG/GCEDM community to explore relationships with
place/land, community, and mathematics education. Keen to explore possibilities for weaving Indigenous
perspectives, mathematics, and land, our goal was to create a generative spa@eadefeaelations; listening to

the land; art, stories and storywork; being shaped by mathematics, Indigenous statistics, technology/ies, relationality;
patterning; transformation; movement, spirituality; measurement; locatiowttgrand identity could be explored.

The following questions provided some direction:
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1
f

How can we remember or navigate relationships with mathematics, community, land and place?

How can we unlearn sometimes problematic ways of relating to each other, our students, and mathematics

from/on/with land and place?

What might it mean for mathematics teaching and learning if the notideashing from/on/with plade

were central?

Robin Wall Kimmerer(2013)describes land as library. What might this mean for mathematics teaching
and learning?

How can mathematics teaching and | earning be i
(2008) Indigenous Storywork principles such as responsibility, reverence, respect, and reciprocity, inter
relatedness, synergy and holism; or gratitude, care, compassion; spiritual, physical, emotional, cognitive; 7
grandfather teachings; grandmother pedagogidfa methodologies)

How might we restructure our teaching practices around experiences?

What are ways in which teachings from/on/with the land play a role?

Dans la description de notre groupe de travail, nous avons invité la communauté CMESG/GCEDM a explorer les
relations avec le lieu/terre, la communauté et I'enseignement des mathématiques. Notre objectif était de créer un espace
génératif ou les idées deelations ; écouter la terre; I'art, les histoires et le storywork; fagonner et étre fagconné par les
mathématiques, les statistiques autochtones, la ou les technologies, la relationnalité; modelage; transformation;
mouvement, spiritualité; la mesure; eng@ment; croissance; et l'identité pourraient étre explorées a travers des
guestions telles que

3.

4.

o o

Comment pouvorRBeOUS nous souvenir ou naviguer dans les relations avec les mathématiques, la
communauté, la terre et le li€u

Comment pouvonsous désapprendre des maniéres parfois problématiques de nous relier les uns aux autres,
a nos éléves et aux mathématiques a partir/sur/avec la terre et?e lieu

Qudestce que cela signifierait poufehseignement ettdpprentissage des mathématiques si la notion

« déapprendre depuis/sur/avec le lieétait central®

Robin Wall Kimmerer(2013)décrit la terre comme une bibliothéque.éxtce que cela pourrait signifier

pour Eenseignement efdpprentissage des mathématiques ?

Comment ¢enseignement etdpprentissage des mathématiques petileidtre éclairés par les principes
autochtone® (par exemple, les principes de narration d'Archifa@D8) tels que la responsabilité, la
révérence, le respect et la réciprocité, l'interdépendance, la synergie et I'holisme; ou la gratitude, I'attention,
la compassion; spirituel, physique, émotionnel, cognitif; 7 enseignements depgrangédagogies et/ou
méhodologies de granchére)

Comment restructurer nos pratiques pédagogiques autour des expériences?

De quelles fagons les enseignements de/sur/avec la terre-jguamtdle?

While all otherWorking Groups for CMESG/GCEDM 2023 met at the University of Regina,Vdarking Group

came together at First Nations University of Canada,jd3 @ninute walk from the University of Regina buildings

that hosted CMESG/GCEDM. With our focus on mathematics, land/place, and Indigenous perspectives, worldviews,
and knowledge systems, the stunning and powerful architecture and lands of First Nati@rsityrof Canada
became the perfect space for $dorking Group discussions and activities. Each of our meeting days incorporated a
slightly longer break so that participants could join CMESG/GCEDM members fromWitrding Groups during

break time. Altlough the extended break shortened our time fovtheking Group, we found that the walking time
between institutions provided increased opportunities for members to continue discussing working group ideas as well
as deepen relationships with each other.

DAY 1: RELATIONSHIP BUILDING & ELDER TEACHINGS

A key focus of the working group was relationships. To prepare us for (re)imagining our relationships with
mathematics and place/land we, collectively, dedicated the first day to relationship building. Guided by Indigenous
pedagogies we formed a circle §hing tables to the classroom walls and bringing chairs to the centre) so that
everyone could contribute to the discussion, share ideas, and respectfully listen to each other. Elder Betty began with
a prayer and welcome inviting participants to the land3reaty 4 and Treaty 6 territories. Elder Betty asked
participants to feel and acknowledge the land where their feet are planted and all that needed to happen in the human
and morethanthuman worlds for each of us to be here. Each member of the cirdduoed themselves in relation
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to an object, item, or story of significance to them. Elder Betty shared experiences of learning from land/place while
Ed, Florence, Cynthia and Jennifer participated in the first podcast of thelsdigefnous Mattiocused on research
for conceptualizing mathematics education for STEM as place.

For Day 1 it was planned that participants take a mathematics walk outside around the lands of First Nations University
of Canada and bring what they noticed to our next meeting. Elder Betty, instead, suggested this be an activity for Day
2, as Day 1 focuexl on building relationships through sharing stories and experiences with mathematics.

DAY 2: MATHEMATICS, MOTHER EARTH, AND LIVING WALK

Elder Dr. Elmer Ghostkeeper joined virtually &ay 2. Elder Elmer shared wisdom around the ways in which
Indigenous worldviews invite humans to live with the land rather than living off the land. In the Indigenous languages
that Elder EImer speaks there is a deep relationshiptpdandd, i n EIl mer ds teachings, | an

While we had preparedsevenpage document inviting participants to participate @aEMOowalk with different

6l ensesb, El der Betty invited us to be humans on the
collective we were not yet ready to engage@dBEMOwa | k wi th different 6l ensesbd; we
to be present with all that Mother Earth might teach.

Elder Betty asked us to walk with ourselves; to walk quietly so that we could fully listen to Mother Earth using all our
senses. We spent an hour walking, collecting images and recordings that spoke to us as we strengthened our
relationship with Mother Eén.

We took photos and recordings of our walk and shared these through a Padlet digital (Fafiorenl)

Touching the pine...
ies of chil
playing under the pines /
Toucher le pin...
irs d'enfance
jouant sous les pins

New life adorns the tips
of branches / Une
nouvelle vie orne le bout
des branches

My feet on the little
stones. iesofa
childhood beach / Mes
pieds sur les petits
cailloux. irs d'une
plage d'enfance

Iris. A la frontiére entre
terre et eau.

Une pause pour me :
poser : have you stopped

Iris. In the border between
land and water.

A reminder from those who
wiere here before us. /

The Buffalo / Le Buffle

Un rappel de ceux qui
étaient 1a avant nous.

Everything is always

moving. /Tout est

toujours en mouvement.
’ ~

Listening for the bird
that was calling me over,
or was it many birds?/
J'écoutais I'viseau qui
m'appelait, ou était-ce
beaucoup d'oiseaux?

“"knowing" / i o Video - 0027 Vg

A Community of Soil /
Une communauté de
terre

The iron buffalos symbolize
what was, and it is 5ad to think
that so many roamed the plain
and a way of life changed.

I studied this bush/tree

closely for many minutes.

I guess they wondered

what was so interesting
it.

Les buffles de fer
symbolisent ce qui
était, et il est triste
de penser que tant de

gens parcouraient la

plaine et qu'un mode de
vie a changé.

how do things want ta be
known? different ways of
sensing or knowing (e.g.
sight, feeling under
foot, pattern
identification.) /
comment les choses
veulent-elles étre
connues ? différentes
maniéres de sentir ou de
savoir (par exemple, la
vue, la sensation sous
e pied,
U'identification de
motifs..)

Patterns and
Relationships / Modéles
etrelations

J'ai étudié ce buisson/
arbre de prés pendant de

nombreuses minutes. Je
suppose qu'ils se
denandaient ce qu'il y
avait de si intéressant
la-dedans.

Wind in the grass / Vent
dans I'herbe

Figure 1. Images and recordings posted by collaborators of their living walk listening to Mother Earth (Living Walk
padlet).
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DAY 3: BEING MATHEMATICAL IN RELATION WITH MOTHER EARTH

El de

r Betty joined in person and El der Dr. EIl mer joine:
of the Day 206s walk in relation to being mathematical

a

Day 3086s cir cl dollowsmgquestiors prel dtatdmentst h e

T I'n what way(s) are we preparing to bring our whol e
Earth and our human and mdranhuman kin?

(Re)membering and navigating relationships with mathematics, community, land and place.

Un/learning ways of relating with others, including mathematics from/on/with land and place.

(Re)cognizing land teachings for mathematical education.

If we are kin with mathematics then what does that mean?

= =4 —a =9

Emotional, physical, mental, and spiritual components of the medicine wheel were presethiraettays. What we

share with you here as the conclusion to the report is a found poem of the collective comments noted in Day 3 in the
circle. No one voice is identified as these ideas emerged in the circle. In our understanding of the circle, ideas shared
in the circle become a part of a collective voice.

No one is breathing ahead of us or behind us

Time via Blackfood past, future, and present altogether. They are not separate or in sequence but together.
Past isndédt behind us, and future ahead. We are al ways
Scale.

| plan with mathematics that is smaller than me. In the classroom we try to be at the same size. But we also need

to be thinking of things that are bigger than us.

My students saved my life.
What is my relationality with my students and ethical obligation?
What does it mean to think of children as past, present, and future?
What does this mean for mathematics?

We arendt inventing math we are |l earning to appreciate
We dve been |4 ivoifensais teols brlobjeniatod think with.
|l 6m not doing it to colonize but as an offer to Mother

How are we a part of the world in being mathematical?

Challenge becomes to feel and think with your heart.
The longest journey of your life is from your heart to your head and back again.

It is time to rethink curriculun® twasndét meant for | ndigenous children.
It was meant for the children of the colonizers.

Take back the classroom and reconnect with nature.

To have kinship with mathematics in kinship relationship.
Learn the sound of the environment.

To have kinship with mathematics in kinship relationship.

RESOURCES AND REFERENCES

We invite you to view/read these resources:

VIDEOS:

Janine Benyus Biologist and Innovation Consultar{2022) On biomimicry (3:14 min)[video]. YouTube.
https://www.youtube.com/watch?v=M_5Xxy2T3kA
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JC Cahilb Universityof Alberta Plant Biologist(2012) Smartyplants: Uncovering theecretworld of plant
behaviour(44 min) [video]. Curio. https://curio.ca/en/video/smarplantsuncoveringthe-secretworld-
of-plantbehaviour1443/

Hermit Crabs (2021) LINE UP to swap shells! (4:04 min) [video]. YouTube.
https://www.youtube.com/watch?v=zpjklLt1qWk

Robin Wall Kimmered Teaching Professor of Environmental and Forest Biology State University of New
York. (2014) Humans and nature talk. What does the Eaghk of us16:56 min)[video]. YouTube.
https://lwww.youtube.com/watch?v=y4nUobJEEWQ

Suzanne Simadfl UBC forest ecologist(2016. How trees talk to each othgd8 min) [video]. TED.
https://lwww.ted.com/talks/suzanne_simard_how_trees talk to_each_other

LITERATURE:

Archibald, J. (2008)Indigenousstorywork: Educating théeart, mind, body, andspirit. UBC Press.

Glanfield, F., Thom, J. S& Ghostkeeper, E. (2020). Living landscapes, atektures, and langjuaging

algorhythms.Canadian Journal of Science, Mathematics, and Technology Educaé(®), 246 263
https://doi.org/10.1007/s4233120-000858

Ghostkeeper, E. (20073 pirit gifting: The concept of spiritual exchan@ ed). Writing on Stone Press.

Kimmerer, R. W. (2013Braiding sweetgrass: Indigenous wisdom, scientific knowledge and the teachings of
plants Milkweed Editions.

Nicol, C., Thom, J. S., Doolittle, E., Glanfield, F., & Ghostkeeper, E. (2023). Mathematics education for
STEM as placeZDM-Mathematics Educatiqro(7), 1231 1242. https://doi.org/10.1007/s1188823
01498z

Styres, S. D. (2017)Pathways for remembering and recognizing indigenous thought in education:
Philosophies of ietl@hihsténha ohwentsia'kékha (land)niversity of Toronto Press.

Walter, M, & Andersen, C. (2016)ndigenous statistics: A quantitative research methodolBgytledge.
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SAWUBONA. | SEE YOU. JE TE VOIS.

Manon LeBlancJniversité de Moncton
Robyn RuttenbergRozen Ontario Tet University

Sawubona is a Zulu term thatfiss an invitation to a deep witnessing and presence. This greeting forms an agreement
to affirm and investigate the mutual pot enddeiagdis and ob
essential to human freedopaa.)l( Gl obal Oneness Project, 2

As you might have noticed, there is no list of our community members at the top of the page. Instead, they are
embedded in our invitation to you to join us in our study of belonging in a (mathematics) (education) community. We
are also using the presemse in this article (some might argue that keeping this so open would unmake our piece of
writing from being an artici® butcan we see it differently?) as an invitation to you, dear reader. Come join us on our
journey. We see you. Bienvenle

What does it mean to belorlg? Que signifie& | dappartenance

How can we push OUR thinking? OUR BOUNDARIES? What are boundatind?if we (know) (understand)
(define) those boundaries, can we push them outwards? Do we need boundaggghdsérmore belonging (to our
mathematics community) if there are no boundaries?8Maitlefining the community a boundary? If the community

is undefined is it so inclusionary that it becomes exclusionary? What are the risks to me? To you? To OUR community?

Lam Nguyen

Alexander Cavalcante

Figure 1. Participant list.

IWe used bl ogg®#®guestionsdbaunbel®gitgad d@dsi de t he di scussions of belongi
questions and contribution can be fourate We add these questions throughout this article, and we finish the article with answers
to Julian Stoddés questions from our working group community
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Invitation to you dear reader: We invite you to add your name to the circle of belonging
WARNING!! WARNING!! WARNING!!
READ AT YOUR OWN RISK!
Reading this article may (will? hopefully!) shake some of your foundations of understanding.
We invite you into our tensiorend (of course) we do not share solutions

Dear community member. Please stop reading for a moment. We want to draw your attentiairdte tbehuman
concern

If values construct the borders of the circle, what are the specific values that construct the mathematics community
circle and create the parameters for belonging in the mathematics community? (e.g., belief in beauty of math? or math
knowledge?)

Figure 2.
So what do you think? Do you want a few minutes?
What values would you add on the border? Go aheadte in the margins!!

We brainstormed some valuesn F i g(Did the f@mating for publication keep the pictures on the same page?
Or do you need to look to the next page to find them?)

Figure 3.
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LeBlanc & Ruttenberg -Rozen -

The circle itself was a curiosity though:
AiThe circle felt |ike
if there was a meaning

Manon,
Oui,

Sawubona. | see you. Je te vois.

connected
Wh y

a bounded,

behind it. green? Was

space.

I
t

was
t win

do you think we should have two articles, one translated in English and one translated French, so our whole community

feels a sense of belonging when reading this?
I am not sureé | etds t

fi | appreciate the way t
built upon within the circle. Tensions of where
particul ar concept or i
and it is clear that n a
Nonetheless, there is a genuine cutjosinto the
thinking of others that is fostering a true exploration

ideas. | think this is beautiful and | wonder if this ~

helping to set the tone of an inclusive space where
can grapple with the bounds, boundaries, and definit
ofwhatitmeans o bel ong to a m

Manon, this is a quote from one of our commur
members. Should we attribute it to them?

Good question, Robyn. But if we do, do we neec
include a quote from everyone? Do we even have gL
from everyone?

We donot have quotes from everyone. | wonder if
name a few people do we make invisible everyone €

I think so. But | am not sure. Reader, what do you thi
Should we cite the quotes, risking making other gr
members invisible? Or can we just attribute it to
community? This way, one voicernst prioritized over
another voice.

| am getting anxiety. | can remember back as
undergradéYOU MUST
QUOTESé OMG! What woul d
do? What do you think, dear reader?

But how do we validate the individual within the grou
We camot constantly identify only with the grou
Belonging also means that my gelfny individualityd

my uniquenesd is important within a group. Maybe w

ry it outé

«JOdbappr®cie |l a mani re
sont construites au sein du cercle. Les tens
concernant | a pl ace d¢

particuliere sont négociées, et il est clair que tou

monde nda pas n®cessain
déune i d®e. N®anmoi ns,
| 6®gard de | a fa-on d-

une véritable exploration des idées. Je trouve
magnifique et je me demande si cela ne contribue [
donner | e t o nusifdof maus pewq:
débattre des limites, des frontieres et des définiti
relativement a ce que signifie appartenir a 1\
communauté mathématiq@e

Manon, il sbagit dodune
de notre communauté. Devriensus la lui attribue®?

Bonne question Robyn. Mais si nous le faisons, dew:
nous inclure une citation de chaque mentbEg avons
nous des citations de tout le mortle

Nous nbéavons pas de cit
demande si, en citant quelques personnes, nous rel
invisibles toutes les autrés

Je pense que oui Mai s

|l i sez ce t exwous? Devganshais citgp
les sources, au risque de rendre les autres membr
groupe invisible® Ou pouvornous simplement le:
attribuer a la communau®De cette fagon, une voi
nbest pas privil ®gi ®e p

Je commence méi nqui ®
| 6®poque 0% j O®tai £ VAUSL
DEVEZ CITER VOS SOURCES AH BON SANG!
Qu 6-eesque ma professeure ou mon professeur
dirait de faire? Qu 6 e AvousZe ns e z

Mai s comment valider | €
Nous ne pouvons pas nous identifier constamn
comme groupe. LoOoapparte
ma personn® mon individualitéd mon unicitéd est
i mportante au s-étiedevrbrénous
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should find a way to signify the individual withinttt r ouver un moyen de rec

group by using quotes. groupe en utilisant des guillemets.

Umm, well, itis in print, and there is no name. Buttht Umm, eh bien, cdest i mp
arequotes. So | guess you know what we choose tc il y a des guillemets. Je suppose donc que vous sav
in this case. gue nous avons choisi de faire dans ce cas.

Dear reader, would you make the same decision? Chére lectrice, cher lecteur, prendriams la méme

worth it to ignore academic training and culture twi décision? Vauti | | a pei ne doi

make someone else invisible? acad®mi que et la cultur
déautre?invisible

Every time we make someone visible, we méiChaque fois que nous r e
someone el se invisibleér rendons quelqudun dbéaut
Robyn,

Yes.
What about this? What do you think? Does including French AND English columns create more of a sense of
belonging?

| éwonder éhave we created more of a divide? What valu
columns? Is it one or the other?

| was wondering if this was artificial. | would read the French column and you would read the English column. How

is that belonging? Is just having ACCESS to language enough? Is just having access to mathematics enough?
You know we wrote this in EnglistRight?

Yes Oui é
Qubéestque cela signifie poRuisineo tarveo isre nutni nseenntt idndeanptp adr 6t
en excluant lesautré&s Sédgivir ai ment doun < &stltpossieerde neas axglpralest e nanc
autres dans toutes les situatiéns

Okéhow about this?

Reader é Reader ? Aftesvoug mujours I& We fieel wemeed te Pvite you back in agaid® we?

Have our borders shifted, to exclude ydoa frontiéres se somtdles déplacées pour vous excl@rks there space in

our (we mean you too) circle of concern for entry, exit, anghtey, then exiting again, and then returning when you
want to, or rather IF you want to? Are our borders permeable, and is it your choice as to where you want to be in
relaion to the community®inside, outside or N the border?Nos frontiéres sortlles perméables et est a vous

de décider ou vous voulez vous situer par rapportalacommufaute © | 6i nt ®r i eur, 7 MDoOoext ®ri
Lecteué Lecteur? Etesvous toujours |12 Are you still thereNous pensons quoil est n®ces
nouveau. Este le ca® Nos frontieres se seatles déplacées pour vous excl@t¢ave our borders shifted, to exclude

you?Y at-i | de | a place dans notre (nous voulons aussi dir e

la réentrée, puis la nouvelle sortie, puis le retour quand vous le voulez, ou plutét Sl vous 1€ Indedrontieres
sontelles perméables, et et a vous de choisir ou vous voulez vous situer par rapport arlaneon a (& ® ?
| i nt ®ri eur, 7 | 6 eRAreuribardens peomeabls, drid is it your thoicerag td whereeyou want
to be in relation to the community? (inside, outside or ON the border?)

But we double the space if we do this (Sorry Jennifer, our dear editor of the proceedings!). So alndoButhese
yet.

| think we should get back to the mathematics community.
Oui é b u tnot leeee thitk imdthematics community.

What do you mean?
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Well at CMESG the question of English and French and how we communicate is tied to our sense of belonging in our
larger (mathematics) community. So you see, mathematics is a defining feature of our mathematics community. BUT
so are other things dependingo wher e we are and what context we are i né

Like French and Englighor like being a mathematics person versus a mathematics educatiorépardming a
Western Canada mathematics education person versus being an Eastern Canada mathematics eduéatiom person
all belong to multiple mathematics (education) communities that converge in the community we (currently) (want to)
find ourselves in, in that moment.

AA barrier is |likely required/wanted in communitie
(so we all know what we are talking about,
along with the responsibilities (and skills required)).
Hopefully this is a permeable barrier that welcomes and values a collection of diverse ideas
maybe instead of a single center,
the mathematics (education) community could be a circle with maohgs
These nodes all belong to the circle and they represent different ideas or values,
and people gravitate towards these nodes based on t|

Manon,
Yes,
We need to share what happened!
What do you mean?
You know
| think sc@ do you mean at the end? The wonderful freeing moment when the circle was
reconstructed?
YES!!
Do you have something in mind for the way that we can talk about the reconstruction?
Oh 1 did not think about that éhow do we sema
moment?
MomentS you mean?
Wedre runni dgeobds phstroesmow everyone
later.

Remember that circle of belonging from the beginning? Scroll back upwjwesait for you.
Are you back? Wedl

When we reasoned borders are important for belonging (even though they can also exclude), instead of destroying the
circle altogether, we thought of ways to RECONSTRUCT the circle! Our circle became a spiral

Figure 4.

Yesé we got shivers tooé how mathematical and how full of belonging.é YES t hey can go together
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Figure 5.

The change from circle to spiral meant that the borders could shift. With a circle you are in or out. With a spiral you
can be out and in, you can be at the beginning in the entryway or in the center, you have a choice of where to be within
the spiral, yowcan step right into the center or you can step into the periphery

If you follow the spiral (the usual path) the journey is longer, but if you step over borders the journey is shorter. People
can choose different paths. Some people may never get to the center endidhaty ou can journey out of the spiral
AND you can always come back again!

We asked our community memberseé

What does it mean to belong?

il believe belonging is a two way street: to accept,
What do we gain from belonging?

il think -rweec ogganiint isoenl.fo

féas well as a community.o
Que signifie | 6appartenance ?

«Je crois que | dappartenance, cbest-mé@eml|l uer avec | es
Can you endlessly belong?

AiBel onging is not endl ess. Both individuals and c¢ommi
Loappar t eelleavous @&re im@ose®

«Ldbappartenance ne peut pas °tre i mpos®e, car | dappar

de la reconnaissance des membres et de soi.
What does it mean to belong?

il believe belonging is to feel seen and accepted. 0
What do we gain from belonging?

Al think we gain security and safety. o
Que nous apporte | 6bappartenance ?

«Je pense que | bappartenance nous apporte |l a pluralit
Can you endlessly belong, or is there a limit to how long you can belong for or how many things you can belong to?

il think belonging is fluid, and a safe community wil
Do you need permission to belong?

il believe you need acceptance from both yourself an:q

Alors, que pensezous? So what do you think?
Que signifie faire partie dbéuhe communaut® mat h®mati qu
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What does it mean to belong in a mathematics (education) community?
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INTRODUCTION

Teaching should focus less on the product of mathematical thought and more on the process of mathematical
thinking. (Skemp 1971)

In this Working Group, we proposed to turn undergraduate mathematics educatioroinsitamdergraduate
mathematics curricula are usually designed in terms of topics, while skills are considered as secondary outcomes
which students hopefully acquire whikearning a given topic. We propose, instead, to construct a full Major in
Mathematics program based on skills, independent of context, as primary learning outcomes.

The goals of this Working Group include the following:

1 Become familiar with the proposed program structure and learning outcomes;

1 Map knowledge content to proposed courses;

1 Discuss course activities and assessment;

1 Produce amarketinggdocument explaining the program to students, colleagues, and administrators.

We identify the following core mathematical skills that we want students to acquire through the curriculum:

Abstraction

Communication and Collaboration

Computation

Ethics, Equity, Diversity and Inclusion (or perhaps Mathematical Responsibility?)
Problemsolving

Proof and Formalism

Research

Nk W~

39



CMESG/GCEDM Proceedings 20 23 - Working Group Report

The proposed program is built around a suite of courses based on these mathematical processes, with context
independent learning objectives (those are provided in the Appendix). We envisioajdh@rogram to be made up

of approximately 18 courses, 15 of which are core coursesl¢8@0or lower) centred around these skills, with the
remaining 40€evel courses such as specialisations in particular skills or perhaps topics.

We recognize that many stakeholders will be firm that there is core knowledge that needs to be covered (which is
contextbased, such as various topics in calculus and linear algebra). Content can be mapped to the appropriate courses,
while keeping in mindhat the knowledge would not be taught solely as requisite content knowkedgather as

context to put in practice the appropriate skills. For instance, vectors could be introduced as an example of abstraction;
differential equations as computation gardblemsolving.

With this program we would teach students how to do mathematics, instead of teaching them how mathematics was
done by others. Would itotbe awesome?

MOTIVATION / VALUES

What we really care about, as educators and mathematicians, are the core skills of mathematical reasoning. Employers
agree: they are looking for people who can solve problems, use abstraction, collaborate and communicate
scientifically. Yet what we do inomtemporary mathematics education does not align with our values; we teach content
over skills. Our assertion is that if we taught finecess of doing mathematicther than the mathematical product,

this would also help address the common student fekdbat undergraduate mathematics education is disconnected

from theégal world6T hat i s, the question fAwhen wil!/ |l ever need

SKILLS VS KNOWLEDGE

What do we mean by fAmat hemati cal reasoning skillsodo? Sk
be able to use oneds knowledge in a responsible way t
competencyinvolving knowledge, skills, attitudes and values which are developed interdependently. Competencies

can help students thrive in our world and shape a better future. Employers advertise the mobilisation of knowledge,
skills, attitudes, and values to me®mplex demands gwofessionally valuabl¢Organisation for Economic Go

operation and Developmef@ECD], 2019.

Knowledge has been the main focus of education systems over the past 100 years. In particular, mathematics
undergraduate education has mainly focused on disciplinary knowleddgecispecific concepts and detailed
contend with interdisciplinary, epistemic and procedural knowledge addressed in passing.

While knowledge is important in mathematics education and a key component of competencies, we suggest that it
should not be the primary focus of mathematics education. As mentioned in the opening quote, we propose to teach
the process of doing mathematiegher than the mathematical product: the focus should be on skills instead of
knowledge. This is not a new idea, but it is an important one; while the mathematics education community certainly
has acknowledged the importance of emphasising skills, chamgeathematics education are lagging behind other
disciplines (see, for example, an emphasis on skills in Computer Science).

The OECD Learning Compass 2030 distinguishes between three different types ¢D&aI3, 2019:

1 Cognitive and metaognitive skillswhich include critical thinking, creative thinking, learnitoglearn and
self-regulation.

1 Social and emotional skillsvhich include empathy, sedffficacy, responsibility and collaboration.

1 Practical and physical skillsvhich include using new information and communication technology devices.

The proposed curriculum focuses mainly on cognitive and metacognitive skills but also includes social and emotional
skills (eg. via Communication and Collaboration, Research, Proldelwing, and Ethics, Equity, Diversity and
Inclusion) and practical and physical skillsggevia Computation).

WORKING GROUP DAILY OUTLINE

The daily goals for the Working Group wexs follows:
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1. Mapping core knowledge to skillsased courses;
2. Assessing skills;
3. Designing strategies for implementation.

In this contribution we summarise the discussions and results @fdhang Group.

DAY ONE

GETTING FAMILIAR WITH THE PROPOSED CURRICULUM

We started by familiarising ourselves with the proposed diéised curriculum and the learning objectives provided
in the Appendix. Unsurprisingly for CMSEG, a lively discussion immediately followed, with a wide spectrum of

reactions, fmeim fiohiweiarawabkbpeady doing thato to Al d
Earth will we ever implement such a utopian scenario

An interesting point was raised: Is the wandthematical skillappropriate? In mathematics education, mathematical
skills are often understood in the sé&ngetdferid-dhrmamutae |
i ndependent skills such as fAConstruct a mathemati cal d
of di stinct objects. o0 Perhaps the words mathematical
appropride? In the end, what we mean to convey is thmnaf mathematical virtues from $2017).

I n the same vein, it was suggested that the seven them
be more approprimtend hsamm dirAbstracti on

MAPPING CORE KNOWLEDGE TO SKILLS-BASED CURRICULUM

An immediate countesargumentto askilb ased wunder graduate curor iTchuel ruem iiss stohn
core knowledge that must be covered in any mathematics curriculundégigatives); how do we ensure that this is

the case with a skilbased curriculum? To answer this question, we proposed to identify core mathematical topics
that must be covered in an undergraduate mathematics curriculum and map themiasddlsoiges. Instructors

would then be given the contexidependent learningbjectives of a skillbased course with an associated list of

core knowledge that must be covered in the course as examples of the mathematical skill. It is important to point out
here that the idea isotto simply reshuffle the components of the mathematics curriculum to align them with skills
instead of topics. Instead, the identified core knowledge should be tawyasinagles of a mathematical procesg.,
vectors may be taught as an exampl e ofheacompasses commonn (
characteristics of a set of distinct objects, removi
standalone definition. We teach the process, not the product.

A list of core topics grouped around standard mathematical subjects (such as calculus, linear algebra, etc.) was
provided to working group participants. In small groups, participants picked a theme and mapped the core topics to
the seven skilkbased theng In the process, they were asked to think about how these topics would be introduced
and taught in the context of the corresponding skiflsed courses. The results of the activity were recorded on posters,
one of which is showim Figure 1 In the endthe main result of this activity was to get all of us thinking deeper about
what a skillsbased curriculum could really look like in practice and whether it would be beneficial.
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Figure 1. Results of Day 1 activity.

DAY TWO

CONNECTING TO THE REAL-WORLD

Students often report that current matohéeratsi ds éeduwddtiig

the recent report from the Global Strategy GréG/G, 2023 whi |l e this report focuses
K12 mathematics education, similar feedback is usually received at the undergraduate level. Woulthases#ills
mathematics curriculum address this perceived disconnection?

In small groups, participants were asked to discuss the following questions:

1 Why would a skillsbased curriculum be valuable, from the perspective of students, employers, and
academics?

1 How would it prepare students differently from how we currently teach mathematics at the undergraduate
level?

1 Would students who complete a skitlased mathematics curriculum be well prepared to tdoijessued
in society, such as the role of artificial intelligence, climate change, the rise of authoritarianism and
extremism, the spread of disinformatiamdthe mental health crisis?

The general consensus was that, indeed, by focusing on skills instead of topics, a mathematics undergraduate
curriculum would prepare students better for the job market, whether it is in the private sector, public sector, or
academic. It would also enabdtudents to be in a better position to make informed and positive contributions to
society.

It is interesting to remark at this point that the overall mood iWtheking Group started shifting a bit. Enthusiasm

and support for the idea became rather general, with some of the initial reluctance fading away. After all, we are
proposing a radical transformation of undergraduate mathematics education. As (one could sagjmamabeimgs

are hardwired to naturally resist changes, initial hesitancy and scepticism is expected.

ASSESSMENT FRAMEWORK

An important part of any curriculum is the assessment framework. Assessing whether students meet the learning
objectives of skilldbased courses may be challenging. We discussed what type of assessments and assessment
framework may be appropriate in thisntext.
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A general shift towards Grading for Growth (or masteaged assessmen(§lark & Talbert, 2023 and Universal
Design for Learnind CAST, 2023 was proposed. Such frameworks appear to be more appropriate for assessing
mathematical skills. Other approaches may also be useful, such as-pasjedtassessments and fegreer
feedback. Tutoriabased approaches (Oxfestyle) would also work weih this context but may not be scalable. It
was also mentioned that oral and written exams could still be ifiskedjgned appropriately.

In small groups participants then picked one of the seven themes and discussed how they would assess whether

students meet the learning objectives in this course. What format and type of assessments would be appropriate? What
would a passing and failingapgle mean in this course? An example of the result of this activity is shdvigure 2
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Figure 2. Result of assessment activity.

For most groups it was particularly difficult to pinpoint what a passing grade would mean precisely. This is not entirely
surprising: even in standard courses, we, as instructors, have a vague understanding of what passing the course means,
but it is rarey spelled out explicitly. Would ihotbe nice for students to know exactly what they are expected to be

able to do to pass a course?

DAY THREE

STRATEGIES FOR IMPLEMENTATION

It is certainly fun and engaging to discuss utopian ideas, but we must also find ways to turn these ideas into reality.
Implementation is a stumbling block that was already mentioned in the first dayWbtkéeg Group: how can we
convince academic institutions and find funding to support the implementation chsis#sl courses?

The idea of skilldhased courses could be implemented at various levels:

1. inagiven course;
2. in a given sequence of courses (such as service courses);
3. as a whole undergraduate program in mathematics.

We focused the discussion on finding strategies for implementation at levels 2 and 3, which appear to be the most
challenging.
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TheWorking Group raised a few interesting points:

1 Service courses, such as the mathematics sequence for Engineering students, or mathematics courses for
future school teachers, may be a natural place to implement such a radical change in the short term. Indeed,
in many universities other faculties and dements are dissatisfied with our current mathematics service
courses. It may be easier to convince them to move to alsadksd framework, given that what they are
mostly looking for in mathematics service courses are mathematical reasoning slaligtrathspecific
content. In fact, computing science is already moving in this direction with the creation of data science
programs. They may be supportive of a similar proposal in mathematics.

1 Some of the textbooks fateacheitrainingd mathematics courses are already organised around skills. It
was mentioned that it is somewhat difficult to teach in this way; instructors often return to the familiar
contentbased approach.

1 For a level 3 implementation, convincing administration may be easier than convincing colleagues,
although this is speculative. Nevertheless, it was proposed that it may be better to start off on a smaller
scale with likeminded people: perhaps a specfdgship program in a large university? Or a separate
academic endeavour?

1 Instead of doing a radical fedicale level 3 implementation, a gradual implementation strategy may also be
used, with various courses being createdione n e . AiProof and formalismd cour
institutions, sasvwalglo a9 ufiBesehl| €mr haps one coul d i
so on and so forth, introducing the various components of the progratny-@me? In this respect, to
convince departments to open a new course, a possibility is to offer to tdacliréedinitially, as a pilot
project. If it is successful, it is then much easier to convince the administration to offer it on a running basis.

Following a query by some participants, ChatGPT produced a clear outline of steps that should be taken to do a level
two implementation for service courses for Engineering students; it is reprodu€ietire 3in graphical form.
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Figure 3.

MARKETING

If we are going to turn this idea into reality, we need to convince the various stakeholders (students, academics,
administration, employers) that a skilased curriculum (or skillbased courses) is beneficial. How can we advertise
the project?
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Participants were asked to craft a shionarketing statemed@that could be distributed to the various stakeholders
explaining the ideas behind the project and how it would better prepare students both for academic studies and for the
job market. For example, one group produced the following statement:

Imagine a mathematics program that would serve students, mathematics faculty and the communities around
us more richly. In our view that would be a program that blends mathematical competencies and competencies
for learning mathematics. By competencies wmean abstraction, communication & collaboration,
computation, ethics & EDI, problem solving, proof & formalism, and research.

We expect that students will be able to build their capacity as mathematical learners, since this program will
make explicit, and provide opportunities to develop, coach and practise the competencies of a mathematician.
Students that do this will be moreepared to incorporate mathematics into their work with different
communities.

For a mathematics faculty as a group, we envision a scenario where students are more prepared for first and
higher level mathematics courses and will face a lower rate of attrition from our courses. This will lead to
higher levels of students taking theucge, leading to more resource allocation and more pleasurable teaching
experiences for faculty.

FINAL WORDS

In the end, the proposal is radical and may ruffle some feathers. But its implementation, whether it is at a course or at
a program level, could have significant positive impact, not only for the mathematics community but for the broader
society. The potdral is enormous. It is certainly worth thinking about, even if it may appear utopian at first sight. As
Eduardo Galeano once said:

Utopia is on the horizon. | move two steps closer; it moves two steps further away. | walk another ten steps and
the horizon runs ten steps further away. As much as | may walk, I'll never reach it. So what's the point of utopia?
The point is this: to keewalking. Galeanan.d.)
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APPENDIX

In this appendix we propose sample coniagiependent learning objectives for courses based on the seven themes.
Those are meant to be a starting point for discussion; they should certainly be refined and improved.
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ABSTRACTION

1. Filter information and identify connections. Identify, articulate and describe common characteristics of a
set of distinct objects. Recognize and remove extraneous information.

2. Conceptualise, define and give meanin@onstruct a mathematical definition which encompasses common
characteristics of a set of distinct objects, removing explicit dependence on the specific objects.

3. Characterise and expand Generate new instances of an abstract definition. Explore the limitations of the
definition by identifying extreme cases and rexamples.

4. Generalise, explore and playGiven an abstract concept, play around with the concept, explore possible
generalisations, observe specific properties and generalise them into conjectures.

5. Use axiomatic systemsDeduce simple results using only axioms. Construct axiomatic systems. Explore the
meaning of truth in the context of axiomatic systems (any statement can be given a truth value
unambiguously) and compare it with re@ebrld argumentation.

6. Formalise. Describe the necessity for rigour. Use appropriate mathematical notation.

7. Explore connections using abstraction as a toolUse abstraction to relate conjectures, theorems and
methods of proofs in one area to those in another related area of mathematics.

8. Investigate philosophical aspects of abstraction in mathematic®iscuss the perception of beauty and
aesthetics in mathematics. Contrast the permanence of abstract concepts with the impermanence of real
world objects. Discuss the freedom of playing around and exploring mathematical concepts, abstracted away
fromrealwor | d obj ect s. (AThe essence ofCantmrat hemati cs | i €

COMMUNICATION AND COLLABORATION

1. Evaluate information. Understand and extract meaningful information from the mathematical literature,
such as mathematics textbooks. Analyse a variety of mathematical and scientific v@E@@ (global
competencigs

2. Formulate arguments Understand the difference between inductive and deductive reasoning. Determine
what makes a solution logically consistent, and put it into pracfie€c(O global competencigs

3. Explain complex situations and problemsPractise creating representative structures (variables, notation,
figures, graphs, tables) to communicate mathematical concepts. Determine what makes a
mathematics/science presentation engaging and effective and put it in practice. Practise the various
conventions of mathematical writing, including formal and popular. Use Overleaf, make podcasts, etc. to
communicate mathematical concepts effectively. Rhetoric: Learn about sophisms, logical fallacies
(intellectual sdtdefence), how they are used in common discourse, and identify them in newspapers etc.
Practise thesevencGs of communication: clear, correct, complete, concrete, concise, considered and
courteous. Communicate using and connecting evidence, identifying biases and gaps in information and
managing conflicting argument®ECD global competencigs

4. Understand differences in communication recognising the importance of sociadlppropriate
communication conventions and adapting communication to the demands of diverse cultural cdBR@xXts (
global competenci@sMentor other students at different levels of learning (and learn to be mentored) and
give realtime, dynamic feedback. Learn some history of mathematical communication and collaboration,
written and pictorial, e.gletters, collaboration in different languages, art, Japanese Sangaku.

5. Evaluate actions and consequencéy identifying and comparing different courses of action and weighing
these actions against one another on the basis of- sradt longterm consequencesDECD global
competencigs Analyse the benefits and detriments of collaboration vs competition. Practise academic
discourse: learn how to make progress in collaboration via questioning and reasoning (how questioning others
can be intimidating, b wng, buttalbst makiog progrésoand distoeeiingthe r i g h t
truth). Distinguish the emotional component of sedfrth and correctness from questioning in order to
discover the truth.

6. Incorporate the mathematical virtues of power, justice, freedom, community, lové€Su, Flourishing

COMPUTATION

1. Develop computational literacy Understand common techniques and algorithms for computation; a basis
of techniques opens doors for a person to be able to play with more nuanced ideas. Understand common
computational technology basics, such as Wolfram Alpha, Python, Maxima. Apply kige@vétechniques
by carrying out computations with technology.
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2. Understand and apply decomposition and abstraction/generalisationBreak down a problem or
challenge into small, manageable parts and focus only on the most important information and elements of
the problem, ignoring irrelevant details or unnecessary details.

3. Engage in pattern recognition/data and information visualisation Sift through information to find similar
problems, which makes it easier to organise data, which in turn can help with problem solving.

4. Practice and evaluate algorithm designUse stegby-step solutions that can be followed to solve a problem.

Test and debug to ensure that solutions remain fit for purpose. Know the algorithms and computations so that
when using a computer to solve problems, you can tresfiwet and verifytha i t 6s doi ng what vy
to do.

5. Justified correctness Be able to carry out a lengthy calculation correctly. This involves (1) Resiliency, (2)
Continuous justification, (3) Scepticism, (4) Consistency checks, (5) estimation.

6. Evaluate actions and consequencéy identifying and comparing different courses of action and weighing
these actions against one another on the basis of- it longterm consequenceDECD global
competencigs

ETHICS, EQUITY, DIVERSITY AND INCLUSION

1. Understand ethical implications of mathematical approachesBuild a collection of examples where
assumptions made in mathematical approaches and quantitative reasoning can have real consequences.

2. Evaluate ethical choices in communicatiolin presenting information, such as statistics.

3. Analyse EDI issues in mathematics educatiorAnalyse racist, sexist, and classist practices in teaching,
teaching materials, student interactions, and on an institutional level.

4. Understand historical bias in mathematics Understand situations of gender, race, and class bias in the
creation and dissemination of mathematics.

5. Analyse and evaluate mathematics as democratic knowleddeiscuss mathematics as opmeress and as
advancement of knowledge, not of individual importance.

6. Appreciate how social responsibility relies on quantitative reasoningUnderstand how mathematics
rhetoriclogic is important for a welfunctioning society and for social change.

7. Incorporate the mathematical virtues of power, justice, freedom, struggl€Su, Flourishing

PROBLEM SOLVING

1. Understand and carry out various problemsolving frameworks, both corporate and mathematical (e.g.,

Masonds Entry, Attack Review phases; Pol yads Under s

Look Back)

Solve problems with specific given techniques

Solve problems where no technique is obviousncorporate problerdentification, research, creativity,
analysis, decisiomaking, digitaithinking, collaboration, adaptation, and communication in carrying out the
comprehensive activity of solving a problem.

Approach problems using structured methods Clarify the specifics of a problem statement, gather
observations and make choices/assumptions when tup $enot clear, break cognitive fixedneS$sAM

Math Modeling. Recognize when the problem is too hard and figure out how to make it simpler, and then
maybe see that scaling up is not always feasible. Try examples and extreme cases. Generate creative ideas
for solutions. As a mathematician does when confronted avjghoblem, find literature which can inspire
you. ldentify appropriate mathematical strategies.

Apply metacognitive reflection to the problem solving processAppreciate the importance of trying,
failing, and trying again. Understand how to try something, anything, and not freeze.

Communicate a solution.Present the solution to a problem in context, with reference to assumptions, and
for a specified audience.

Compare similarities and differences of problemsFind problems that are the same but also recognise
problems that are similar and figure out where the differences in PS may lie.

Practise empathy.Analyse and apply both humaentred and environmentally responsible approaches to
design techniques, such as user research, user experience, and sustaliahitityl ©esign Thinking and
Innovatior)

Incorporate the mathematical virtue of flourishing. (Su, Flourishiny

47


https://www.oecd.org/education/Global-competency-for-an-inclusive-world.pdf
https://www.oecd.org/education/Global-competency-for-an-inclusive-world.pdf
https://docs.google.com/document/d/140Y-84Qd0o4Ub_EabIZjl79Cwl083foku_GNf7VN5Y0/edit?usp=sharing
https://docs.google.com/document/d/140Y-84Qd0o4Ub_EabIZjl79Cwl083foku_GNf7VN5Y0/edit?usp=sharing
https://docs.google.com/document/d/140Y-84Qd0o4Ub_EabIZjl79Cwl083foku_GNf7VN5Y0/edit?usp=sharing
https://docs.google.com/document/d/140Y-84Qd0o4Ub_EabIZjl79Cwl083foku_GNf7VN5Y0/edit?usp=sharing
https://docs.google.com/document/d/140Y-84Qd0o4Ub_EabIZjl79Cwl083foku_GNf7VN5Y0/edit?usp=sharing
https://docs.google.com/document/d/140Y-84Qd0o4Ub_EabIZjl79Cwl083foku_GNf7VN5Y0/edit?usp=sharing

CMESG/GCEDM Proceedings 20 23 - Working Group Report

PROOF AND FORMALISM

1. Understand the concept of mathematical proof and its importanceDescribe what a mathematical proof
is as an inferential argument that establishes logical certainty. Explain why proofs are important in
mathematics.

2. Communicate mathematics clearly.Describe why using proper notation and formalism is important in
mathematics. Communicate mathematics, including definitions, theorems and proofs in a clear and precise
way. Employ the notation, format and completeness conventions of the mathematicsrtgmmu

3. Become fluent with various methods of proofRecognize and distinguish between different types of proof
(direct proof, proof by case enumeration, proof by contraposition, proof by contradiction, proof by induction,
etc.). Outline the logical structure of each.

4. Learn how to construct mathematical statements and prove thenConstruct a mathematical statement.
Determine its truth value. Select an appropriate method of proof and use it to first sketch a proof and then
write a clear and complete proof.

5. Highlight the logical structure of a proof. Given a mathematical proof written in natural language, identify
the assumptions and conclusion, any lemmas used, the method of proof and the main logical steps of the
proof. Connect with the idea of a formal proof in symbolic logic.

6. Use good style in proof writing.Study how proof writing can be simplified and embellished by establishing
appropriate definitions and proving intermediate lemmas.

7. Use the power of visualisationLearn how to establish pictorial representations that can be used to visualise
and simplify formal mathematical arguments.

8. Translate between mathematical arguments and everyday languageéonvert noAformal arguments into
formal mathematical writing. Explain formal mathematical statements and proof iformoal, everyday
language.

9. Recognize fallaciesRecognize logically invalid arguments, both in a mathematical context and in everyday
language.

(Some of those are inspired by the codesel learning objectives dfIATH 220 at UBC)

RESEARCH

1. Learn how to approach a research questiorBecome at ease with working on a problem that has no known
solution. Learn how to #Atry thingso: if a problem
solutions until you find one that works. Become fluent with the idea of reducing amrtbomething that
you already know how to solve.

2. Acquire targeted knowledge While working on a research question, determine when new knowledge is
required, and learn how to acquire focused knowledge without getting lost in the vast literature. Become at
ease with making progress in a certain direction without having a full stadding of all its ramifications
and foundations.

3. Test with examples and toy modeld_earn the importance of using simple test examples or toy models to
test the main steps of a formal abstract argument in a concrete setting. Use consistency checks.

4. Establish intuition. Devise methods to figuesso whether a math
guide linesof attacks for proving the truth value of the statement. Use examples to find intuition and learn
how to search for appropriate examples that probe extreme cases and may lead t@xaonpuies.

5. Find relevant statements in the mathematical literature Scan and search the mathematical literature.

Identify appropriate sources. Establish methods for finding relevant mathematical results in the vast
literature.

6. Extract information from a mathematical paper. Read a mathematical paper. Extract meaningful
information from a paper even without fully understanding everything. Learn how to read a paper in multiple
steps; by establishing a general understanding of the paper with a first read, and then diggmig teep
mathematical statements and proofs with eaglead.

7. Collaborate. Work in a research group setting and in a memtinee relationship. Develop higjuality
interactions with faculty members and research mentors. Become confident asking and answering questions,
highlighting steps of an argument that may be shakypespbsing future avenues of research.

8. Search for the truth. Understand that research in mathematics is about finding whether a mathematical
statement is true or not, and not about arguing th
humble but confident. Be able to accept making a mistake withkimg it personally.
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9. Incorporate interdisciplinarity . Incorporate interdisciplinarity and/or muttepartment research. Connect
mathematical results with other fields. Apply mathematical research to science, engineering, computing
science, business and economics, etc.
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GAMES FOR MATHEMATICAL LEARNING
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Janelle McFeetord)niversity of Alberta
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Nat Banting Caroline Lajoie David Reid
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Wendy Forbes Susan Oesterle

INTRODUCTION

We would like to suggest that out play as a key feature of educative experiences in mathematics (Bishop, 1988;

Francis, 2019; Su, 2020y4amespr ovi de an aut henti c, rich, and compel |l
learning. Games have long been recommended as a way for students to develop a meaningful understanding of
mathematical ideas before they move toward abstractions (e.g., DiefigésKamii & DeClark, 1985; Skemp, 1993).

More recent scholarship has investigated noticing mathematicatyadiiving game play in primary class (Héroux,

2023) , studentsd6 enactment of mat hemati cal processes/ c
and problem solving (Pinter, 2010), and engagement in mathematical practices through redesiggsniKina et

al., 2021).

As diverse as the purposes of incorporating games in classrooms for mathematical learning, so are the types of games
used. Drawing on the work Sabrina and Janelle have been doing in elementary and secondary classrooms, we made
three types of games availalib colleagues during the working group. The first type of games are instructional games

(e.g., Bofferding & Hoffman, 2019; Bragg, 2012; Elofsson et al., 2016), suchMe snor y Game on Te
Complement~raction Dominoesetc. These are games that aterotreated by teachers, and sometimes educational

resource companies, for the purpose of developing mathematical concepts or developing procedural fluency. The
second type of games are ancient games (e.g., McCoy et al., 2007; McFeetors & Mason, 2668%; Bésichowski,

2006/2007, Zaslavsky, 1998), suchGasare/Mancala, Hnefatafl i -8hizi/Nim M1 T @ete These are games

that arose in cultural contexts and provide opportunities for students to see themselves in their mathematics learning.

A third type of games are commercial games (e.g., Fonstad, 2016; Jaques et al., 2019; Maida & Maida, 2011;
McFeetrs & Palfy, 2017; Reid 2002), suchBlekus Farkle, Gobblet GobblerdMastermind Qwirkle, Sumokuetc.

While these games are designed primarily for recreation, carefully curated (specifically selected and thoughtfully
incorporated) games have posstEE for experiencing mathematical content that is embedded in the game
mechanics. At the same time, commercial games are educationally valuable beyond reaching prescribed curricular
content outcomes (Higgins & McF emdntmnpsocessesCritiéa)to leamidg occas
mathematics, such as spatial reasoning, problem solving, logical reasoning, and communication, to name a few. An
appendix includes a list of the many games that could be incorporated into mathematics classrooms.

51



CMESG/GCEDM Proceedings 20 23 - Working Group Report

In this report, we share our experiences in\Warking Group: the playfulness of participants as they engaged in
games, ideas raised in discussions as we reflected on and interpreted our playfulness, and some considerations needed
for future inquiries and implementation with teachers. For each day, we plaithed fecus in mind (exploring

mat hemati cal games, studentsdé6 mathematical experiences:s
incorporating mathematical game play) that framed ouectille experiences.

DAY 1: EXPLORING GAMES FOR LEARNING MATHEMATICS

On the first day, we wanted to explore the experience of playing games, especially games that Sabrina and Janelle had
used with students in mathematics class. We had an opportunity to browse through the 50+ games laid out (see the
Appendix for a longer Ii3. So, we invited the participants to play a game with the intention of becoming familiar with

itd therewere many new games to learn!

. L 1]
| o ]

Figure 1. Wendy, Sabrina (not in the picture), Susan and David playing Cloud City.

Figure 3. Marieme, Caroline, and Janelle played Santorini. We missed taking a picture!
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WHAT IS A WELL-PLAYED GAME? HOW MIGHT WE HAVE PLAYED WELL TOGETHER?

We found some grounding for our first discussion about
(2013) thinking around playing games. Interestingly, de Koven began his career as an elementary school teacher, then
with children developed eurriculum called the Interplay Games Catalog, and became renowned as a game designer

and game/ play schol ar ( iBer ni EhewkleplaitedgareenAploa ynphildéoghy | n  hi s
(1978/2013), he writes passionately about a wide range of elements that contributes to playing a variety of types of
games and what it means to play theeil. We shared with the group

If we are going to find a welplayed game together, we are going to have to arrive at some common
understanding of what it is we are looking for. The most logical way to go about it is by playing together. Since
we are playing together, we will have sohiegy in common. When we find the game that we can play well
together, weol (dekoVveh, 2 p.) what it i s.

Any victory, now that we know what it is that we want to create together, is shared. No matter who wins a

game, if we have played well together, we have accompl i:
search for the weflayed game can only be nseged in terms of how well we have been able to play together.
élt is not measured by the score, it is not measured by t

it. (de Koven, 2013, p. 5)

We could be playing for education stafie® improve skills, to widen our access to knowledge. But, as crucial

as it is to our survival in the real world to play for such goals, we must first acknowledge our community of
and our intention of playing well ¢geether. We are playing to learn. We are playing to learn because that
particular challenge intrigues us. We begin playing and end playing with the knowledge that we are already
worthy and good and wise. What we win is the opportunity to play with thatlkdge, and, in so doing, to

play well, and, in so playing, to discover that there is yet more for us to playedtKoven, 2013, p. 128)

Perhaps it is not surprising that collaboration came up as a shared experience in our opening game(tayd The

City group remarked that their early play was not very strategic as they focused on following the rules but was
collaborative in discussing across the table possible tile and walkway placements. As each player has their own
individual game board, this collakadive discussion is not an expected part of gameplay. Several turns into the game,
however, the balance between collaboration and syratexy have changed! The theme of collaboration came up
again in Day 2 when Amenda observed how the competing pair at her table ended up working together to find all the
matching pairs in MemorystyleT e n 6 s C o gamé. ©mDay 3, Nat commented that Bnaction Dominds

game became coll aborative when they |l et go of the prov
changesd and they did this by asking, Aiwhat i f this wa
i fl allthe spaceonthetalde Thi s pl ayfulness arose in the midst of ¢

Working group members also selected games that were new to them, so wiayieg to learnhow to simply

engage with the game at first. Susan reflected that when they were figuring out the rdksidoCity, it nfeel s
strangeéto |ive with discomfortd and connected this to
guestionso. I n carefully curating games, one of Janel/l

straightforward) rule sets so that students éammediately get started. For exampleSiantorinj a player moves a

worker and then builds a building each turn. Wendy connected this to problem tasks often given in mathematics
classrooms that have a Alow floor and high ceilingo. A
or turnsare easy to understand) with depth (game is difficult to master).

Overall, the reflection on our first experience of playing well together emphasized the importance of problem solving.
In the process of problem solving, Wendy pointed out that players could develop efficiencies. We could understand
these efficiencies adrategies that are created by moving from specific instances of moves toward generalized
approaches that are successful. Caroline observed that when the group $danyortniincreased from two to three
players, it resulted in shifting how we played ba tommon game board. Adapting emerging strategies from the first
game to the second game prompted solving a new problem with a more crowded board with six pawns instead of four.
The primacy of problem solving arose again as we moved our discussion tcowhtst as a game.

QUOGESE QUOUN JEU ?

En nous appuyant sur nos expériences de jeu pendant la premiére moitié de la matinée et en réfléchissant a ces
expériences, nous nous sommes poseé la question suiva@ta 6-e 8 t q u & v Apre$ um début enthousiaste et
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aprés avoir joué plus longtemps que prévu, nous avons discuté des caractéristiques des jeux. Notre groupe de travalil
a soulevé

L 6 a p p adrLesnjeue commerciaux sont plus attrayants en raison de leur apparence par rapport aux jeux
«maison». La boite et les pieceseles® mes contri buent au plaisir esth®tiqgue

Lebutd Avec un jeu, |l e but est de jouer. Avec |l es jeux cor
jeux ¢ maison é& qui ressemblent plus ° des exercices o

Le plaisird Liée a la résolution de problémes, le plaisir semble étre évoqué avec le jeu. Le plaisir dépend de la
perspective du joueur. Pour un expé€rttr eqpiasa unng ewut.r dtl®
jeu soit quelgue chose qui netspas résolu. En classe, un défi pourrait étre de trouver des jeux dans lesquels un

joueur expérimenté ne gagne pas tout le temps.

La fictiond Lorsque vous étes un joueur, voudevenez parfois un personnage au fil des tours. Avec certains jeux
commeSerpentsetéchelles i | y a wune il lusion dbéagir.

L 6 o b jo didférantfdu but lié au fait de jouer, un jeu contient une sorte de condition de victoire. Selon le contexte
du jeu, cela crée un aspect de compétition entre les gagnants et les perdants (bien que, dans certains jeux collaboratifs

commeForbiddenlisland | es joueurs sb6associent pour jouer contre
Lehasardd Cert ains jeux comportent plus de hasard ou de pri
pouvez parfois ma" triser compl tement | es jeux. Le jeu
Nous ne sommes pas parvenus °~ un consensus sur |l es cal
mentionn® par H®roux (2023), l es jeux ne sont pas tenu
a partagé une liste deraatéristiques développées a travers sa recherche, comprenant des aspects fonctionnels comme
l es r gl es, |l a m®canique, | e r®sultat, |l es joueurs et
nombre de caractéristiques. Nous avor®| i b ®r ®ment | ai ss® cette question ouv

QUE DI T VOTRE PROGRAMME DO6ETUDES AU SUJET DE JOUER ET/ OU DES

Puisque les participants de notre groupe de travail provenaient de différentes provinces canadiennes-(Colombie
Britannique, Alberta, Ontario et Québec) et de différents pays (Norvége etUBts}s nous avons pu avoir les
perspectives de différents progtme s de f or mation relativement ~ | dappre
temps dobéexplorer et de discuter des diverses mani res
différents programmes de formation.

Colombie-Britannique : Le programme de mathématiques de la ColofBbinnique se trouvéci. Jouer est
mentionné comme compétence curriculaire liéeuaaderstanding and solvinget & «making connections dans

toutes les classes comme approche générale (voir pp. 7 et 10 pour des exemple§lalzeld& nn ®e, on sbatt
a ce que les éléevesuse logic and patterns to solve puzzles and play game¢ voi r | 6 exempl e de | ¢
comp®t ence du progr amme. Jouer soutiendrait ®gal ement

problémes et de communication.

Alberta: Le programme de math®matiques de | 0Al berta compre
a la 6 annéese trouveci, de la 7 a la § annéese trouvdci. et de la 10a la 12 annéese trouveci. A la maternelle,
on sbdattend © ce que |l es enfants reconnaissent | es r ®g

la 1¢F a la 12 année, on reconnait queskadents best experience change to their understanding of mathematical
concepts as a result of mathematical plajp. 8). De plus, dans quatre des huit cours du secondaire, un résultat
dbébapprent i s s aagatyze puzzles ardl lgamessthat irolve spatial reasoning, using psuiléng
strategie® (voir | 6exemple de | a p. 26).

Ontario: Le programme de mat h®mat i q f&lz8adnée sk tboDieitetpourles pour |
éléves de la®a la 12 annéeici. Le programme ne mentionne pas explicitement le jeu d€ #&ld 8§ année, mais
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mentionne | es jeux comme ressources dbébapprentissage p
secondaire, les jeux sont mentionnés dans deux cours deré® qui sont liés a la détermination des probabilités.

Québec: Le programme de mathématiques du Québec est séparé en quatre documents selon les niveaux : la maternelle

se trouveici, la I° a la & année du primaire se trouvesd trouveci, 1 et Z année du secondaii@ et la 3a 5

année du secondairei. Le programme de maternelle encourage le jeu et les jeux sont utilisés pour apprendre et
r®soudre des probl mes. Par l e jeu et par |l eurs acti
construisent leurs apprentissages, structurent leusgépgrmt développent leur vision du monde. lls apprennent a étre
euxmémes, a interagir avec les autres et a résoudre des problemes. lls développent leur imagination et leur créativité.
Lédactivit® spontan®e et | e § cequijsstfiededdnrenanjsuuhegplace cestrald e ma ”
dans | 6®ducation pr®scolaire et dbéorganiser | 6espace e
puzzles sont mentionnés explicitement pour les probabilités et le raisonnentiaht spa

Etats-Unis (Tronc commun): Le Tronc commun (en quelque sorte représentatif des Hiég$ se trouvéci. 1 noéy

a pas de r®f ®rence explicite " | 6utilisation du jeu da
dans | e ceapeated payoff foragameofchace (p. 83) ~ | 6®col e seenendair e.
a noté que la théorie des jeux est un lien mathématique fort avec des jeux com®endanisiqui ne contiennent

pas dodé® ®ment de hasard.

Norvege: Le programme norvégien comprend des compétences de base en résolution de problémes et en
raisonnement qui sont souvent développées et utilisées dans le jeu. Les jeux sont explicitement mentidiriés de la

la 4° année. Par exemple, 8aann®e, on sbdbattend °~ ce que |l es ®l ves su
Nous avons appris que le mofe«i » en norvégien est un verbe, ce qui a mené a une conversation intéressante sur la
fa-on dont | e | angage est wutilis® pour exprimer une ga

Parmi les jeux auxquels nous avons joué le premier jour, la plupart des idées mathématiques impliquaient des
processus ou des compétences de raisonnement, de la visualisation ou du raisonnement spatial, de la communication

et méme de la résolution de probhe s . Nous pourrions ®tablir des |liens en
mat h®mati ques et | es id®es plus | arges de comp®tences
enseignants en classe, nous pourrions étre bien quadds suggestion de David educate about the ways games

can address [what is] already in the curriculum, like competencies and skills for which we can identify suitable
game plut?t qgque de se concentrer sur |l a fa-on doéinclur e

DAY 2: STUDENTSG6 EXPERI ENCES

On the second day, our focus was on studentsd experien
for two important aspects: coming to understand what learning may be available for students and how teachers might
notice the learningn-action. As with the first day, we began playfully with a variety of games. To focus attention, we

invited working group members to play with a different colleague, try a different game, and predict what mathematical
thinking may be occasioned before they sthptkaying.

il “‘,l [y
uu‘“ ! ;

Figure 4. Marieme and Susan playing Otrio.
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vre o @vE "

Figure 8. Sabrina, Pam, Wendy, and Amenda playing Nmbr 9.

N

Unsurprisingly, we all stretched the game play time out longer than planned. With games that take varying lengths of
time to play, two of the small groups were able to try two different shorter games out while one team immersed
themselves ilNmbr 9 Adding to the range of games within our collective experience allowed a fuller discussion about
the mathematical aspects available to students while playing these games.
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QUE PEUVENT APPRENDRE LES ELEVES PAR/AVEC LE GAMEPLAY EN CLASSE DE MATHEMATIQUES ?

Papert (1981) est connu pour ses travaux offrant une conceptualisation spécifique de ce que peuvent représenter
| 6ordinateur e'tt rlaar eprso dreammatgiagre (de programmati on Logo

a le potentiel de créeed «microomondes» (tels que Logo)d 6 ® ~ ve peut se plonger, appr
enenfaisantt r aver s |l a construction de abjetavedequelpemder®doamartant es |
| 6exempl e dobéun e rgs e deb éngrendges qli,adans som adalescericey lui a permis de développer

une compr ®ension tr s intime et puissante de | 6alg br

Pour Papert (ibid), il lesbjetsaveclesquelspenserseraient porteurs de certaines activités qui émefgesiters nos

i nteracti ons obetaweslequetpensarbt guelgue chosk de manipulable, tangible ou non, par lequel

les idées se manifestent et prennent parfois forme de maniére particuliere. Les jeux mathématiques semblent de tres
bons candidats ce titre.

Papert caractérise cebjetsaveclesquelspensee n par |l ant de |l a fa-on dont ils pe
des i d®es mat h®mati ques et favorisent l intuition. Pa
mat h®mati ques sans direction pr éhpt@iedesquelspefiseme p&udbérait r e p a
r®dui t " l a connaissance qudil me t potentiell ement er
mat h®mati ques), et qubide xeps®@r i®gnac emiomnordt eehno rrseldak i on ave
L e ¢ o nobjetaveclestdelspensemous invite a regarder les fagcons de faire et de penser qui émergent lors de

| 6utilisation déun jeu par |l es ®l ves. Lébaspeptan, | udi qu
mais elle est n®anmoins ps®Psjenrea®PePdédpr jeunos udguid ppe
| 6ensemble du groupe de travail, nous avons commenc® °
aspects mathématiques comprennent unecantt ou des comp®tences sp®cifiques
comprennent des comp®tences i mportantes pour | es id®es
Nombres et opérations Il y a eu une petite inclusion des nombres
joué. DansTheGameg | es joueurs ont reconnu |l es chiff NmlBs9 et ont
etCloudCityi ncl uent de | 6arithm®ti que Npménhepermisauhecutilisatiod u r ®s u
de |l a distributivit® dans |l e calcul du r®sultat final

but principal du jeu (contrament a des jeux comnSaimok

Suites et régularités: Set sOest appuy® sur | d6analyse dbéattributs
entre les attributs se trouvent dans différents volets de programmes de formation, mais elle précéde souvent les suites
dans |l es objectifs dbébapprentissage.

Mesure: Des idées comme la superficie, la hauteur et la longueur sont devenues im@bpastegulement
superficiellemerd pour bien jouer dans des jeux comNmabr 9 Tic Stac ToeCloud City etSantorini Par exemple,

dansNmbr 9 les joueurs devaient étre stratégiques pour construire suffisamment de surface sans trous sur leur couche
inférieure, tout en ne gaspillant pas de tuiles en créant une trop grande surface. Sacrifier la surface pour la hauteur
était une stratégie suggérée Santorinj les joueus ont remarqué que les mouvements en diagonale de leur pion,
pluttt qubéune s®rie de mouvements horizontaux et verti
bloguer un adversaire.

Théorie du jeu et combinatoire: En jouant aSet les joueurs ont reconnu que devoir trouver un groupe de trois
cartes, en respectant les contraintes imposées par les régles, les a amenés a visualiser un arbre de possibilités du jeu.

Ce m°me type de visualisat i on leejoueusaprendre dege dépsmessuries | i t ®:
mouvements dans @&anwnni r €6 ®f @auk € o OteoeciTic Bt&rTees & ‘atnrt e piodient i
comme des jeux qubéun ordi nat e & peutptre unrbonxantidatgppupAlpbazerd e

ou MuZero! La combinatoire pourrait étre utilisée pour analyser des jeux captrieou Tic Stac Toaui ont des
informations parfaites.

Probabilités: Les jeux auxquels nous avons jou® avaient un ca
(p. ex.Tic Stac TogOtrio, Six etSantorin) a un hasard limité (p. ex. les cartes retournées Manis 9ou Sef les
tuiles disponibles dan€loud City . Léexp®rience du hasard pourrait con
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probabilités. Cependant, il est important de souligner que la prévigibi#dés le contexte des jeux, savoir ou ne pas
savoir ce quobun adver sa eéstrdéférente duecaraetere aiéatoire iottoduih en eaisanidela | e
conception du jeu.

Résolution de problemes Un lien a été établi avec la fagon dont les joueurs sont engagés dans la résolution de

probl mes tout en jouant ~ un | eu, en particulier lors
coup dbébun joueur pou«posarntanprobdléeme aquwe sli @®d We rcoanimree doi t (
sui vant . Les joueurs font ®galement | 6exp®rience de | a

faire des mouvements en découvrant commeilgtrjawn nouveau jeu.

Raisonnement: Il y a eu plusieurs exemples de raisonnement tout au long des jeux. Souvent, les joueurs anticipaient

les mouvements futurs en construisantdl&®c | ar at i posr s®é¢al aes | e geste quodil s
ont conjecturésur les stratégies possibles, puis les ont par latssiéesDans le jelSix, les joueurs ont utilisé une
inférencepour déterminer les configurations de pieces de jeu ayant mené a une configuration gagnante pour indiquer
comment parvenir 7 Jaton se présentait daBeto Y4 d rl s qnubdyu naev as itt pas de |
table, les joueurgustifiaientmut uel | ement pour quoi il f abétadt bectedg out er
justification semblait mathématique. Aprés avoir terminé un match dans certains jeux, les fmadysaientie jeu

aprés pour comprendre une stratégie utilisée par un adversaire ou une série de mouvements qui ont conduit a une
victoire/perte. Avec une approche similaire des mouvements, cela a parfois donné lieméaéraksation ou une

stratégie qui serait souvent efficace. De plus, David a mentionnié ua r g u mesthuh prdcessus social et que

ce ne sont pas tous les raisonnements fondés sur la pensékigldivgui comptent commergumentation

Raisonnement spatiat Des jeux comm®trio, Tic Stac TogSantorinj Cloud City Nmbr 9et ceux qui utilisent

| 6espace tridi mensionnel pour construire vers |l e haut,
pour les joueurs. En termes de composante du raisonnement spatial, lesvisualissientsouvent un mouvement
possi ble pendant un tour. Un exemple sp®cifique de r ai

déoptl one mpirl age/ | 6 aj urcréee degaouchesidars lefpfubr& es pou

Nous avons bri vement discut® des r®sultats des travau
peut prendre en jouant. Selon Brousseau (2002), |1 6®I v
étre un qoueure . L6® "ve cherche © travers |l e jeu math®matique
r gles du jeu. I'l donne | 6exemple dédun enfant qui perd
et doéarr°ter dueesfto weri .mploeg tantt® plowdi d 6® ve qui ne veut
| 6®1 " ve se | aisse emporter par le ¢ctt® ludique du jeu

processus et des r ai sonne meére «ctanta ¢énfo@ama un jey marematiqué ®1 ~ v e
cherche a gagner en suivant les régles (Brousseau, 2002). Par exemple, certains éléves vont volontairement perdre en
suivant Il es r gles et dobéautres s on pourdoBjeutsgagmey @duidanti | s d@®
ainsi le plaisir de jouer au jeu. Les éléves demanderont des explications sur le jeu, mais il y a une derrande sous
jacente de précision sur les concepts, les processus et le raisonnement mathématique. En jouant, noos tgraarqu

| 6interaction de | 6® "ve concerne |l e jeu comme dans | a
mat h®mati que. En jouant ° un | epprenangét h@mati qgeeenkt § ®cev e
cherche des tdrnatives et tente de changer son répertoire pour une nouvelle action (Brousseau, 2002). Un éléve peut

devoir wutiliser ses connaissances pr ®al ables pour gagn
dédun nouveau prahossugs. dedspemgragretr dans | e jeu pour ¢

®l "ve peut adopter une posture doéc¢c ® ve e en chercha
connaissances qui lui manquent pour gagner. Par exemple, urpélévetiliser une aide externe pour obtenir la

strat ®gi e gagnante sans effort plut®t que de |l a cherch
gue soit |l a posture de | 06® ve, nous uppewmitématigueddns une
une salle de <c¢lasse (H®roux, 2023) . Certaines postur
mat h®mati ques que dbébautres (p. ex. apprenant, ®I ve).

In reflecting on studend®pportunities to learn through game play, mathematical topics and competencies were not

the only object of | earning raised. Wendy acknowl edged
student engagement . 0 T iemwgesifonfutere consideraod. Fiistdtleabsach experiemcesoh a |

being mat hemati cal during game play may #dallow the stu
solverso (Susands reflgcpoea)bi Pam es abor adedi mpyaaddon
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mathematical abilities, attitudes towards mathemaéicand perceptions of who does math Second, that st
could become metacognitively aware as they fisee the mat
whil e impacting their fgandepbobwomat df | mattldematbioc s( Piatmd

research with elementary school students confirms that students are capable of discussing how game play contributes
to their productive disposition (McFeetors et al., 2021J are capable of identifying components of reasoning with
examples from game play (McFeetors et al., 2024). At the same time, one idea that came out of our discussion was
the importance for the teacher to play the game in advance to draw out the puoasifdmatical thinking of the
students.

HOW DO WE NOTICE MATHEMATICAL THINKING/LEARNING DURING GAMEPLAY?

A challenge for teachers and researchers is how to notice the mathematical thinking and learning that students engage

in while they are playing games. Mason (2002) offers a
noticeistomakeadistnct i on, to create foreground and background,
(p- 33) and is fAa collection of practices both for | i\

future practiceo (qurawaedess, forWeticing, ghe ways i which stutleats are being and

thinking mathematically during their game play. As we begin to foreground these actions, the next aspect of noticing
istomarkas fattaching connections so that what is marked
trigger Recordingf.old Io)ws i n which-bwmeiaied MmMmalki od s olmei émci de
effortful. Working with a record, we can then constructaaaountrelated to the incident thancorporates both

accountingof (description) an@ccountingfor (understanding). A final aspect of noticing we discussedwisening

as fAprobing details of a collection of account s, seek
positive, negative, and interesting features of specif
To experience what it mi ght be |like to notice student:

working group members to participate in the first few phases of noticing. We split the group into two groups of four.
While two participants ped theT en 6 s Co mp | e me nthe twd ethep pajicip&hts observéde then
exchanged the roles and played again.

Le Jeu de mémoire du complémest un jeu fait main (Héroux, 2015) basé sur le classlquale mémoire/ingt-

cing cartes sont placées face cachée. Si les joueurs veulent jouer plus longtemps, ils peuvent ajouter des cartes face
cachée de la pioche au début ou pendant la partie. A son tour, chaque joueur retourne une premiére carte et doit ensuite
retourne une deuxiéme carte a associer a la premiére pour former un total de 10. Si le total est de 10, le joueur conserve

la paire en retirant les cartes de la table et peut ensuite jouer@av e au. Si l e total nbest pa
|l es deux cartes face cach®e et cbest au tour de | 6adve
faire autant de paires que pos sardshfaire. L& gagnpntest legoeeurtqeir mi n e
a accumulé le plus de paires.

Figure 9. Le Jeu de mémoire du complément de 10 au début.
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Figure 10. Différentes paires de cartes de complément de 10 avec des représentations différentes, ainsi que les deux
jokers.

Voici quelques breves idées soulevées dans la discussion de notre groupe aprés observation.

Les stratégies des joueurs pour dévoiler les carted es participants ont comparé les différentes stratégies pour

choisir les cartes a retourner. Certains étaient plus systématiques, comme Caroline, tournant les cartes en rangées une
apr s | dautre, ce qui per met trestodrnaiérs plus lloementdes aantes, comme p | u s
Susan, ce qui rendait plus-mdimefsicidlee speunr slbbaewneérsaire

Les stratégies des joueurs pour se souvenir de la valeur des cart&elon les représentations, certains participants

se souviennent de la valeur des cartes, mais aveadpsésentations écrites les participants se souviennent plutot

du nombre nécessaire pour faire 10. Cela va confondre un des participants qui tournera la mauvaise carte en pensant
gubdell e valait deux quand elle valait huit et qudéil en

Les strat®gies des joueur s pour :Cerainssparticipants, icomme Sabrihad e mp | a
fermaient | es yeux pour se souvenir de | 6empl acement d
yeux pour se souvenir des cartes dans chamqementorm@ | ac e me
se souvenir avoir vu une carte dobébune certaine valeur n
son emplacement.

Les joueurs touchentlescartes Cer t ains participants touchaient plus |
de toucher |l es cartes aidait ° se souvenir de | eurs val
susceptibles de seosbuvemirn®des métmet edi gdbiobservaient
adversaire jouait.

Les interactions des joueurs avec leur adversaire Cert ains joueurs ®taient pl us
entendu «Oh, tu peux faire une paile ddun participant N son adversaire.
soigneusement parmi les cartes qui avaient été révélées précédemment au lieu de tourner rapidement une autre et il a
réussi a faire une paire. Un participant mentionne que sa cakéatleé | or squ di | |l a retourne
faire de paire & son tour en ouvrant la porteraagtversaire. A un moment donné, les participants semblaient avoir
perdu de vue | e nombre de paires qudils avaient faites
participant a m°me mentionn® | gafdiradelonles cades festamtésy avait p

Le niveau de difficulté du jeu: Pour les mathématiciens et les enseignants de mathématiques, ce jeu est facile quant
"l dactivit® math®matiqgue qubéil mobilise. Nous ndavons
ou non. 11 ndy avait vaeardesdatescNous paensmms gue tela paurrag étra untproblemé a
pour les éléves de premiére année. Certains participants ont fait des erreurs en retournant la deuxiéme carte, mais ils
ont dit que c 0 ®obiraplutdt queneathé@amatique uCertaidsepartmi@amts avaient oublié la possibilité
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de faire une soustraction pour en faire dix (par exenple, ¢ pt f ai sant qudils ne compl
paires possibles, ce qui profitait a leur adversaire.

Nous nous sommes alors demandé si nous devrions jouer ace jeu-gnrsous pes comme nous | davo
toute la classe. Cela a préparé le terrain pour la derniére journée en considérant comment les enseignants pourraient
intégrer le jeu dans leutasse de mathématiques comme expérience éducative.

DAY 3: TEACHERSOG EXPERI ENCES

Extending the previous days of examining the mathematical thinking available in the games, especially as it relates to

students6 experiences of doing math, we shifted to exp
their mathematics csrooms as an educative experience for students. We started by playing different games. We
played with the intention of a teacheroés perspective,

incorporating games, and the support teachedsaments might need.

—

Figure 13. Marieme and Nat playing Fraction Dominoes.
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Figure 14. Amenda and Sabrina (not in the picture) playing Penguins on Ice.

As we shifted our discussion toward how teachers might use games as a pedagogical tool, we were introduced to some
ideas from Elizabeth Ellsworth (2005) that Janelle and her colleague, Marc Higgins, have applied to commercial
games. Ellsworth works with dagogically norprescriptive texts (e.g., architecture) to examine how they might
provoke deep, meaningf ul |l earning. She describes pedag
through which we come to &mdwMdkddteorent( 301g)p.adnee Hwi
scholars [who] underscore that games have long been both constructed and understood as a medium which is at odds
with teaching and |l earning in |inear myfulwaysofrkmeihgi zed wa
(Begy, 2017, de Koven,, ciaflohsdin orighdl iThewhalenge forZeadch&g i to joh . 92
consider how games might be considered pedagogical pivots and consider how they might incorporate games
pedagogicallyinto their classrooms.

We offered two quotes for consideration from Ellsworth (2005):

[Pedagogy] must create a relationship to the outside, to others, to the world, to history, and to the already
thought in a way that keeps the future of what we make of that relation and what we might think there open
and undecided. (p. 54)

Teachers, understood as being in the making themselves, would necessarily have to create places of learning
in embodied terms and in ways that depart from the dominant perception of learning as the acquisition of
knowledge driven by cognitive functions.. @8)

I n recognizing that games may be a pedag-ocogsirctadintiei vot wl
moment, through action, rather than being prescribed by the désialeng a predetermined, singular cognitive
destination an impossibiinh en pl aying to |l earno (Higgins & McFeetors
discussion.

WHAT MIGHT TEACHERS CONSIDER WHEN THEY WANT TO INCORPORATE GAME PLAY FOR
MATHEMATICAL LEARNING?

Reflecting on this last game time, we have highlighted things to consider when teaching with mathematical games.
We agreed that mathematical games can be used in other momentghihar-edaydWe offer here a collection of
the ideas from the working group discussion and partic

Selectionofgames The choice of game matters in sponsoring stuc
selecting games that have limited rules may provide an opportunity for all students to enter the game. Like the selection

of problems, Caroline noted that @rcbe challenging for teachers to evaluate and then select appropriate games. She

also noticed that when there was some randomness within the play, it allows less strategic players to play and
experience seléfficacy or success in thgitay against more experienced players.

Curricular connections: Depending on the game, the curricular connections may differ. David offered three ways to
think about using games and connecting to the curriculum: (1) developing higher level competencies or mathematical
processes; (2) practicing mathematical skilleéoome more fluent; and (3) learning mathematical content described

in curricular outcomes. While the games we had played together fell into the first two categories, David designed a
Base N Guessing Game that teaches students haddt@nd subtract in different bases and is intended to teach
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something new. Additionally, Nat mentioned that rather than looking for milestones in their students linked to the
curriculum, games could be used as an emerging path instead.

Intentionality : More than just using a game, Caroline pointed out that the value depends on what the teacher does
with the game in the class. Sabrina built on this and offered that teachers can bring out, or emphasize, the mathematics
within the play of the game. Natuttoned about the temptation to often want toteh the skills incorporated in a

game. A parallel example Caroline offered was when manipulatives are used in mathematics class anchatieen they

put away in the interest of doing mathemstiRather, games (and manipulatives and good problems) can be used to

do mathematics itself. Teachers might choose to incorporate games because they offer a good connection to problem
solving as we have a need and a way to engage in the problems that games present.

Teaching moves When implementing, there are particular pedagogical moves that teachers could both craft and
implement to use games as a pedagogical pivot. Nat suggested that offering hints and extensions may elicit richer
mathematical learning. In this way, teacher eweould propel the learning through games forward for students.

David, in discussing argumentation as a social process, noted that teachers and students could engage in
argumentation. In fact, as students challenge each other, it coutd delgelop a classroom environment of question

asking and expectatido support claims made. This could be supported by having pairs of students play as a team
against anot her pair, as it ilseems an i mportant and 1
communication and reasonidg Usi ng tactfulness (knowing when or when
game as a teacher moves to ask a student to anticipate the next several moves in the game. This often encourages
analysis of théoard and conjectures about possible moves. We briefly discussed how teachers could introduce games,

as Janelle suggested three ways she has seen this done effectively: showing a video that explains game components
and rules and then having a discussitarting with teaching a small group in a centre; and having a teacher and
student demonstrate a game to the class.

Across grades Rather than relegating play to early childhood mathematics, Nat reminded us that Dan Finkel talks

about how mathematicians play. We could encourage students of all ages to see how play can be mathematical. Post
secondary instructors in our working grosipared how they are or could incorporate games even into their classes.

Susan identified hevlath for Liberal Arts and Math for Elementary Teachasscourses to incorporate games, while
Amenda reflected fAhow i mportadéat (etg.,s dameangcndthptos at ei
classe® We may be able to disrupt or challenge traditione
incorporating games as pedagogical tools.

Preparingtouse games Wendy menti oned t he iénpmovideastudeets withf aribhc ar ef ul
meaningf ul mat he mat i-sesviceeardmpeseniice teachers to @ngape if wodkshops similar to

the working group where they can play games and determine how they could use this strategy in theifTpeactice.

wor kshop could be centered on developing tasks that i
commented that teachers need time to play the game and masterdt ibglementing it in a classroom. Deep
familiarity with the game provides teachers the opport.
[an allusion to El eanor Duckworth] d (eSelogtarough treinpday.t o ant

Nous avons bri vement di scut® des r®sultats de Il a rec
enseignant peut prendre |l ors dbébune s®ance de jeu math®
séance de jeu a différents ments. Il peut parfois étre plus ludique (p. ex. joueur ou maitre de jeu) et parfois plus

mat h®mati que (p. ex. p®dagogique ou ®ducatif). Pour De
°tre | e plaisir queddwmnj ¢du omasteh aatsi deec!I®uUS icati fangl
de «joueure . Avec cette posture, | 6enseignant peut agir com
®l "ve ou toute |l a classe. Nous avons aussi vu que | d6en

comme les autres. Tout en joualds enseignants utilisent des concepts mathématiques, des processus et des
raisonnements comme tous les autres joueurs, mais avec des intentions particulieres etemévidsace pour
attirer | 6attention des ®l ves sur son activit® mat h®r
emporter par le coté ludique.

Une posture de maitredeje@ est un peu diff®rente. Marinova (2016) ,
donner |l a t©che principale dbédassurer | e bon d®roul eme]
«guideé | or squébi l expligue aux ®I ves |leGe s gil gemrsarett peeust
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« partenaire de jes en jouant une partie au cours de laquelle il explique certaines régles et actions tout en répondant

aux questions des ® ves sur certaines situations 7= ®c
un «arbitre» qui intervient pour faire respecter les regles du jeu et apporter des éclaircissements sur les procédures

du jeu ou lorsque des doutes de tricherie sont pr ®sent
mais un peu moinsquelapd ur e du joueur puisque | édenseignant ne pa
observateur de | a situation bien que ses interventions
avons vu que | 6ensei denavectses plevestdes gancegsonmthdmatiques, des mocessus et

des rai sonnement s. Comme °tre un ma ' tre de jeu signifi

travail mathématique des éléves afin de les valider ou de les corriger.

Sel on De Grandmont (1995) , | épédagogiquégs nh ot speditl adaipt er ®f
concepts et ~ des processus pour sensibiliser les ®I v
mai nt enant associ ®e ° | apprenti ssage de nouideld |l es chec
val eur ®ducative devrait rester imperceptible pour | 6®
| enseignant adopt e udleuitp le gu pour faire ped thppglooy deg paenthesps sarrdes

aspects mat h®mati ques. Sa position par rapport ° | dact
S i di ff®rente de ce qudelle serait en dehors du contex
Enfin, De Grandmont (ibid) souligne que | 6enseignant [
précédente, est présentée comnélucative». Dans ce contexte, le jeu est orienté vers une réponse unique et il

devient un exercice r®p®titif plus | assant puisqudil e
plaisir intrins que. L 6 e n sve dbservale compgrteinentetdesfeitiennemenedesp o s t u
éleves pendant le jeu. Sous un angle édycatifi e j eu of fre ° |l 6enseignante un
comp®tences de ses ® ves et |l e niveau dobéacquisition d

differe de la posture pédagogique dans les intentions de vérifictisndc onnai ssances des ®|  ve
Nous pouvons ®gal ement reconna’tre une posture ®ducat
| 6enseignant <choisit, par exempl e, de ne pranouvoirdet er veni
partage du processus ou du raisonnement.

Cette pr®sentation des di ff®rentes postures des ense.
observations des interventions possibles de | 6enseignse
travaux (Héroux, 2023). Nousavonxot ® que | 6enseigasanttpeutonscient en |
concept mathématique, intervenir spontanément, avoir préparé des interventions pour les éléves sur le concept
mathématique ou vouloir laisser les éléves chercher un concephr@amat i qu e . Léutilisation d
comprend une partie de spontanéité dans laquelle il faut étre attentif aux éléments mathématiques, afin de garder
| 6®quilibre entre le ctt® ludique et moacsshs®mataématiquese du |
sont parfois pr®par ®es par | denseignant , -inereentforvafic ®mer g
gue les ® ves |l es d®couvrent et que |l e rappel se fas
mat h®mati ques sont principal ement choisies par | 6ensei (
également remarqué que le raisonnement mathématique est généralement présent, mais peu ou pas mis en évidence
lors des séancesdejeuxpard nsei gnant . Avec |l e raisonnement mat h®mat |
déaborder un aspect -°>rmateh ®@moa tnisq uaeb ogyudi® edsatn sp eluets i nter ve
interroge peu ou pas les éléves. Le partage des stradégiesmo ment de |l a r ®troaction est
fait possible do6®cl airer | e raisonnement mat h®mati qu

FURTHER AREAS TO EXPLORE

Looking back over the three days, our working group generated suggestions for further areas of inquiry, possibilities
for incorporating games in mathematics class, and issues that may arise in considering the use of games as a
pedagogical tool.

We acknowledge that the types of games that Sabrina and Janelle use in their research and in classrooms with students
tend to be card and board games. However, these are not the only types of games that could involve mathematical
thinking. Amenda reflected h a't , ithere ar e m@aomgoutside fike sports gamessskippihg, g a me s
hopscotch, etc. and some using computers like video games or Nintendo. | argue that all require math to varying
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degrees. 0 Susan suggested fAextending our discussion t
engage with the question Als there something different
that incorporate a broadeange of types of games and what we might learn from the various game contexts.

Perhaps in synchrony wi t hpresdiptie wedagogicd mols( uBifgyén)es offerediaon o f
learning context that counters what students might encounter regularly and what teachers may read in curricular

document s. D a n nottkdowingrefettivearmyes after one gam€lfud Citybears this out, in that it
is Aperhaps a useful contrast to the way school mat h i
never need to think about it again. Buteverytimeu pl ay a game it is an opportuni

might we encourage teachers and students to live suspended in a moment of play and in a moment of learning? As
well, rather than a rush to prescribe learning through/with games inwdumis, we could work with teachers to look

for ways that games can address curricular expectations. Many agreed that working with teachers to first understand
a game well through sustained play and then developing intentional, thoughtful pedagogiealegspnmuld support
studentsdé | earning.

Pl ayfulness comes about not just because of the game p
of a wellplayed game, that together we find ways to phayd the game is only an initial invitation to play. Nat

mentioned that fithere is a tension between the games (.
all speak to a specific experience, but | noticed that there were momentshehgante (as boxed) fell into the
background in favour of some sort of lived game.tWew outtherulési n t hese moment s, it feldt

This sense was related t o heéwesfatel tmkegng wedfelt hightdo malethe me c ol
change® How mi ght we encourage the students and teachers
doing in a playful way?

Noticing could be an act of a teacher in a mathematics classroom, but our experience around it also opened up ideas
about how researchers might notice studentsd mat hemati ¢
observable phenomedaghysical (e.g., gesture, eye movement, posture), verbal, and affective (e.g., emotional
responsd) thatal so rai sed a wonder abccytsohowofwt hionkeilnigcinmay thhe
students would be a worthy endeavour for researchers. Caoffianed that another avenue of research would be to
investigate what teachers do to incorporate games in meaningful ways by asking questions sGamasent

| 6 e n s e-i-ilghviai te bu les jeux pour la séarA quel point esil familier avec ce je®® Comment présente

il le ou les jeux a ses éleveLComment organiskil le tout (p.ex. pour un jeu qui se joue a deux, décider de faire

jouer les éléves deux contre/avec detQuelles sont ses intentions (en lien avec le jeméme, mais avela

mani re dont il c h @ Queiremarglsei |1 Oluctrisl g uséeirl esne cpracsns ene dans
éléves jouen® Quelles questions poesd a ses éleves Vers quoi sont orientées ces questions (savoirs mathématiques
mobilisés, visualisation, stratégie, anticipation, justification, argumengafjidhComment conclet la séance?

Quell es sont | e8é sThisitaansich tpss @nmphasized area ef vesearth and the field would benefit
from att endi pedagogical approch with baenesd s

WHAT QUESTIONS REMAIN?

9 Of the skills that students learn and develop during game play, which are most explicitly useful/transferable
when learning non formal math topics from the curriculum?

1 How can we support teachers choosing games appropriately and using them?

1 How does participation measure against conceptual development and mathematics competence?

SUMMARY

One of the strengths of CMESG are conversations with colleagues which cause us to think more carefully and
intentionally about an area of mathematics education that we have been working on with colleagues, teachers, and
students! Our discussions were rigfthin the Working Group and challenged us to think about (1) the nature of
mathematical learning and mathematical experiences students could have when playing carefully selected games; (2)
how we might support teachers to plan intentionally for mathealddéiarning through incorporating games in class

and how we might notice; and (3) how we might attend t
play and engage them in reflective conversations about their mathematical learning.
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Additionally, throughout the conference, we had the opportunity to talk with colleagues who participated in other
Working Groups about the games they play and how these games sponsor mathematical thinking. We are grateful for
two new suggestions that we look forward to trying sddre Shipwreck ArcanandEvenQuads

Decklof4— e

Contonts 64 Cards

EVENQUADS

Figure 15. The Shipwreck Aracana and Even Quads games.

How do you summarize the experiences and conversations of such an intexackivey group? Our colleagues

quickly suggested: play! So, during the closing ceremony, we invited everyone to play a quick i®enBaxh day

a new collection is posted, so as you read this reperinvite you to play a round &et There was a buzz in the

room as experiencesetplayers gave hints to novice players. Notice colleagues pointing at the screen to deictically
gesture their selection of three cards for a set, others leaning in to keep their identification of a set secretive from a
nearby pair, or other colleagues aratedly justifying their selection of a set.

We hope we have given you a glimpse of what we have done Warking Group and piqued your curiosity. As is

the true nature of a working group, we il pretend to have explored all of the possibilities of students learning

mat hemati cs through game play. What about sudoku, puzz
that you now see that games are legitimate to do mathematics from kiteletgauniversity.

Figure 16. Conference participants at the closing ceremony play Set.
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APPENDIX

INSTRUCTIONAL GAMES

Here is a non exhaustive suggestion | jleteudnrclasse d&€h o mas
mathématiques engager activement les éléves et favoriser leur apprentispadpished in 2021 with Editions
Cheneliere.

Addition or multiplication pyramid Happy families Oh no! Not 20!

Capture the squares I haveé Who has ¢é Rollforl$

Cover this figure Matador Spoon

Cross the sums or product Math Bingo Tends compl ement
Decimal number golf Noggle Three for me

Fraction dominoes Obijectif: Closer to 100!

ANCIENT GAMES

Alquerque MI T@rere Senet

Hnefatafl Ni ne Mends Mor ri s Shutthe box/Referme les boites
J i -shfzi/Nim Oware/Mancala Weiqi/Go

Mehen Royal Game of Ur

COMMERCIAL GAMES

7 Wonders Guess Who? Racoon

Archelino Hex River Crossing
Architecto Hide & Seek River Crossing Junior
Battle Sheep Hive Rummikub
Battleship Ingenious Rush Hour

Blokus 1Q Link Rush Hour Junior
Blokus 3D Kanoodle Santorini

Blueprints Kingdomino (series) Sequence Numbers
Bohnanza Kulami Set

Camelot Junior Labyrinth Set Dice
Camouflage Leaping Lizards Settlers of Catan (series)
Carcassonne Little Red Riding Hood shapeOmetry
Castle Logix Lost Cities Sh@bu

Chess Make 7 Six

Chickyboom Mancala Skip-bo

Chocolate Fix Mastermind Sleeping Queens
Chroma Cube Matching Madness Smart Car 5x5
Chromino Monopoly Snakes & Ladders
Cir*Kis My City Splendor

Cloud City NIM Spot It!

Colorku Noahodés Ark Squarrels

Crazy Campers Nowhere to Go Stone Age
Cribbage One Up Sumoku

Curious George Discovery Beach Othello Swish, Swish Jr
Da Vinci és Chal | e Outfoxed Tangramino

Day or Night Pack & Stack Temple Run
Debockle Paris Connection Three Little Pigs
Doodle Dice Pass the Pigs Tic Stac Toe
Dragonwood Patchwork Tic Tac Toe

Dutch Blitz Penguins on Ice Ticket to Ride (series)
Dvonn Pentago Tiny Towns
Element Perudo TopThis!

Equilibrio Phase 10 Ubongo

Even Stevends 0Odd Pylos Uno
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Farkle

For Sale

Freeze Frame
Go Nuts!

Gobblet Gobblers

70

Q-bitz Wooly Bully
Quartex Zendo
Quat;) Zoo Logic
Qwirkle

Racko
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WHEREG6S THE MATH? |1 NQUI RI NG I NTO EARLY YEAF
CURRICULUM

OU SONT LES MATH,EMATIQUES? ENQUETE SUR LE PROGRAMME DE
MATHEMATIQUES DE LA PETITE ENFANCE

Lynn McGarvey,University of Alberta
Evan ThroopRobinson St. Francis Xavier University

PARTICIPANTS

Ann Anderson Wes Maciejewski Annie Savard
Genevieve Barabé Josh Markle Chad Williams
Athar Firouzian Ayse Pinar Sen

Canan G¢gnek Elena Polotskaia

INTRODUCTION: OUR QUESTIONS
For the last few decades, the number of children in early childhood settings has continued to increase, and research

has emphasized the i mpact of early learning on <childr
mandatory early learning freeworks have sprung up in countries and jurisdictions around the world. Many of these
documents include at least some attentionto subject t er curri cul a. We wondered, fi \

curriculum frameworks. This is an interesting questioregithe historical tension between mathematics and early
childhood. That is, common beliefs are that early mathematics should only focus on number skill development; should

only be taught through play; should be integrated into all subjects rather tistemtealone; should be introduced

implicitly to avoid anxiety; should emphasize concrete manipulatives and avoid abstraction; and should not take
precedence over language and literacy (Balfanz, 1999; Clements & Sarama, 2018; Lee & Ginsburg, 2009). All of
these 6éshoul dsé may |l eave little room for the mathemat:i

In this Working Group, we explored the many questions that arise when considering mathematics for young children.
That is, what do we believe about early learners and how they come to know mathematics in the world? What are the
similarities and difference mathematical activity for early learners across curricula? What does it mean to do
mathematics for a-gearold? Or a Kindergarten student? What are the starting points in developing mathematics
curricula for early learners? How do we navigate theidessbetween a playased and integrated approach to
mathematics, and the possibilities of working on specific and precise mathematical concepts with these learners? Are
number concepts the dominant content? If so, what are the missing,ndnst ehar d and fii ndo pi ec
guidance might we provide to educators, researchers and policymakers with regard to early curriculum frameworks?
These questions, and many others were raised within our Working Group.
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Over our three days together, we addressed the following three themes and questions within our Working Group:

1. Foundational Philosophy of Early Mathematics Learners. What do we believe about early learners?

2. Early Learning Frameworks and Curricula. Where and what is the mathematics?

3. Next steps and possible guidelines. What statement can we make and/or guidance can we give about early
learning of mathematics in Canada?

Bel ow we summarize our Wor king Groupbs inquiry and
curriculum based on each theme and question posed above.

PART 1: FOUNDATIONAL PHILOSOPHY OF EARLY MATHEMATICS LEARNERS. WHAT
DO WE BELIEVE ABOUT EARLY LEARNERS?

ACTIVITY 1: GOOGLE IMAGE SEARCH

Our initial activity was to do &oogle image searchith the keywords: early math learner. The results of image
searches often reveal the common assumptions, metaphors, and beliefs that internet users have of any topic. In our
discussion we noted that there was a predominance of number related actigtieso(inting, numeral recognition,
simple equations), along with some measurement, 3D building with blocks, and constructing and deconstructing 2D
shapes. Also noted was the extensive use of coloured blocks and other physical objects, unstructatadtiply a

with those objects, and activity centres in scHid@ settings. One group asked Chat GPT about early math learners
and the key points identified included identifying the developmental stages of humeracy concepts (e.g., counting,
quantity, addibn, subtraction, problem solving); emphasizing conceptual understanding over memorization, valuing
play and playpbased activities (e.g., games, puzzles), and including multiple visual representations (e.g.,
manipulatives, ten frames) for counting and catapion. Other groups noted general resources that emphasized how

to help children love math, reduce their anxiety, and engage them in activities that indirectly included mathematical
content.

Through the Google image search activity, Working Group members identified both strengths and concerns regarding
current beliefs about early mathematics learners that appear in the images, resources, and media involving how young
children learn, what thegre capable of learning, and experiences that support mathematics learning.

Using a Jamboard, Working Group members documented t
early |l earners?0 (Figure 1).

What do we believe about early learners?

ons-nous des apprenants précoces ? They need relevant

(many and varied)

ey cando They usually " experiences to
e own strategies — develop even e
‘opportunities to. usually stronger
more than cha ; complex hantneSrection
. They ALL have . i
e mathematical i
I ers/knowledge.
they concepts.
(typically)
they are |k
curious Ihe ' heva ey s They are capable of
and challenges hat adults e
creatives 9 ‘I‘:el:o{lthgfm * complex .
capable of. mathematical
SrEEs understanding.
s capable,
=D . s they are very sense
curious i :
R eraornal and makers  'something about
imaginative internal N
conditions record keeping
they love st_o rytellers- N | , —
- apprendre des approach
_playlng willi ng to mathématiques ?Xp cl:)rers every children p?:hlems from
with adults share their inquiry can learn unexpected,
- t mathematics. unusual
ideas (experiment) s

Figure 1. Jamboard summary of beliefs about early learners.
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Working Group participants used many adjectives to describe early learners (e.g., capable, curious, creative, and
imaginative). Repeated by many was the belief that early learners tend to like challenges and are capable of complex
mathematical understandinParticipants generally believe that early learners can do high level mathematics and
require many relevant experiences to develop complex mathematical concepts. Participants noted that early learners
are explorers who need opportunities to share, dismud question their understandings. The Working Group agreed

that early learners bring unexpected and unusual perspectives to problems, tend to trust in their own strategies and can
learn far beyond what adults believe they are capable of learning.

PART 2: WHERE AND WHAT IS THE MATHEMATICS?

ACTIVITY 2: MAKING THINKING VISIBLE

We began Day 2 with an activity and data arising from a Number Talks project with Grade 2 students as they make

their thinking visible (ThroofRobinsonet al, 2023) To begin, we asked the members of the Working Group to
experience the same mental math process as the students in Grade 2. We asked our group to close their eyes and
imagine the question 27 + 36 and how they might solve it. As we took up posdililersstrategies, we continued

to ask: How do we make mental math strategies visible for lsarher Our f ocus on making sens
and recording their strategies visually caused us to ask continually: Is there evidence of quantity in the representation

as students describe their process? We asked the group to consider the shift fpompaas i ng st udent s o
wor ds tianafgpamga ( B. Davi s, personal communi cati on, Jan
quantity. Para magi ng preserved the studentsd strategiass Vvisua
to see.

After engaging in the activity ourselves, we shared three audio recordings of students who took part in the Grade 2
classroom Number Talk. These recordings showed how two students solved the addition qugstiorp using

different strategies while a third student recognized the connection between the two approaches.

Audio Clip #1: Maddyds Strategy

To solveg x o @Maddy chose to bring together the tens she sees in her mind as ten rods to make 50. She then takes
4 units away from the 7 and adds them to the 6 units in the second number to make another 10 rod. This gives her 6
tens or 60 to which she adds the remair8 units to make 63 (Figure 2).
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Figure 2. Maddyb6s ment al math.strategy made visib

Audio Clip #2: Yuveinbds Strategy

Yuvein also approached the equation by decomposing the numbers by place value. He visually combines the 20 and
30 to make 50. He then combines the 7 units and the 6 units using a counting up strategy to make another 10 and then
continues to make 13. He adthe 13 to the 50 mentally to make 63 (Figure 3).
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Figure 3. Yuveindés ment al math strategy made vVvisi
Audio clip #3: Abigailds connecti on

In a follow~up discussion with the class, Abigail noticed a connection between the two strategies as she observed the
visual representations on the whiteboard to see which one was most like her thinking. Abigail observed that, instead

of taking 4awayfrony | eaving 3 as Yuvein had done, she Atook the
10. Thatodés all .o

Wor king Group members discussed the value of making t
compare with their own strategies. They discussed their own strategies for solving the mental math problem and
appreciated how the young learndrsught of different strategies. Working Group members noticed how listening to

the other studentsdé ideas helped them understand their
processes to confirm their own mental math strategies.

ACTIVITY 3: EARLY CHILDHOOD ROUTINES

Early childhood classrooms are steeped in regular routines that support a predictable structure and establish classroom
norms while promoting social, emotional, and cognitive growth. Routines include coming to and leaving school,
taking attendance, playnte, circle time, outdoor play, clean up time, and so on (Figure 4). Given that these routines
encompass the majority of the time in an early learning classroom, we wondered where the mathematics might be in
thedayto-dayactivities of a preschool classimo

Snack Time Book Time Circle Time Calendar Time

Figure 4. Sample schedule of routines in a preschool classroom. (Al images generated by MS Bing Image Creator).
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In small groups we examined video segments of two preschool classrooms engaged in a range of routines from two
YouTube videosMr s Ki | mer 6s 4 year old class picking up afte
(OurSaviorMarlette, 2010); artddorning Circle at PreschodPennington2014). The routines examined in these two

videos includedhe following

Cleaning up and lining up
Snack time

Book time

Circle time

Morning circle and calendar

=4 =4 -4 —a 9

Working Group members were asked to record the opportunities for mathematical thinking and learning within their
assigned routine. Afterwards, we shared and described t
was not specific to any rtine, there were potentially many opportunities for the children to engage in mathematics

during these routines including early number concepts (e.g., counting and comparing quantities, number recognition,
ordinal numbers), geometry and spatial awarenesg, (sorting and classifying 2D and 3D shapes), measurement

(e.g., size comparisons, ordering), pattern recognition and creation, data analysis (e.g., data collection, frequency
comparisons), mathematical vocabulary, and so on. However, while theretergitghdanguage and literacy seemed

to take precedence, and many opportunities for mathematics were not explicitly realized during these spaces.

ACTIVITY 4: ANALYSIS OF EARLY LEARNING CURRICULA AND FRAMEWORKS

In 2014, the Council of Ministers of Education in Canada (CMEC), develope@NteC Early Learning and
Development Framework The purpose of the fiCamadormrk wasi bo pPpooviec
based on a common set of understandings and values in early childhood development (p. 4). As part of the commitment

to high quality learning experiencesintheeadyayr s, t he fr amewbiakedmdplaappiroas hatp
There is no reference to specific subjacta curriculum exceptn t he pri nci pl e, fiLearning
on childrends natural curiosity and exuberanceo (p.14)

skill development in literacy and numeracy, as well as other competencies suoblam solving.

One of the tensions we experienced when reviewing such a framework was that while there are many opportunities
for children to engage in mathematical thinking in play, as was noted in the classroom routines analyzed previously,
without specific attentionot mathematics, it was possible that the mathematics would not be explicitly addressed in
the same way that I|iteracy skills often are, such as,
2010). We contrasted the principles of the CME&nk@work to the many misconceptions that may be held by early
childhood educators about mathematics learning for young children (Lee & Ginsburg, 2009):

Young children are not ready for mathematics education.

Mathematics is for some bright kids with mathematics genes.

Simple numbers and shapes are enough.

Language and literacy are more important than mathematics.

Teachers should provide an enriched physical environment, step back, and let the children play.
Mathematics should not be taught as statmhe subject matter.

Assessment in mathematics is irrelevant when it comes to young children.

Children learn mathematics only by interacting with concrete objects.

Computers are inappropriate for the teaching and learning of mathemgiic38)

A ATl s

In our discussion afterwards we highlighted misconceptions 3, 4, 5, 6, and 8, specifically. That is, without specific
attention to mathematics, the focus on numeracy may be superficial and implicit, assumed to occur without adult
interaction, and that mealtmath or mathematical abstractions may be assumed to be beyond the capabilities of young
children.

Given the concerns about the implicit attention to mathematics in the framework, we then set out to analyze provincial
early learning frameworks in response to the question: Where and what is the mathematics? In small groups, members
were assigned a framevk and presented their findings based on the following questions:

1 What is the mathematics and/or numeracy included?
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1 What are the assumptions about how children learn mathematics?

1 What mathematics is missing?
1 Do you note any tensions between the assumptions made about young children and mathematics learning?

Each small group contributed a summary of findings to a shared Google Slides presentation. The highlights to the

guestion, A What

in Table 1.

S

the mathematics and/ or

numer acy

Province/Territory

What and where is the mathematics?

Government of British Columbia, 1 Mathematics and number is explicitly referred to alongside other discipl
Ministry of Education. (2019arly (e.g., dance, drama, science) wi
learning framework. Literacies. o
1 Mathematics is referred to as an
are a form of Avocabulary, symbag
1 Mathematics s i mpl i ci t in Pathways fo
part of reference to fAmultiple d
building 3D structures.

Makovichuk, et al. (2014Flight. 1 Several references to mathematics, number, and topics such as shape

Al bertads early | patterns appear throughout the document, usually alongside other disci

framework. (e.g., literacy, music, science).

T Within fAmultimodal I|iteracieso t
numberso and finumber gameso to ¢
106).

Government of Saskatchewan, Ministf § Mat hemati cs and science are refe

of Education (2015).Essential learning devel opment o domain with fAexplor

experiences. Supplement to explorati experiences within that domain (p. 42). Emphasis is on counting, quant

Early learning program guide. symbols, and numbers used in measurement aEphg.

f Mathematics is implicit within t
experience (p. 39).

Government of Manitobgn.d.).Early | § The document focuses extensively on learning through play. The terms

returns: Early learning and child care numeracy and math are referred to once each. Both mentions are in rel

curriculum framework for infant to play and alongside other disgd

programs. vari ety of pl ay nitidsiexplersmusic, atnlittraay p
and numeracyo (p. 13).

Best Start Expert Panel on Early 1  The framework outlines learning domains from birth to sclam@ children.

Learning.(2007).Early learning for There are multiple implicit and explicit references to mathematics

every child today: A framework for throughout.

early childhood settinggOntario] 1 Inthe cognition domain for infants and toddlers there is reference to sp
problems ol ving (e.g., fAstacking blo
(e.g., fAputting things together

9 For preschool/kindergarten, and schagk children, there are multiple
explicit references to mathematical skills, including seriating, counting,
quantity, shapes, patterns, and so on.

Gouvernement du Québec 1 Mathematics appears multiple times alongside other disciplines (e.g.,

Minist re d221).6£d languages, social sciences).

Preschool cycle program. T Within the fACognitive devel opmen
specific examples for mathemati g
counting, matching, classifying
fiidentify objectsstaonornchi rsgp atce Ot

f Mathematics is implicit in the 0

reference to exploring concepts
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Department of EducationandEarly [ AfAEarly numeracyo is part of #dALan
Childhood Developmen{2019). the | anguage of mathematics in g
Navigating the early years: An early comparisons (e.g., bigger and smaller).
childhood learning framework. 1 Children experience mathematical
[Newfoundland/ Labraddr classification, opposites, matching, shape recognition, measurement, a
time, o0 and when using mani pul ati
Best Start Panel on Early Learning f Implicit notions of mathematics
(2008).Curriculum framework for problem solvingd whereby chil dr g
early learning and child car§New investigation, and problem sol vi
BrunswicK objectso by not i nngessaswell ds ereaiing patesns
T Mat hemati cs, li ke Il anguage and n
with a fisign systemo (p. 44).
Government of Nova Scotia T Reference to mathematics occurs
Department of Education and Early I nvention, d and AlLanguage and Cd
Childhood Developmen{2019).Early discipline specific subjects are implicit in the description of the goals
learning curriculum framework and through activities such s i p 4salvimg, iequiry, experimentation,
resources. hypothesizing, researching, and
examples are provided within tistrategies for achieving these goals such
the following:
o Acreate and use representation
mat hemati cal ideas and concept
o Ause | anguage to communicate t
attributes of objects and col |l
(p. 64).
Flanagan, K. (2011kEarly learning 1 AProblem solving and numeracyo i
framework: Relationships, AExploration and discoveryo | ear
environments, experiencgBrince playfully investigate: quantity, number symbols, and other concepts to s
Edward Island] problems that occur in their play. Gaitce for supporting these skills are
provided with examples of experi
kinesthetic methods to reproduce number symbols in writing, such as t
number in sand, finger paint, et
1T ASymbols and representationso ar
communicationodo | earning goal Wi
number symbols and using fingers to represent quantity.

Table 1.

The ten early learning frameworks we viewed varied considerably in format, intention, and function. With regard to

our primary question, AWher e

and what i s the mat hemat.i

the presentations on eactopincial early learning frameworkve made several observations.

1. The frequency in which the terms associated with mathematics such as mathematics, numeracy, number, and
shape, varied considerably across the documents. In many cases, mathematics was mentioned only a handful
of times and usually alongside other discipdireeich as science, language, or music. There was minimal
explicit attention given to mathematical skills or processes.

Many of the documents referred to general competencies and processes such as problem solving,

experimentation, inquiry, reasoning, and exploration. While there were occasionally examples that referred
to mathematical ideas, for the most part, these comgiete were not specific to mathematics. In many
instances, these processes appeared to invoke ideas in science.

3. When concepts, skills, and processes in mathematics were identified, they were usually relegated to cognitive

and communication domains. Learning mathematics did

not seem to be relevant to other goals such as well

being and belonging, personal and soaabponsibility, and physical and motor development. Even within
the realm of communication, attention to mathematics was with regard to the number symbols, rather than to

expressions of thought or creativity.

services, rather than education.

The early learning frameworks were predominantly prepared by government ministries of family and social
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5. The early learning frameworks subscribed almost exclusively to ebplsgd philosophy of learning. While
descriptions of playased learning varied, it tended to emphasize activities selected and directed by the
children.

This set of observations was somewhat concerning to us as mathematics educators. The implicit nature of mathematics
within the documents means that early childhood educators need to have expertise in eliciting mathematical thinking
wi t hi n c hiyét dnayanot base spfflciany experience, background, or motivation to do so. This concern was
evident in the set of early learning classroom routines we examined in Activity 3.

ACTIVITY 5: INTERNATIONAL CURRICULA AND FRAMEWORKS FOR EARLY LEARNING.

The provincial early learning frameworks frequently acknowledged being informed and influenced by the frameworks
of other provinces and countries. Two frameworks from other countries referred to repeatedlyeweré/h (Newi k i
Zealand Ministry of Education, 2017) aBalonging, Being and Becoming: The Early Years Learning Framework
(Department of Education and Training (Australia), 2023). Although we did not have sufficient time to do a thorough
exploration and analysis, we examined both documents briefly.

Both the New Zealand and Australian frameworks included explicit attention to mathematics skills and processes,
particularly within outcomes related to exploration, problem solving, and communication. In the New Zealand

curriculum it s ticais explicit inficanhmuhicationmaad exporaton, it is also implicit in other
strandso (p. 52). An example of an explicit | earning o
symbols and concepts and using them with enjoyment, meaningandp oseo ( p. 42) with exar
outcomes may be observed by an early childhood educator. Within the mathematics and statistics learning area within
the Exploration strand, fiStudents expl orteexpressitreesei ons hi
relationships in ways that help them to make sense of
framewor k, mat hemati cal ideas and concepts are noted w
proceses s such as problem solving, i nquiry, experimentatio

The working group discussions in Activities 4 and 5 highlighted the mathematics learning in the early years
frameworks, what was missing for early learners in mathematics, and the possible tensions we experienced as
mathematics educators. These discusdrxh$o Part 3, and the goal to identify next steps and recommendations.

PART 3: NEXT STEPS AND POSSIBLE GUIDELINES. WHAT STATEMENTS CAN WE
MAKE ABOUT EARLY LEARNING FRAMEWORKS IN CANADA?

Through the working group discussion on the final day, we identified five key points with regard to our shared beliefs
about early learners in mathematics:

Children can do and understand complex mathematics.

They are curious, explorers, creative beings and sense makers.

They like challenges and want to be challenged.

They like learning on their own, with peers, and with and from adults.

There are many opportunities to make mathematics visible and to include mathematics in daily
activities/schedule/routines.

=4 =4 -8 —a 9

From this set of beliefs emerged the following shared understandings and recommendations for future consideration
by curriculum developers and curriculum writers for early learning frameworks in Canada.

Through our discussions and explorations we highlighted two sets of understandings and recommendations. First, is
to offer a vision of what mathematics is and can be (e.g., qualitative and quantitative mathematical practices) in the
early learning environamt. However, we recognize that for such a vision to be successfully implenieregdires

specific guidance for the early childhood educator in establishing a rich mathematical environment. Second, attending
to mathematics in the early years more exhi may mean a reconsideration of the emphasis onljagd pedagogy.

Such a philosophy may be employed to the exclusion of learning with and from adults. Planning in the early years is
of paramount importance, and both children and educators plag @nriiitiating activities for learning. As such,
learning can occur through intentional teaching and teacher prompting and questioning without being akin-to school
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like activities. As a working group, we recognized that our understandings and recommendations about and for early
learning in Canada were still only a beginning.

INTRODUCTION : NOS QUESTIONS

Au cours des derni res d®cennies, l e nombre dbéenfants
de | a petite enfance nbdba cess® dbébaugmenter et l a rech
développement cognitif, sotia et ®moti onnel des enfants. En cons®quenc

précoce ont vu le jour dans des pays et des juridictions du monde entier. De hombreux documents accordent au moins
une certaine attenti on aumatiéneseosgignaes meus nodsdosenmeedemamdéoe nt
étaient les mathématiques dans ces programmes. Cette question est intéressante compte tenu de la tension historique
entre les mathématiques et la petite enfance. En effet, les croyances communes veldsmhatgmatiques dans

la petite enfance doivent se concentrer uniqguement sur le développement des compétences numériques, étre enseignées
par | e |jeu, °tre int®gr®es ~ dbébautres mati re¢$, plut?t
| 6accent doit °tre mis sur |l a manipulation concr te et
langage et la littératie (Balfanz, 199€lements & Sarama, 2018.ee & Ginsburg, 2009). Tous cesdevoirs»

peuvent laisser peu de place aux mathématiques.

Dans ce groupe de travail, nous avons exploré les nombreuses questions qui se posent lorsque les mathématiques sont
envi sag®es pour |l es jeunes enf an tnsusauBujetdddjeunes apgrenantser me s
et de | e urpprendra et conmiteles dnattematiques dans le nfoQuelles sont les similitudes et les
différences entre les activités mathématiques destinées aux jeunes enfants dans les différents programmes scolaires
Que signifie faire des mathématiques pournfart de 2 an® Ou pour un éléve de maternéllQuels sont les points

de d®part de | 6®l aboration de programmes d@€mmment gne men
gérer les tensions entre une approche ludique et intégrée des mathématiques et les possibilités de travailler sur des
concepts mathématiques spécifiques et précis avec ces appfehastsconcepts numériques constittitnte

contenu domina® Dans | 6affirmative, qguel s s odifficles @touve?®me nt s
Quelles orientations pourriomous donner aux éducateurs, aux chercheurs et aux décideurs politiques en ce qui
concerne |l es cadres de progr ammes ?d @ubstiang et deonambrewesr | 6 e

autres ont été soulevées au sein de notre groupe de travail.

Au cours de nos trois journées de travail, nous avons abordé les trois themes et questions suivants au sein de notre
groupe de travail

1. Philosophie fondamentale des apprenants précoces en mathématiques. Quelles sont nos convictions sur les
apprenants précoces

2. Cadres et programmes dbéapprentissage des -glesines enf

3. Prochaines étapes et lignes directrices possibles. Quelle déclaration poousriaire et/ou quels conseils

pouvonsnous donner au sujet de | 6apprentissage pr®coce
Nousrésumonsa@lessous | 6enqu°te et |l a discussion de notre gro
et |l es programmes dé®tudes pour |l es jeunes enséssusts en f

PARTIEL: PHI LOSOPHI E FONDAMENTALE DE LOAPPRENTI SSAGE
MATHEMATIQUES CHEZ LES JEUNES ENFANTS. QUE CROYONS -NOUS AU SUJET DES
APPRENANTS PRECOCES ?

ACTIVITEL: RECHERCHE D6l MAGES SUR GOOGLE

Notre premi re activit® consistait ~ effeceadyemathune r e
learnerée  (apprenant pr®coce en mat h®mati ques). Les r ®s ul
hypotheses, métaphores et croyances communes des internautes sur un sujet donné. Au cours de notre discussion,
nous avons constaté une prédominance destéstliées aux nombres (par exemple, le comptage, la reconnaissance

des chiffres, les équations simples), ainsi que quelques mesasespmktructions en 3D avec des blocs, et la
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construction et |l a d®construction de formes en 2D. Ld
physiques, |l es activit®s de jeu non structur ®es avec ¢
type scolaire ont égaleamt été notés. Un groupe a demandé au Chat GPT de se pencher sur les jeunes apprenants en
mathématiques. Les points clés identifiés sont les suivaaesitifier les stades de développement des concepts de
numératie (par exemple, compter, quantité, anlditsoustraction, résolution de probléemes) met t re | daccent
compréhension conceptuelle plutdt que sur la mémorisation, valoriser le jeu et les activités basées sur le jeu (par
exemple, les jeux, les puzzlest inclure de multiples représentations visuelles (par exemple, le matériel de

mani pul ati on, |l es cadres de di x) pour |l e comptage et
g®n®r ales qui mettent | 6acxamerlesmathématigaes,darddersbreiétéled ai der

de les faire participer a des activités qui incluent indirectement un contenu mathématique.

Gr©ce ° | b6activit® de recherche déi mages sur Google, | ¢
forts et des préoccupations concernant les croyances actuelles sur les jeunes apprenants en mathématiques. Ces
croyances apparaisserdrss les images, les ressources et les médias et concernent la maniére dont les jeunes enfants
apprennent, ce qudils sont capables dbébapprendre et 1| es

€ | 6aide ddbun Jamboard, l es membres du gr Quexmyomtse tr ava
nous au sujet des apprenants préc@eeffigure 1).

What do we believe about early learners?

ons-nous des apprenants précoces ? They need relevant

(many and varied)

Some
bet

They can do They usually experiences to
P e develop even
mathematics ey S":Ia‘EQ L5 op:l'f’:m‘.‘m p Peer affection is.
s N = complex e focion
. oanee . =
e e mathematical &
o N
they concepts.
N (typically)
they are -
curious I|I;e” They can leam it o They are capable of
e challenges hat adults He
creatives 9 %E:{Ir:%fm " complex )
mathematical
understanding.
capable,
- . they are very sense
curious : .
imadinative e makers  "something about
9 Condrtions record keeping”

storytellers-

they love They

i illi explorers approach
playing willing to L explorers / S e
with adults share their inquiry can learn unexpected,
h (ex eriment) mathematics. unusual .
ideas P perspectives.

Figure 1. Résumé du Jamboard sur les croyances concernant les apprenants précoces.

Les participants du groupe de travail ont utilisé de nombreux adjectifs pour décrire les apprenants précoces (par
exemple, capables, curieux, créatifs et imaginatifs). De nombreux participants ont répété que les éléves en bas age ont
tendance aaimerle®d i s et sont capables ddébune compr ®hension mat

g®n®r al ement que |l es ® ves en bas ©ge peuvent faire
nombreuses expériences pertinentes pour développeodespts mathématiques complexes. Les participants ont
not® que | es apprenants pr®coces sont des explorateur

remettre en question leur compréhension. Le groupe de travail a convenu que les dageagmapportent des
perspectives inattendues et inhabituelles aux problémes, ont tendance a faire confiance a leurs propres stratégies et
peuvent apprendre bien-due | © de ce que | es adultes pensent québils s

PARTIE 2 : OU ET QUE SONT LES MATHEMATIQUES ?

ACTIVITE 2 : RENDRE LA PENSEE VISIBLE

Nous avons commencé la deuxiéme journée par une activité et des données issues du projet Number Talks réalisé
avec des éléves de deuxiéme année visant a rendre visibles leurs raisonnementfRk@tinsopet al, 2023). Pour
commencer, nous avons demand® aux membres du groupe d
cal cul mental que |l es ® ves de deuxi me ann®e. Nous a\
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la questiong X o @et la maniére dont ils pourraient y répondre. Tout en examinant les stratégies de résolution
possibles, nous avons continué de nous demarubenment rendre les stratégies de calcul mental visibles pour les
apprenant® Notre souci de donner un sens aux I d®es des ®I
amenés a nous poser continuellement les questions suivantest-il une preuve de quantité dans la représentation

de la questior? La représentation des éléves décrivant leur processedidaipparaitre une quanté Nous avons

demandé au groupe de réfléchir au passage de la paraphrase des idées des élésen@eet ldeparaimagerie»

(B. Davis, communication personnelle, janvier 28, 2023) de leurs idées avec des images pour visualiser les quantités.

Laparac mageri e pr®sente |l es strat®gies des ® ves sur | e
la classe.
Aprés avoir participé nous® mes ~ | 6activit®, nous avons partag® troi

part a la discussion sur les nombres en classe de 2e année. Ces enregistrements montrent comment deux éléves ont
r®sol u | a qitoest coem diea illd schcht des strat®gies di ff®rente
le lien entre les deux approches.

Extrait audio n° 1 |a stratégie de Maddy

Pourrésoudre x o9 Maddy a choisi de rassembler | es dizaines q
de 10 pour obtenir 50. Elle retire ensuite 4 unités du 7 et les ajoute aux 6 unités du deuxieme nombre pour obtenir une
autre barre de 10. Elle obtient ainsdi@aines, soit 60, auxquelles elle ajoute les 3 unités restantes pour obtenir 63

(figure 2).

L +36

Figure 2. La stratégie de calcul mental de Maddy est visible pour la classe.

Extrait audio n° 2 La stratégie de Yuvein

Yuvein a ®galement abord® | 6®quation en d®composant | e
visuellement les 20 et les 30 pour obtenir 50. Il combine ensuite les 7 unités et les 6 unités en utilisant une stratégie

de comptage pour obitie 10 unités supplémentaires, puis il continue pour obtenir 13. Il ajoute mentalement le 13 au

50 pour obtenir 63 (figure 3).

27+ 3b
/
Q0+t
&
5D)

J
Figure 3. La stratégie de calcul mental de Yuvein rendue visible pour la classe.
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Extraitaudion°3 Le | i en doAbigail

Lors d6éune discussion de sui vi avec |l a cl asse, Abigai l
représentations visuelles sur le tableau blanc pour voir laquelle correspondait le plus a son raisonnement. Abigail a
obser v® geunblaeuv elri edu "dd67 en | ai ssanfa Pprecemme Bdoadwaibt et ali €
7 pour fair» 10. Cbest tout

Les membres du groupe de travail ont discut® de | 6i nt (

puissent y revenir et le comparer a leurs propres stratégies. lls ont discuté de leurs propres stratégies pour résoudre le
probléme de calcuhental et ont apprécié la facon dont les jeunes apprenants ont pensé a des stratégies différentes.
Les membres du groupe de travail ont remarqu® que | e f
comprendre leurs propres processus dtblié des liens entre les processus pour confirmer leurs propres stratégies

de calcul mental.

ACTIVITE 3 : ROUTINES DE LA PETITE ENFANCE

Les classes de la petite enfance sont imprégnées de routines réguliéres qui soutiennent une structure prévisible et
établissent les normes de la classe tout en favorisant le développement social, émotionnel et cognitif. Les routines
comprennent l éadPpa®e de | 6®col e, |l a prise des pr®sen
| 6ext ®rieur, | dheure du nettoyage, etc. (figure 4). £t
pass® dans une c | are soes ndud ohrues detmandénou e trangaierd lesamathématiques dans

|l es activit®s quotidiennes dbéune cl asse pr®scol aire.

I'heure de nettoyage

I'heure du godter I'heure du livre I'heure du cercle cercle du matin et
calendrier

Figure 4. Exemple de routine dans une classe de maternell e

En souggroupes, nous avons examiné des séquences vidéo de deux classes préscolaires engagées dans une série de
routine tirée de deux vidéos YouTuldr s . K i-year@drcidss picking up after playtime, snacks and learning

the letter V(OurSaviorMarlette, 2010); éflorning Circle at PreschoolPennington2014). Les routines examinées

dans ces deux vidéos sont les suivantes

1 Nettoyage et mise en rang

T Lo6heure du go%ter

T Lo6heure du Ilivre

T L6heure du cercle

1 Cercle du matin et calendrier
Les membres des groupes de travail ont ®t ® invit®s ~ nc
dans | e cadre de |l a routine qui | eur ®tait assign®e. Er

du groupe. Bin que les ®athématiques ne soient pas spécifiques a chaque activité, les enfants avaient
potentiellement de nombreuses occasions de faire des mathématiques au cours de ces activités, notamment les
premiers concepts numeériques (par exemple, comptengiarer des quantités, reconnaitre les nombres, les nombres
ordinaux), la géométrie et le sens spatial (par exemple, trier et classer des formes 2D et 3D), la mesure (par exemple,
comparer des tailles, ordonner), la reconnaissance et la création desnodele 6 anal yse de donn®es
collecte de donn®es, | es comparaisons de fr®quence), |
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potentiel, la | angue et | 6al phab®ti sation sembl aient
mat h®mati ques ndont pas ®t ® explicitement exploit®es d

ACTIVITE4: ANALYSE DES PROGRAMMES ET DES CADRES DO6APPRENTI SSAGE

En 2014, |l e Consei l des Mini str es EdarlglLeardnf dnd Pexvelopneent du Ca
Framework L6objectif de ce <cadre ®tait déoffrir une Vi s
enfants fond®e sur un ensemble de connai ssances et de

enfance (p. Araductiondedauteuy . Dans | e cadre de | dengagement en f ave]
gualit® au cours des premiunesampmm®else Il wedicpdea ed enelt 6 d Py
de r®f ®rence ° un programme do®tudes sp®cifique, sauf

jeu tire parti de I a curi osi t ®traductiomdeduted.cCa prifcipasautigoee nat ur
gue | e jeu est |l a source fondamentale du d®vel oppement
ainsi gue dobéautres comp®tences telles que |l a r®solutio
Léune des tensions que nous avons ressenties | ors de |
occasions pour | es enfants de sbdbengager dans | a r ®fl ex

routines de classe dgsées précédemment, sans une attention particuliere aux mathématiques, il était possible que

les mathématiques ne soient pas explicitement abordées de la méme maniére que les compétences en littératie le sont
souvent, par exempleApprendre la lettre W dans cette vidéo (OurSaviorMarlette, 2010). Nous avons oppose les
principes du cadre du CMEC aux nombreuses idées fausses que peuvent avoir les éducateurs de la petite enfance sur

| 6apprenti ssage des mat h®mat i qu 2099, p3@traductibnadstaufeunes enf a

. Les jeunes enfants ne sont pas pr°ts pour | 6enseigr

2. Les mathématiques sont réservées aux enfants brillants qui ont des génes mathématiques.

3. Des chiffres et des formes simples suffisent.

4. Le | angage et | 6al phab®tisation sont plus important

5. Les enseignants devraient fournir un environnement physique enrichi, prendre du recul et laisser les enfants

jouer.

6. Les mathématiques ne doivent pas étre enseignées comme une matiére a part entiere.

7. Lé6®valuation en mat h®mati qgues ndest pas pertinente

8 Les enfants ndapprennent | es mat h®mati ques quben ir

9. Les ordinateurs ne sont pas adapt ®s | 6ensei gnemer
Dans |l a discussion qui a suivi, nous avons mis en ®vid
ter mes, S i aucune attention particuli re noest accor de¢
superficiel etimpl c i t e, il est cens® se produire sans | 6interact

mathématiques peuvent étre considérés comme dépassant les capacités des jeunes enfants.

Compte tenu des pr®occupations concernant | édattention |
ensuite entrepris dbéanalyser |l es cadres provinciaux d
suivante: Ou et que sont les mathématiq@eEn sougyroupes, les membres se sont vus attribuer un cadre et ont
présenté leurs conclusions en se basant sur les questions suivantes

1 Qu 6-eeqytii est inclus dans les mathématiques et/ou la num@ratie
1 Quelles sont les hypothéses sur la fagon dont les enfants apprennent les mathépatiques
1 Quelles sont les mathématiques manquahtes

9 Constatew ous des tensions entre |l es hypoth ses ®mi ses
mathématique8

Chaque sougroupe a présenté un résumé de ses conclusions dans une présentation Google Slides partagée. Le tableau

1 présente les points saillants des réponses a la quegioelles sont les mathématiques et/ou les notions de calcul
incluses? »
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Province/Territoire

Quelles sont les mathématiques et ou se trouvealles?

Navigating the early years: An early
childhood learning framework.
[Newfoundland/ Labrador]

Government of British Columbia, 1 Les mathématiques et les nombres sont explicitement mentionnés au n

Ministry of Education. (2019Early titre que ddédautres disciplines (

learning framework. sciences) dans lesRathways for Communication and Literacies

traduction dedauteur 1 Les mat h®matiques sont consi d®r @
les nombres sont une forme de vocabulaire, de symboles et de langagsd
(p. 83).

1 Les mathématiques sont implicites dans les parcoOthers, Material and
World » et font partie de la référence aux disciplines multiples (p. 76) a
un exemple spécifique de construction de structures en 3D.

Makovichuk, et al. (2014 Flight. 1  Plusieurs références aux mathématiques, aux nombres et a des sujets
Al bertabds early | les formes et les modéles apparaissent tout au long du document,
framework. g®n®r al ement aux c!t®s dobéautres
traduction dedauteur la musique, la science).

1 Dans le cadre de la littératie multimodale, il y a référence aux
mat h®mati ques qui utilisent | es
soutenir le développement du systeme de symboles (p. 106).

Government of Saskatchewan, Minist| Les mathématiques et les sciences sont mentionnées dans le domaine
of Education. (2015)kEssential learning d®vel oppement intellectuel avec
experiences. Supplement to explorati des exp®riences essentielles (p.
Early learning program guide. guantités, les symboles et les nomhréésés dans les mesures et les
traduction dedauteur graphiques.

T Les mat h®&mati ques sont implicitsg
résolution de probleme (p. 39).

Government of Manitoba. (n.dBarly | Le document met | argement | 6acc€g
returns: Early learning and child care termes calcul et mathématiques sont mentionnés une fois chacun. Les
curriculum framework for infant mentions sont en relation avec |
programs. offrir aux enfants une variété de chaie jeu et des occas
traduction dedauteur Il a musi que, | 6art, l'a |'itt®rati g
Best Start Expert Panel on Early T Le cadre d®crit | es domaines dosg
Learning. (2007)Early learning for Il contient de multiples références implicites et explicites aux
every child today: A framework for mathématiques.
early childhood settinggOntario] 1 Pour les nourrissons et les enfants en bas age, le domaine de la cognit
traduction dedauteur r®f ®rence °~ la r®solution de prd
bl ocs), au tri et | 6expl oratid
des objets (p. 39).

T Pour |l es enfants dé©ge pr®scol ai
références explicites aux compétences mathématiques, y compris la
sériation, le comptage, la quantité, les formes, les modeéles, etc.

Gouvernement du Québec 1T Les mat h®mati ques apparaissent

Minist re d221).6£d disciplines (langues, sciences sociales, etc.).

Preschool cycle program. M1 Dans |l a section sur | e d®vel opps

traduction de | 04 capacités de réflexion, on trouve des exemples spécifiques de mathém
tels quoboexplorer des jeux impligd
classification eée Ha pegiges ¢qua
objets en fonction de | eur posit

1 Les mathématiques sont implicites dans le développement physique et
mot eur en r®f ®rence " | 6explorat

Department of EducationandEarly [ La num®ratie pr®coce fait partie
Childhood Development. (2019). enfants entendent | e | angage des

exemple dans les chansons de comptage et les comparaisons (plus gra
plus petit).

84



McGarvey & Throop -Robinson - Inquiring into early years mathematics curriculum

traduction dedauteur 1 Les enfants rencontrent des concepts mathématiques, tels la logique, 14
comparai son, |l a classification,
reconnai ssance des for mes, | a m¢g

Best Start Panel on Early Learning. | 1 Des notions implicites de mathématiques apparaissent dans le cadre d

(2008).Curriculum framework for | 6exploration |l udique et de | a r
early learning and child cargNew sbengagent dans | 6exploration |
Brunswick] problemes (p.34). | s expl orent | es propri

traduction dedauteur similitudes et les différences, et en créant des modéles.

1 Les mathématiques, comme le langage et la musique, sont considérée
comme une littératie multimodale avec un systeme de signes (p. 44).

Government of Nova Scotia, 1 Les mathématiques sont évoquées dans le cadre de deux objectifs
Department of Education and Early d 6 appr e rbiscaveryaagdenvention et «Language and
Childhood Development. (201%arly Communicatiore. Les mat h®matiques et d
learning curriculum framework and sont implicites dans | a descript
resources. gue |l a r®solution de probl mes,
traduction dedauteur déhypoth ses, |l atieaoahépchélgt IC@
exemples sp®cifiques sont fourni

ces objectifs, comme les suivants

0 créer et utiliser des représentations pour organiser, enregistrer et
communiquer des i d®es et des d

o utiliser le langage pour communiquer sa réflexion sur les quantités
pour décrire les attributs des objets et des collections et pour expli
|l es i d®es mat h®mati ques (p. 64

Flanagan, K. (2011Early learning 1 Larésolution de problemes et la numératie constituent un ensemble ex
framework: Relationships, de comp®tences dans | e ¢ amplostiodand
environments, experiencgBrince discovery¢ . On attend des enfants qud{
Edward Island] guantit®s, | es symboles num®ri q(
traduction dedauteur problémes qui se posent dans le cadre de leurs jeux. Des conseils pou

soutenir ces compétences sont fournis aveedee mp |l es d 0 e A
qubdutiliser une vari ® ® de m®t hag
symboles des nombres par écrit, comme tracer un nombre dans le sab
peinture au doigt, et¢p. 107).

T Les symboles et repr®sentations
« Expression and communication Dans cette section, il y a référence au
symboles num®riques et 7 | o6utili
guantités

Les

Tableau 1.

di x cadres dbdédapprenti ssage que nous avons consult®

et de fonctions. En ce qui concerne notre question principalie et quelles sont les mathématiq@es nous avons
not® certaines similitudes entre | es documents. Apr s |
jeunes enfants, nous avons fait plusieurs observations.

1.

La fréquence des termes associés aux mathématiques, tels que mathématiques, calcul, nombre et forme, varie

consi d®r abl ement déun document ° | dautre. Dans de n
gubune poign®e de fto®s @&da wte®NeRs ad ieaneing | ianuexs cttel | es
l a musique. Les comp®tences ou | es processus mat h®
minimale.

De nombreux documents font référence a des compétences et a des processus généraux tels que la résolution
de probl mes, | 6exp®ri mentation, |l a recherche, l e r

fassent parfois référence a des idées émtdtiques, la plupart du temps, ces compétences ne sont pas
spécifiques aux mathématiques. Dans de nombreux cas, ces processus semblaient faire appel a des idées
scientifiques.

Lorsque des concepts, des compétences et des processus mathématiques ont été identifiés, ils ont
g®n®r al ement ®t ® rel ®gu®s aux domaines de | a coghn
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mat h®mati que ne sembl ait pas pertinent-étrepeatr rapp

s
| 6appartenance, |l a responsabilit® personnelle et so
l e domaine de | a c¢ o mmawnmathématiqeesconcérriainléssyenholes numériquesr t ® e
pluttt que | 6expression de | a pens®e ou de | a cr ®at
4, Les cadres dobébapprentissage pr®coce ont ®t® princip
services soci aux, plut®t que par les minist res de
5. Les cadres dboapprenti ssage pr®coce souscrivent pr e
bas®e sur | e jeu. Bien que |l es descriptions de | dap

sur des activités choisies et dirigées les enfants.

Cette s®rie ddbobservations nous a quelque peu inqui ®t ®:
des mat h®&mati qgques dans | es documents signifie que | es
nécessaire pour susciterla®f | exi on mat h®mati que dangs tlre jpeaws dedse xegrefran
pr ®al ables ou |l a motivation suffisants pour | e faire.
des salles de c| acses equle arpu s na Vv srssa geex Pmi®cr®es dans | dact

ACTIVITES : PROGRAMMES ET CADRES I NTERNATI ONAUX POUR LOAPPRENTI S¢

Les cadres provinciaux dobéapprentissage pr®coce ont sou
ddautres provinces et pays. Deux cadr e¥edWh(Wiistdees pays
de | 6®ducat i o-zélandes 2017n eBédlomging, eBeihgeand Becoming: The Early Years Learning
Framework( Mi ni st re de | 6®ducation et de |l a formation [ A
suffisamment de temps pour effectuer une exploration et une analyséoapes, nous avons examiné brievement

ces deux documents.

Les cadres némélandais et australien accordent une attention explicite aux compétences et aux processus
mat h®mati ques, en particulier dans |l es r®sultats |i ®s
Le programme scolaire néglandais indique que st les mathématiques sont explicites dans la communication et

| 6exploration, elles sont ®gxa(ph.&e mtd uicnp lojndn dkemple ddaaurt se udr 6
r®sul tat dbéappr ent i s sedagcemmenicptibn estRetoanaittealas symlbokes etlles coendeptse d
mathématiques et les utiliser avec plaisir, sens et obje@if 42t r ad u ct i o)navet des exénaples de lar

maniere dont ces résultats peuvent étre observés par un éducateur de la petite enfance. Dans le domaine
déapprenti ssage des mat h®mat i qu des élevds exgphlerant les remttonsertre qu e s

|l es quantit®s, | 6espace et | es donn®es et nagumonden nent

quilesentoure (p. 57t r aduct i o)n. dlransb aluet ecuardr e australien dbéappren
mat h®mati ques sont me n t: klees enfArgs dévelapment Ln& eébig de compéfencesietide a n t
processus tels que |l a r®solution de probl mes, l a rech
et |1 06i nv@SB8tirgadu cotni o)n de | dauteur

Les discussions des groupes de travail dans | e cadre

mathématiques dans les cadres de référence pour la petite enfance, ce qui manquait aux apprenants précoces en
mathématiques et les éventuelee nsi ons que nNnous avons rencontr ®es en ta
di scussions ont conduit ° |l a partie 3 et ~ | 6objectif

PARTIE 3 : PROCHAINES ETAPES ET LIGNES DIRECTRICES POSSIBLES. QUELS
CONSTATS POUVONS-NOUS FAI RE SUR LES CADRES DO6APPRENTI SS
AU CANADA ?

Les discussions des groupes de travail Il e dernier j O
convictions communes sur les apprenants précoces en mathématiques

1 Les enfants peuvent faire et comprendre des mathématiques complexes.
1 lls sont curieux, explorateurs, créatifs et créateurs de sens.

1 lls aiment les défis et veulent étre stimulés.

1 lls aiment apprendre par emxémes, avec leurs pairs et avec des adultes.
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1 Il existe de nombreuses possibilités pour rendre les mathématiques visibles et pour les inclure dans les

activités/programmes/routines quotidiens.

De cet ensemble de convictions sont nées les compréhensions communes et les recommandations suivantes a

| 6intention des concepteurs et des r®dacteurs de

enfants au Canada.

Nos discussions et explorations nous ont permis

prog

de met |

premiére consiste a proposer une vision de ce que sont et peuvent étre les mathématiques (par exemple, les pratiques

mathématiques qualitatie s et guantitatives) dans | 6environnement
reconnai ssons que pour qubune telle vision soit mise e
recoive des conseils spécifiques pour créer un emv@ment mathématique richBeuxiemement, le fait de

sdint ®resser de mani re plus explicite aux math®mati q!
reconsi d®r er | 6i mportance accord®e ° |l a p®dagogi e bas
| 6exocnl wdsei | 6apprenti ssage avec et par |l es adultes. La p
capital e, et tant |l es enfants que |l es ®ducateinsis jouen
| 6apprenti ssage peut se faire par |l e biais ddédun ensei
| 6enseignant, sans pour autant sdapparenter ~ des acti

reconnu que note compr ®hension et nos recommandati ons concer n.

gudun d®but .

REFERENCES

Balfanz, R. (1999). Why do we teach young children so little mathematics? Some historical considerations.
In J. V. Copley (Ed.)Mathematics in the early yeafsp. 3 10). NAEYC/NCTM.

Best Start Expert Panel on Early Learning. (20&&xly learning for every child today: A framework for
Ontario early childhood setting©ntario Ministry of Education.

Clements, D. & Sarama, J. (2018). Myths of early matlEducation Sciences8(2), 71.
https://doi.org/10.3390/educsci8020071

Council of Ministers of Education, Canada / CMEC Early Childhood Learning and Development Working
Group (2014). CMEC early learning and development  framework.CMEC.
https://www.cmec.ca/Publications/Lists/Publications/Attachments/327/Q0Early-Learning
FrameworkEN.pdf

Department of Education and Early Childhood Development. (20i8)igating the early years: An early
childhood learning frameworksovernment of Newfoundland/Labrador.

Department of Education, Employment and Training. (2@8&Jpnging, being and becoming: the early years
learning framework for AustraliaCouncil of Australian Governments.

Early Childhood Research and Development Team. (2@@&Yiculum framework for early learning and
child care Department of Social Development, Government of New Brunswick.

Flanagan, K. (2011)arly learning framework: Relationships, environments, experieriegsce Edward
Island Department of Education and Early Childhood Development.

Gouvernement du Qu®bec, NPreschosl tycle pgogrdnuthor6 £ ducati on (2021
Government of British Columbia, Ministry of Education. (20E2)tish Columbia Early learning framewark
Author.
Government of Manitoba (n.dBarly returns: Early learning and child care curriculum framework for infant
programs Author.
Government of Nova Scotia, Department of Education and Early Childhood Development. E201h9).
l earning curriculum framework and resource.s: Nova Sc

Author.

87


https://doi.org/10.3390/educsci8020071
https://www.cmec.ca/Publications/Lists/Publications/Attachments/327/2014-07-Early-Learning-Framework-EN.pdf
https://www.cmec.ca/Publications/Lists/Publications/Attachments/327/2014-07-Early-Learning-Framework-EN.pdf

CMESG/GCEDM Proceedings 20 23 - Working Group Report

Government of Saskatchewan, Ministry of Education (20B83ential learning experiences. Supplement to
exploration: Early learning program guidéuthor.

Lee, J. S. & Ginsburg, H. P. (2009) . Early childhood tea
for young children in the United States. Australasian Journal of Early Childhood, 34¢4%. 37
doi.org/10.1177/183693910903400406

Makovichuk, L., Hewes, J., Lirette, P., & Thomas, N. (20H). i ght . Al bertads early | ea
framework https://www.flightframework.ca/
New Zealand Ministry of Education. (2017).e Wh Ur i ki . He whUri ki mUtauranga

Aotearoa. Early childhood curriculunNew Zealand Government.

OurSaviorMarlette. (2010Mar. §. Mr s Ki I mer 6s 4 year old <c¢class picking
learning the letter [Video]. YouTube.https://www.youtube.com/watch?v=GIJh3zCK6Pg

Pennington, J. L. [JuJuBeans]. (2014, Jan. 28prning circle at preschool[Video]. YouTube.
https://lwww.youtube.com/watch?v=P2¥B2C_Iw

ThroopRobinson, E., Husband, M., & Little, M. (2023, Spring/Summer). Making mental math strategies
visible during a number talk: Challenges and benedftiathematics Matters: A Professional Newsletter
for Nova Scotia Mathematics Teached<l0. http://mta.nstu.ca/images/mta/MTANewsletterJun2023.pdf

88


https://www.flightframework.ca/
https://www.youtube.com/watch?v=GIJh3zCK6Pg
https://www.youtube.com/watch?v=PZY-hB2C_Iw
http://mta.nstu.ca/images/mta/MTANewsletterJun2023.pdf

Topic Sessions

Séances thématiques






HOT DOGS AND MATHEMATICS EDUCATION: A CAREER SANDWICHED
BETWEEN RESEARCH AND PRACTICE

Nat Banting

After an invitation to deliver a topic session at CMESG 2023 compelled me to reflect on the influences from both
research and practice that had led me to that moment, | eventually arrived at a single, foundational aphorism as
particularly potent for desigmg occasions for, partaking in, and observing mathematical activity in my classroom.

In a topic session designed to be-tiadf participatory, onguarter poetic, oneighth theatrical, onsixteenth absurd,
onethirty-second provocative, etc., etc., | discussed this guiding dictum, its humble culinary origins, and how my
mathematics classom hinges on my ability to take it seriously.

DISCLAIMER

This topic session was unique in the sense that it involved stage lighting, audio cues, several props, and timed video
clipsd all facilitated through a fiftysix-stanza poem. Modeled after the high school mathematics classroom where |
spend most of my time, it was designed to be-ehanging, unpredictable, amdhanksto the students thatam

privileged to teach enjoyable. In many ways, the session was a performance, and it might refvedrta be theige

moment despite my best efforts to communicate its thesis through this hopelessly static medium of print.

To do so, stanzas of the poem that was used to guide the participants through the session have been placed in
juxtaposition and run parallel to one another. The goal is to contrast the (apparently serious) study of quadratic growth
with the timeless (andnguestionably serious) debate of whether adogt meets the minimum requirements to be
considered a sandwich.

As both debates rage on simultaneously, we arrive eventually at a moment of synergy where it is proposed that the

guest to define sandwichness can teach us an important lesson for the teaching and learning of mathematics. Namely
thatthe solution to a math problem is an argument

TWO PARALLEL PROMPTS

Is a hotdog a sandwich? How many orange blocks in the 20th stage?

Stage 1 Stage 2 §age 3

91



CMESG/GCEDM Proceedings 2023 - Topic Sessions Report

IS AHOT DOG A SANDWICH? HOW MANY ORANGE BLOCKS IN THE 20TH
STAGE?

The root of my whole problem is what a sandwich is ~ Now in a common classroom, after all the work is
depends through, _

On how a sandwich is defined, and how far that view A solution is declared. In this case, 442.

extends.

Can lasagna be a sandwich? Quesadillas are a must! All who got that number, are assumed to know

You see, it soon becomes more nuanced than a filing ~quadratics,
and some crust. Then the teacher helps the others who cannot do

mathematics.

Can we all agree on classics like the turkey bacon While you may have boxed your number, as all doting
club? students do,

And do we dare bestow the name to justany Subway | f we | earn something from ho
sub? 442,

By this I 6m not suggesting th
blocks,

But a solution is an argument, not a nundbér dhe

thoughts

That compose a studentds pro
mathematics thrives,
A student does mathematics when a student justifies.

Four hundred fortf wo doesnbéowysuhow me
know,
You need to show your argumer

Figure 1. grow?

|l 6ve spent years debat i ng Peshppsyoy sliced it sigeways, freed thewdplewith h a s

cleared the fog, two cuts? _
Of what constitutes a sandwich, take, for instance, the A rectangle grows with every stage, and the two blocks
hot dog. are untouched.
Any starch that hol dé&soa fi 1 i ch
| thought, 2
But the bun remains one piece, and so, for some, that 4o 242 | +|
means ités not . 2
e SRl R
But i f the bread candt b e || wr aps
would qualify.
And what about the taco? Can a sandwich be -deep
fried? Stage 1 Stage 2 Stage 3

Figure 2.
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Perhaps you saw a perfect square, and cut in this
design?

The squareds now paired with
by one each time.

o o ) BB
p

Figure 3. Stage 1 Stage 2 Stage 3
I n some cases, therebs agreement, é:iﬁuﬁad"in others, cause
for war, Perh d blocks t lete th
And some people you once liked, perhaps, are called | ernaps youomove SOme Dblocks 1o compiete the
your friends no more. arger square: . i
Now the squareds growth is wh
Can a sandwich have no opening, trapping fiing block is just there.

cold or warm?

Can something lose its sandwichness if its starch
becomes deformed? 1+1

3 +1

Some say filling must be solid; they reject liquids and
gels,

And some contend, sandwichness depends on how the .
dog is held.

Stage 1 Stage 2 Stage 3

, Figure 5.
@ @ Q These answers are not numbers, they persuade with
arguments,

ssdvich Rk G And mathematics is composed of these ways we
maintain sense.

Figure 6.

A POINT OF MERGER

Consider how you acted when you justified your claims.
Your attention tried to validate every sandwich that you named.

Si mply stating your position didndét quel!l any dissent.
You provided your solution in the form of arguments.

| 6ve found that mathematics class |l acks this same outl
And solutions live as static thinggghe appendices of books.
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The process is defined by the teacherds set of steps,
And the students are unscathed if they follow each request.

When solutions become endpoints, wedve ignored the arg
But if you call something a sandwich, you had best provide defence.

I now know that student argument is the focus of my job,
A fact | owe, quite earnestly, to time spent with hot dogs.

As they math, with numbers and graphs, my teacher gaze stays keen.

And attention once paid to ends and grades, now better paid to means.

lItés the hot dog that reminds us of this necessary swi
Thatsolutions are not numbers, but, rather, arguments

That 6s where mat hematics |ives, not in numbers boxed o
The teacherds job is to foment them and pursue them wi
See, mat hematics is a process, thatdés the thesis of my

So, the next time you sit down for lunch, give thanks to your sandwich.

94



REPRESENTER OU NE PAS REPRESENTERS EST-CE LA QUESTI ON ?
DEVELOPPEMENT DE LA PENSEfE MATHEMATI QUE é LG

REPRESENT OR NOT REPRESENTA IS THIS THE QUESTION? MATHEMATICAL
THINKING DEVELOPMENT IN ELEMENTARY SCHOOL.

Elena Polotskaia
Université du Québec en Outaouais

ABSTRACT

Representing or using manipulatives while solving word problems is very popular in elementary school.

Probably, the great majority of teachers accept that this way, the student will better understand and better

learn mathematics. However, many of thosehees would be confused if asked other questions. What should

be represented and why, at what moment, by whom, and how this representation can be used to foster
mathematical thinking? | would like to share my thoughts and ideas about how the relaticadigpar
transforms the wordproblem solvingi nt o a power f ul teaching tool promot.i
mathematical thinking.

RESUME
Représenter ou utiliser du matériel de manipulation lors de la résolution de problémes écrits est trés populaire
" 1 6®col e primaire. Probabl ement, |l a grande majorit®

comprenne et apprenne mieux lesmdatatiques. Cependant, bon nombre de ces enseignants seraient confus

si on leur posait des questions supplémentaires. Quedagprésenter et pourquoi, a quel moment, comment

cette représentation peatle étre utilisée pour alimenter la pensée mathéqnat? J 6 ai mer ai s partage
réflexions et mes idées sur la fagon dont le paradigme relationnel transforme la résolution de problémes écrits

en un outil pédagogique puissant favorisant le développement de la pensée mathématique des éleves.

INTRODUCTION

La repr®sentation ou | dutilisation de manipulables 1o
®l ®ment aire. Probabl ement , |l a grande majorit® des ense
apprenne mieux les mathémt i qu e s . Cependant , beaucoup de ces enseigr

sur dbéautr es -gnuepregdenteoeat murqud i queldnonieRburquoi et comment ces représentations
peuventelles étre utilisées pour favoriser la péa mathématique

Le domaine de |l a recherche en ®ducation mat h®mati que ¢
idées qui peuvent potentiellement clarifier les choses pour les enseignants et les aider a gérer efficacement

| 6apprenti ssagaecdesac®li vvidag®s” dter av®srod uti on de probl mes
la littérature que huit pages ne seront pas suffisantes pour mentionner toutes les sources. Malheureusement, dans ce
texte, je nden meunds.iDans ogei su#,ije vaudras résumerlquelges réflexions et idées sur

la maniere dont le paradigme relationnel peut transformer la résolution de problemes en un puissant outil pédagogique
favorisant le développement de la pensée mathématique des éléves.
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HISTOIRE VRAIE N1

Cette histoire se d®roule dans une ®cole ® ®mentaire u
l a r®solution de probl mes. Ldenseignante utilise un t
a ses éleves, unlafois. Les éleves travaillent sur des tableaux blancs effacables. La tache est la suivante : résoudre

le probléme et laissez des traces de votre réflexion.

Voi ci | 6 un :Aneesa 2@ns deboplus gueessn frere. Anne a 6 ans. Quel age a e frere

Il faut quelques minutes aux éléves pour proposer des solutions

= ¢
2’\’4 & _ )(9-4 @
23 0
# L)
e+2=4 L S
Figure 1. Traces des ® ves pour | e probl me d

Lédenseignante choisit u@eg stoGependand elle falise gue dermbmbreux@lévesr e c t e
ne comprennent pas pourquoi l a soustraction est utilis:
l'ire Il e probl me. En | ipusigée, €l Ice impaneqntte pgw®c ilsde N Preess
gue | dexpusdgées imen @correspond pas 7 | 6op®ration: dpbabust

choisi un mauvais probléme.

HISTOIRE VRAIE N2

Curieuse au suj et des nouvelles technologies, j 6ai de
mathématique.
1 Elenaz Que doit faire | d6enseignant pdur aider | es ®I°
1 Chat GPT: Pour résoudre ce probléme, nous devons comprendre les informations qui nous sont données.
Tout dbdébabord, nous savons qubAnne a 2 ans de plus
| 6©ge de son fr re, nous obtiendrons | 6©ge do6AnnN
1 Chat GPT: Mai ntenant, nous savons qudAnne a 6 ans. S
obtiendrons | 6©ge de son fr re.
f ChatGPT. Pour expliqgqguer cela plus clairement aux ®I v
exemples concrets pour illustrer | a situation. Par

| 6un repr®sentant Asmome fat rledauwettr e | raecperr ® sdeerst a®rtti qu et

Figure 2. Personnages du probleme.
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Bien sir, notre enseignante et Chat @Ra connaissance collective du moddsontd 6 accor d sur | e f ai
mieux comprendre un probléme mathématique, des représentations visuelles sont indispensables. Cependant, nous

pouvons constater que cette¢ r at ®gi e @d0énxdil gnesmante ndest pagustr s ut
agéee ni | 6i mage de deux personnes ne permettent doex
Probabl ement, dbéautres qbadedsi ons devraient ®gal ement °

Pourquoi les éléves devraiatt résoudre des problémes mathématicues

Que signifie résoudre un problérde

Quel type de pensée mathématique aide a comprendre un prabléme

Que doiton représente?

Quel est |l e rtle et quelle est | a plate ddune repré¢

Dok Wbk =

QUELQUES REFLEXIONS THEORIQUES POUR REPONDRE AUX 5 QUESTIONS.

OBJECTIF DE RESOLUTION

Au d®but du XXe si ¢cl e, l e principal objectif de | 6app
cognitif et | 6dapprentissage de |l a pens®e (Mukhopadhyay
depuis, le développemede la pensée mathématique reste le plus important. Ainsi, la réponse a notre premiere
guestion est |l a suivante : Léobjectif principal de | a
| 6®col e primaire est nlatkhémdigueel oppement de | a pens®e
Si |l a r®ponse num®r i qu e unasletertechprehée par eet dxarcice peg étrk plutdt URes o | u t

pensée spécifique qui aide a résoudre le probleme, par exemple une stratégie de calcul, une équation, une maniéere de
r®soudre | 6®quation. De plus, dans loduagupempensée redilisablg e, | a
et transf ®rable, donc plut!t une mani re de trouver un
ultime de r®solution de pr obune peasge tr@nsférablatde pouorésaudre t r e | a
déautres pr obl Paeexemplé, Neshercebam (1982)expliue ainsi le niveau 4 du développement

de connaissances sur les structures additives

«Directional (ordered) descriptions (i.e., O6mored, Ol ess
at this level includes the ability to handle inequality, and the ability to equalize inequality by addition or
subtraction» (p. 382)

On peut confirmer donc que |l a flexibilit® de | a pens®

exercices de résolution. Dans le cas du probléme de Annpengée flexibld oi t per mettre ~° | 8®1 v
| 6 expr Annesest@ ans glus agée que son fséea une opération de soustraction.

PENSEE RELATIONNELLE, THEORIQUE, FLEXIBLE, TRANSFERABLE
Pour répondre a la troisieme question, Davydov (2008) fait la distinction entre la pensée théorique et la pensée

empirique. La pens®e empiriqgue utilise des caract®ri st
théorique examine lastruectte i nt erne, invisible de | dobjet pour en r®
du probl me do6Anne, |l a pens®e th®orique serait | a comg
ddautres ter mes, |l a 6@daeatdonf ent e eed O2Xagsepliddyde@®ue ncé do
concr tement, | 6apprenant devrait comprendre qlae | 60©ge
comparaison additive de deux quantit®s r®v |l e une diff
des trois quantit®s dans cette situation joue un rlle s
desdeuxcomp@es, | 6©ge du fr re est | a pl usxayrest(ladifféerengelant i t ®
Selon Davydov (1982), seule cette sorte de pensée a propos du pioipénsée relationnefleassure une flexibilité,

soutient une résolution réussie, et produit une connaissance transférable.

Davydov (1982) sugg re que |l a relation gue nous avons
par | es apprenants d s |l e d®but, avant | 6®tude for mell

mes collegues et moi avexléveloppé davantage cette idée et proposé plusieurs outils pédagogiques pour soutenir la
pensée relationnelle des éléves lors de la résolution de problémes (Polotskaia et al., 20dl@n2@28)tskaia.com

Nous avons reformul ® | 6objectif de Waé&i de®stoill utéronl| e@du
guantitatives impliquées et les utiliser pour élaborer une stratégie de chlouk appelons cette emphase sur les
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relationsleqpar adi gme rel ationnel dans | 6ens eiPylotkaraetrSavard,t | 6 ap
2018).
REPRESENTATION

Revenant a la question des représentations, il semble logique de proposeregssitedestraces de penséetc.,
devraient représenter la structure mathématique du probléme ou un schéma des relations quantitatives impliquées. En

repr®sentant | a relation, | dapprenant peut exprimer sa
lesautres,dt ut i | i ser pour construire une strat®gie de calcu
Difference
Figure3.Sch®ma r el ationnel. du probl me do6Anne

Ce type de repr®sentations offre de nombreuses caract®
I

une relation entre des quantit®s connues et i nconnues
relationneldies,cuasisnisoin qdueb utneel s sch®mas i mpliquent | éanal
de |l a pens®e de | 6® ve. Dobéautre part, ce travail offr.e

au sens de la situation, aux réles desntités dans le probleme. Par exemple, les barres de pates a modeler
représentant les ages des deux personnes peuvent étre placées de différentes fagons pour visualiser la différence ou la
somme ( si n®cessaire). L 6 a p lpsrbars @owr indiques, par exgnhpie,sus segmers o n - d C
repr®sentant | 6®cart.

Un modele relationnel construit peut étre utilisé pour élaborer une stratégie de résolution. En examinant le schéma
(Figure 3), on peut proposer quelbdo@emedgArnkd®©giet daomp

(2 ans). Ainsi, nous pouvons supprimer |l a diff®rence p
nous pouvons Vvoir gue | 6©ge du fr re est nsdudlise’la ans de
soustraction. A cette étape aussi, des gesteifisidifis tels que cacher un segment, mettre ensemble, couper en parties

®gal es, et c. peuvent °tre int®gr®s au pr oc Akbgliks de n®

Nathan, 2012 Cook et al., 2008Duval, 2006, Radford, 2011) suggére que la communication du sens par des moyens

vari ®s contribue au d®vel oppement dbébune compr ®ensi on i
gubon peut ®tendre | es i d®es dnsleleyetpppenetieya péndéd paplitans ur | e
pour | e cas de math®matique | 6utilisation de gestes et

GESTI ON D6APPRENTI SSAGE

Pour r®pondre " | a derni re question, il est important
propose Davydov (2008), apprendre les relations et apprendre a les représenter devrait étre une partie intégrale de

| 6acti vi t ®lordde lalrédotutiop de probemes. Avant de penser aux calculs possibles, les éléves devraient
analyser la logique du probléme et sa structure mathématique de maniére explicite.

David et Laura participent & une collecte de fonds pendant [l
jours pour rénover le terrain de jeux de leur école. Dgyid g

ama;;‘é B ce pius que Laurg, Ensemble, ils ont accumulé .

Quelle somme David a-t-il amassee?

% ; L Ensemble

J

Figure 4. Probléme de fonds et son schéma.
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Sur la figure cidessus (Figure 4), les données numériques sont intentionnellement cachées aux apprenants. Ce geste
didactique simple envoie un message important aux étudiants : la logique du probléme est plus importante que les
nombres. Pour analyser etprésenter la logique du probleme, le code couleur peut aider & associer de maniére
significative les informations (non seulement les nombres) du texte a leur représentation schématique.

Des segments ou des barres de pate a modeler peuvent étre utilisés pour représenter des quantités de maniére générale,
de sorte que | dattention de | 6dobservateur se porte sur
d 6 o bj ertsegmenapeut étre difficile au début, car elle nécessite une connexion mentale significative entre la
guant it ® d odebaquantitéscontinuesétemdebloss proposons aux apprenants de commencer avec de la

p©t e © model er . dudgags poulesdegpatd a mpaelertpoucrep@senter des objets puis, les arranger
en segment et rouler | e segment en une sauci sse. La s
m°me 7~ imaginer un nombr e i auassenpaut étrel dupbejer maceaux discretsrsis € me n
nécessaire.

Figure 5.

Les saucisses peuvent étre facilement manipulées et placées pour étre comparées ou pourttameefiétant

ainsi la relation nécessaire. Le passage du texte a la pate a modeler et au schéma relationnel, puis aux solutions
arithmétiques ou algébriques, est la voie qui peut favoriser le développement de la pensée relationnelle, le type de
pens ®eur daula pefsée mathématiqgueayydov, 2008 Smith & Thomson, 2017). Les représentations
sch®mati ques ddessus, sijelleasont dtils&c «cto® r @cict e ment |, permettent | &
plusieurs outils de r®flexion tels que | 6analyse visuel
en langage naturel et les expressions mathématiques. Selon certains chéireai, 2006 Radford, 2011), le
transfert de ladgage p amast®@ est b @ui rend ¢a pensée profonde et produit une connaissance
durable.

CONCLUSIONS

Joai commenc® avec deux hi stoires vraies pour for mul
repr ®sentations ° utiliser © | 6®col e primaire. Joai p
littérature de rechercheetsurma opr e exp®ri ence. En parcourant cet arti

nbavait toujours pas ®t ® ab oilsghiecités Putiliser dpsiactivittsda nésolutidnd e n s e i
de problemes de maniére efficace pour prorooua pensée mathématique des éléeves, et mémedanaissance

mondiale commune ne peut pas les aiderPeut® t r e parce qubdil sbagit de connai
compl exes, pas seul ement dbéune str at ®YHewbtrapareerseeedlag n e me n |
prend du temps et des ressources pour apprendre quelque chose de h@@wd@tne parce que nos enseignants sont

accablés par une crise scolaire permanenteQu 6 e Rv opuesn s?e z
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WHAT IS AN APPLIED PROBLEM?
A JOURNEY THROUGH TI ME é

Bernardo Galva®&ousa
University of Toronto

ABSTRACT
| have been teaching applied math courses for undergraduate students for over 10 years. Over this time, my
idea of what an applied math problem is has changed.

On this CMESG meeting, | hosted a topics session where | showcased questions from applied math courses
that | taught. The participants were invited to think about these questions and distill the ideas behind these
problems. | will also report here on thediscussions.

BACKGROUND
The first question that comes to mind when thinking about applied problems and how | thought about them is how
can | go back to my course materials over the years and find good indicators of how | thought about applied problems?

Putting on the student hat, | figured that students will focus their learning on what they think will be tested on midterms
and exams, so the best indicators should be questions from past tests and exams. These should give an idea of what |
thought the stdents should strive to learn.

Thus the topic session focused primarily on problems that | wrote for my applied classes over the years, the main ideas
underlying these problems, and how these have evolved.

The session was meant to be interactive, with the participants thinking about the different problems, distilling what
they thought about them and engaging in discussions. For each of the six problems | presented, | will report back on
the main topics tharose from the discussion between the participants.

At the beginning of the session, and before | showed any of my questions, | posed a question to the participants:
What are features of an applied problem?

My goal with this question was twiold:
1. 1 wanted to know how the participanieathematics educators across Canada teaching to different students,
thought about applied problems, before my interference.
2. | wanted to be able to gauge whether my talk would change how they thought about applied problems.
Given the heterogeneity of the participants, Imbtlhave any expectations.

At the end of the session, | posed the same question again and | will report on the results at the eapant this

| then posed several questions from tests and exams and posed the following two questions to the participants:

(Q1) What are students doing while working on this exercise?
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(Q2) What are students learning?

My goal with these two questions was to focus the participants' attention to the@fpadrw of the students who
needed to solve these problems, instead of the content that the instruaicoweaisigo

EARLY DAYS

This section features problems that | posed to students early in my teaching career. This was a time when | had just
switched my mathematical focus from research to teaching and education. This is also when | started to interact more
with the education comunity. There is a (somewhawide range on the type of questions that | asked during this
period, so | focused on two that seemed more representative.

PROBLEM #18 BIOLOGIST STUDYING A VIRUS

You are working for a biologist who is studying a new kind of virus that reproduces extremely quickly, with

the population following the function
¢
pt) = [ e d,
0
where t is in days. The size of each virus is % pum?.

The biologist wants to make sure he has enough space for this virus to grow for 4 days.

Using the Midpoint rule with n = 4, give an approximation of the necessary area.

Figure 1. Biologist studying a virus problem.

Participantédiscussion:

(Q1) Students are getting rid of words and figuring out which computations to do
(Q1) Students are extracting information

(Qq1) Students are mostly performing computations

(Q2) Students are learning that standard techniquesidalways work

PROBLEM #28 ARCHER FISH

Archer fish hunt by spitting a jet of water at a nearby flying insect.

(a) Assume that the fish’s position, as shown, is (—1,—1) .
and the insect’s position is (\/ﬁ, 1) and the water sur- (v3,1)

face is at y = 0.

When the fish sees the insect, water refraction changes (-1,-1)

the angle of the light as in the figure on the right,

causing the fish to misjudge the insect’s position.

The fish sees the path to the insect as a straight line. What does the fish think is the position of the

insect?

The fish hunts the insect by spitting a jet of water in - '.M-

(b o=*
e (v3.1)

—

the direction of the dotted line. Ignoring the effects

of water and air resistance, but considering gravity,

@ = (0, —g), how fast should the fish spit the water to (—1,-1) ’,f"
hit the insect? Assume all distances given are in cm =

and the insect is not moving, 8

(c) How much time does the insect have to move out of the way?

Figure 2. Archer fish problem.

102



Galvdo-Sousa - What is a n applied problem?

Participantédiscussion:

(Q1) Students are using simplified physics and triangles

(Q1) Students are engaging in a fun game

(Q)Students are solvinhg a Afake worl do probl em
(Q2) Students are learning that mathematiciansal@onnect to the real world

EXTRA PROBLEM& TAYLOR, THE CAT

A cat named Taylor is planning his escape from a dog called Maclaurin.

His plan is to wait until the dog almost reaches his 2

position (2,0), and then jump away quickly to avoid ey = flx)

the dog. I . % II
Before deciding where to go, Taylor (the cat) takes

one good look at the dog and calculates a few

derivatives of the function

) = et e ¢lag Sttt o ks (the dotted path is not accurate; it’s just an

example)
(a) Assume that the cat calculates the following
f©) =0 F0) =1
F1 =1 0= 1

Give an expression that approximates the path f(z) of the dog using all this information.
(b) Using the calculations from (a), help Taylor estimate the derivative f/(2).

(c) As the dog approaches the cat, from the cat’s perspective is the dog moving to the right (towards
positive ) or to the left (towards negative y)?

Figure 3. Taylor the cat problem.

THOUGHTS

I't should be clear that these problems are closed ende
that are specifically designed so that students can apply some tools or techniques in the course under the guise of
begiming an applied problem.

Like some participants shared, students were learningndithematics is disconnected from the real world. This was
worrisome, since one of the goals | had in mind was to get the students to recognize that mathematics is a very powerful
tool to study the real world.

MIDDLE AGES

After the first few years, | started dabbling in new ideas, learning what other educators did and published. | wanted to
move away from traditional problems and ideas and explore better ways to teach, so during this time, you could see
the widest range afuestions.
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PROBLEM #38 COMPUTER KEYBOARD

Consider a computer keyboard.

The following are some properties of keys:

(P1) Keys can only move vertically.

(P2) Each key has a spring to make the key return to its original position after being pressed (Hooke’s

Law: “the force is proportional to the extension”).

(P;) Each key must also include some damping, so that it doesn’t keep oscillating back and forth once
pressed.

(Py) A typical letter key is 15mmx 15mm and when pressed has a maximum displacement of 0.5mm.
(P5) Keys last 50 million presses on average.
(Ps) On average, a man exerts the force of 50N with one finger on a key.

(P;) On average, a woman exerts the force of 35 N with one finger on a key.

(a) Find a model for the position y(t) of one key using only positive constants. Justify the terms you
included.

(b) What would be the initial condition(s) to figure out what happens after pressing a key? Justify your

answer.

Figure 4. Computer keyboard problem.

Participantddiscussion:

(Q1) Students are extracting data from the problem

(Qq1) Students are processing lots of information and figuring out where it fits
(Q1) Students are not doing computations

(Q2) Students are learning about modelling / this model

PROBLEM #46 CHIRPING BIRD

104

A bird is chirping to find a mate. Unfortunately it is standing next to a cave

which echoes its chirps. Consider the following:
(P1) The bird chirps once every minute;
(P2) The maximum volume the bird can chirp is M dB;

(P3) If it hears a chirp, then it chirps at a volume propor-
tional to the volume of the chirp it heard times the

difference between the maximum volume it is capable

and the volume heard with constant A #;

(P3) The cavern echoes sounds with volume % of the original volume (ie., if the bird chirps at 10 dB, the
echo is 5 dB);

(P4) The echo reaches the bird in less than one minute.
(a) Find a difference equation for v, = the volume of the k** chirp in dB.
(b) What is the volume of the first chirp that will make all the following chirps have the same volume?

(c) Find all the values of the constant A such that it is possible for the bird to chirp in the manner
described in (b).

Figure 5. Chirping bird problem.
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Participantédiscussion:

(Qu) Students are taking a set of instructions and writing a set of equations @nndtd)that all information
is relevant

(Qy) Students are doing some (not many) computations

(Q2) Students are learning about making choices when modelling

(Q2) Students are learning about equilibria

EXTRA PROBLEM& DRAG RACE CAR

In this question, we will try to find a simplified model for the
velocity and amount of fuel in a drag race car.
Let

e v(t) be the velocity of the car in m/s;
e f(t) be the amount of fuel left in the car in L.
Also assume the following properties:

(P1) If the car has no fuel, then its velocity decreases proportionally to its current velocity with constant
2571

(P2) In the absence of air resistance, the car will accelerate proportionally to the amount of fuel left with

constant 1 m / (L s?);

(P3) The amount of fuel decreases proportionally to the velocity of the car with constant 2 L / m;

v(t)
f@)

the car’s velocity and the amount of fuel. Justify your answer.

(a) Write a system of linear first-order ODEs for ¢(t) = [ ] that describes this interaction between

(b) If the car starts with a full tank of 7' L, give initial conditions for ¢. Justify your answer.

Figure 6. Drag race car problem.

THOUGHTS

As the participants noted, there is a lot less focus on computations, and a lot more on the modelling process. The
problems are less textbook style and closer to real world problems.

| want to also point out that on the first problefgre 4, students chose to focus on different paths: some students
focused on the key releasghereassome students focused on the keypress, which in retrospective also makes sense
since information about the pressure people exert on the key is given.

This operended type of problems with multiple different paths was something that | started looking for in problems
to give students.

RECENTLY

This most recent stage of my teaching path came after | had a research study leave and so | had more time to reflect
on what | would like students to learn from applied courses.

It marks a big leajn my thinking about applied problems.

105



CMESG/GCEDM Proceedings 2023 - Topic Sessions Report

PROBLEM #58 WHY ARE TREES SO TALL?

Why are trees so tall?

Let us create a model for the height of trees in a forest. To simplify our model, let us consider only two types of trees:
e f(t) = average height of fir trees in the forest in metres;
e s(t) = average height of spruce trees in the forest in metres.

‘We assume the following properties for both types of trees:

(P;) It costs energy for the tree to grow tall so if left on their own each type of tree will grow shorter.

(P>) If the other type of tree is taller, then it will block sunlight, so this type of trees will grow taller.

(P3) Spruce trees have a specific height H that optimizes the loss of leaves from the local fauna and isn’t too tall.

‘We have the following model:
Rate of change of

7' = height of fir trees - :—E\{[—t-l i w
(P1) (P2)
Rate of change of
s'(t) =|height of spruce| = —as(t) + B(f(t)—s(t)) - (H-s(t)
N, — et
trees (Py) (P3) (Ps)

All constants a, b, v, 8 are positive constants that would need to be experimentally estimated.

We can then simplify this system to:

f'=—af +bs
s'=—as+B(f —s)(H —s)

where a =a + b.

Your task is to assess this model.
(a) Explain a property of solutions ( f(t), s(t)) of this model that matches what you would expect. Explain your
calculations and the reasons for all your decisions and assumptions.
(b) Explain a property of solutions (f(t), s(t)) of this model that does not make sense.

(¢) Explain an improvement you could make to the model. Your answer should contain a new improved model
as well as an explanation of how to change the modelling process, your calculations, and the reason for your
modelling decisions and assumptions.

(1 bonus point) if your improved model includes a unique improvement and is well justified.

Figure 7. Why are trees so tall?

Participantédiscussion:
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(Q1) Students are working on an open ended real world problem

(Qq1) Students are assessing a model / checking the correctness of their work
(Q1) Students are rewarded for checking answers

(Q1) Students are communicating and justifying

(Q2) Students are learning the process of modelling (assessment part)

(Q2) Students are learning resiliency and creativitynath
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PROBLEM #68 STUDENT EXPERIMENT

Get up out of your chair! Then report back.

Instructions for mini-experiment:
1. Get out of the room where you are working now: go to a different area of your home or outside.
2. Change something: fill, twist, shake, stir, cut, ... (just moving = changing position is not allowed)
3. Focus on the rate of change of one quantity.

4. Reflect on what you've changed and different ways you can quantify and model that change.

Write a report with the following:
(a) The title of your mini experiment

(b) Explain how can you model how the change occurred or how you can quantify how the change

occurred?

(c) Sketch a graph of a rate of change related to your experiment as a function of time, where t=0 is
when you started your experiment. You do not need to include any numbers on your axes — the shape

is the important thing.
One of the learning objectives from Week 1 is:

“Give an intuitive argument about why the Fundamental Theorem of Calculus makes sense.”

(d) Provide an intuitive argument for why the FTC makes sense in this situation for a particular time

interval using a copy of your graph to support your argument.

Figure 8. Student experiment.

Participantédiscussion:

(Q@u) Students are having fun!

(Q1) Students are communicating

(Q2) Students are learning that class is important

(Q2) Students are learning about experimental modelling
(Q2) Students are learning to focus on qualitative .data
(Q2) Students are learning about creativityniath

EXTRA PROBLEMd& SUNSPOTS

Sunspots usually indicate active areas of the sun and can affect communication satellites on Earth orbit, so it is vital

to monitor them closely. Below you can find a graph and a table with the number of sunspots per year.

250

In.minuu-

i ¥ B 8
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o088l
£

si0z
o0z

Year 1991 1992 1993 1994 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005
Sunspots | 203 133 76 45 25 12 29 88 136 174 170 164 99 65 46

Year 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020
Sunspots 25 13 4 5 25 81 85 94 113 70 40 22 7 4 9

Let us try to approximate the number of Sunspots S(t) as a function of time ¢ (in years).
The solar activity seems to be cyclical, although with decreasing amplitude and average.
Let us consider the family of functions: S(t) = a(t) + b(t) - sin (2m¢ - (£ — 1998)).

(a) Connect the function/constant on the left with its meaning on the right:

a(t) . ®  The vertical shift (average) of the number of Sunspots.
b(t) . o The amplitude of the number of Sunspots.
c . s The frequency or period of the number of Sunspots.

(b) Find an expression for the function S(t) above.

(c) What is the last full year when your model will make physical sense?

Figure 9. Sunspots problem.
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EXTRA PROBLEMd SCIENTIFIC ARTICLE EXPLORATION

In a Nature paper (https://www.nature.com/articles/
541467-020-18205-1), the authors are studying the 2

number of metabolites in mice tissue.

=3

The figure on the right is a log — — log plot taken from -2

the paper describing the peak intensity of the mass spec-

trum observed I as a function of its ranking among all the
-6 \

measurements R.

They use the dashed black line with formula y = 2.9 — 2.3z

as a good fit for the data.

0 1 2 3
x = log, (Peak intensity ranking)

1

log D(Peak intensity)(arb. units)
IS

Assuming the the authors are correct, what is the implication of this line for the original data: I vs R?
o I(R) =

Note: You don’t need to check the paper to be able to answer this question.

Figure 10. Scientific article exploration.

THOUGHTS

The discussion among the participants for these last problems changed tone dramatically. The problems are much
more open ended, giving rise to more student agency and creativity on their solutions. They also feature real world
data, taken from scientifiaticles and messy or collected by the students themselves. The problems focus a lot more
on communication and assessment of models and the focus is not on computations but on qualitative properties.

| also want to point out that, in general, students have a lot more difficulty with these kinds of problems, so to be able
to write these in tests and exams, the instructor needs to routinely have students tackle similar types of problems in
class.

WHAT ARE FEATURES OF AN APPLIED PROBLEM?

| posed this question at the beginning of the session and again at the end. Here are the comments from the participants
in Figure 11

Before After
e They involve applications to the real e They start with actual real world
world situations
e They use a math tool in a context e Context in some physical quantity or
other than where it was defined measurement
e Include different ways of using a e Should include a known tool in a
result/tool (not proofs) novel situation
e They have numbers/data e There should be some parameters
e No one correct answer
e Include feedback and assessment

Figure 11. Participantsd6 comments.
Observe that after, the parot iThieppratrd i emplhadisz ed ait a ztewa l
thattherearér eal wor |l d' ' and fAactual real worl do probl ems/ si:

Also, at the endthere are some new ideas. The participants noticed that having multiple possible correct answers
makes for a much better problem, as well as the focus on assessment of a model and communication.
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| was happy that the session had an impact on the partidjdeas of what makes an applied problem.

CONCLUSIONS

The evolution of what | think is an applied problem or an apphtathematics course was very dramatic: from the
initial traditional closed ended and computational textbook style problems to open ended real problems with messy
real data. The idea of fostering creativity and communicationaith courses also becomes prevalent in more recent
problems.

There were several lessons | learned along the way:

1 Obviously fake problems might bring unwanted reactions from the students: | want them to learn that
mathematics can study the warland theyare learning that iis a fake tool that can only study fake
problems.

1 Exploring different types of problems da®s always succeed, and thabk! One example is the Keyboard
problem(Figure 4, which didnot work out very well the first time | used it. Students were not used to
having (lots of) extra information in problems, so they tried to include every bit of information in their
model. The path to creating good new interesting problems passes thrdingh fai

1 Even first year undergraduate students can study scientific papers. | learneid thetétr too early to start
studying parts of real scientific articles. One of my goals when teaching an applied course is that by the
end, students should feel confident that they can read and understand scientific articles.

My hope is that this session and this document will resonate with the raaddt will make one rethink on what
constitutes a good applied problem and to move away from closed ended textbook style problems to open ended
problems based on the actual real world.
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TEACHING FINANCIAL NUMERACY IN SCHOOLS:
AN OVERVIEW OF MATHEMATICAL PRACTICES AT PLAY

ENSEIGNER LA NUMERATIE FINANCII‘ER'E DANS LES ECOLES
UN APERCU DES PRATIQUES MATHEMATIQUES EN JEU

Annie Savard
McGill University

Francais en suivent:

Financial Education is present in some recent Canadian Mathematics curricula such as Alberta, British Columbia,
Ontario and Québec. However, it is not new thathematiceducation plays an important role regarding Financial
Education, becauseathematiceducation has a long tradition to teach about money and to use financial contexts in
problem solving tasks.

BACKGROUND

Financial education is an international trend around the world. Since the global financial crisis in 2008, the need for
financial education is even stronger. While some have argued that the 2008 financial crisis was more a result of a lax
regulatory envirament and predatory lending practices than a financially illiterate citizenry (Pinto, 2009, 2012;
Willis, 2008, 2009) , there is general agreement that
(Lusardi et al, 2013; Lusardiet al, 2010). The need is enhanced, among others, by the disempowerment of
governments regarding pension plans, the changes, and the tensions of local and international markets regarding
globalization and sustainability. In addition to that, the economic changes caused by th&3Quamiemic and the
increase®f financial fraud and financial violence require financial competencies for all. Therefore, citizens need to
learn about finance at different ages, at different places including schools and at gifeoets of their life. Planning

about finances should be ahead of covering important needs such as getting an apartment or a house because a lot of

money is required at the start.

FRAMING FINANCIAL EDUCATION TO FINANCIAL NUMERACY

Financial Education is also known as financial literacy. Since 2012, the Organization for Economic Cooperation and
Development (OECD) has administered a financial literacy assessment via their triennial Program for International
Student Assessment (PISAl 2015, Canadian students coming from some provinces wrote this financial literacy
assessment for the first time. OECD (2019) defines financial literacy as

Financial literacy is the knowledge and understanding of financial concepts and risks, and the skills, motivation
and confidence to apply such knowledge and understanding in order to make effective decisions across a range
of financial contexts, to improuwae financial wellbeing of individuals and society, and to enable participation

in economic life (p. 128)

This definition inspired many countries to put attention on financial literacy. For instance, in Canada, the Financial
Consumer Agency of Canada (2021) designed a framework for Canadiarnscifizenframework is the core of the
national financial literacy strategy, which aims that all Canadian citizens can benefit from an accessible, inclusive,
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and effective financial ecosystem. In fact, the vision of this framework is that all Canadian citizens can build a financial
resilience in the digital world.

Savard and Cavalcante (2021) preferred to reframe financial literacy as financial education, which provides insights
more broadly. In this regard, financial education is a field situated in education rather than an outcome of education.
Thus, their definibn is not looking for what people can do, rather what this field is about:

Financial Education is the field of teaching and learning the financial dimension of the production and
management of resources mediated by financial instruments (currency, models, concepts). The use of financial
instruments can also lead to assigning lae/éo an action (service) or an object (godd).6)

At this end they conceptualized the field, where a special focus is present on financial numeracy, which could be seen
as the competence (knowledge, confidence and ability) to use qualitative and quantitative data in financial and
economical situations (8ard & Cavalcante, 2021). In fact, numeracy is a social practice on how people used
mathematics (Camiot & Jeanotte, 2016; Goos et al., 2019; Yasukawa et al. 2018), while financial numeracy is also
about financial praxis. In fact, they claimed that finaheiameracy is an intersection between financial education and
mathematics education. Three dimensions highlight this intersection. The first dimension, the contextual dimension,
is the place where financial concepts and practices are used as a comaoth tmathematics. The aims for teachers

are to teach and learn mathematics in financial contexts. Savard (2018) demonstrated how a context in a mathematical
situation could be changed without changing anything to the relationships in the situation §S2wkmtdkaia, 2017).

In the second dimension, the conceptual dimension, mathematics is used to conceptualize financial concepts and
practices. Mathematics is a tool to make sense of the situation and develop a critical thinking about it (Savard, 2011).
Without mathematics, it is not possible to understand a financial practice (Cavalcante & Savard, 2022). The
mathematics present in the third and last dimension, the systemic dimensi@guai&ens on financial concepts

and practices in relation to othgystems (beliefs, economical, inequity, political). The complexity of the situation
requires that mathematics plays a role of leader in empowering citizens into ethical questions.

SOME EPISTEMOLOGICAL CONSIDERATIONS

Some financial concepts are found in mathematics programs or curricula in different domain areas. For instance,
currency or money can be found in arithmetic or in measurement elementary school curricula (Buys & De Moor,
2008; Roegiers, 2013; Savaed al, 2020). Simple and compound interests are often part of secondary school
mathematics curricula, under the domain on financial mathematics (Savard & Cavalcante, 2021). In fact, Savard &
Cavalcante (2021) argue that financial numeracy is mathematical tofirsh of all, because money is a unit of
measurement of the value of products, which includes good and services, money is a mathematical concept (Roegiers,
2013; Savarcet al, 2020). Measuring using money as unit of measurement means assigning a value to something.
One problem with money is that the unit of measurement is not the same everywhere. Canada has the Canadian dollar
United States tsthe American dollgrand Australia has the Australian dollar. Countries have different currencies.
Another prdolem is that measuring with money uses continuous numbers, but they are represented with physical
objects such as coins and bills that use discrete numbers (aadr@020). This epistemological obstacle must be
considered carefully.

Money is a mathematical concept, but money has financial functions in our modern society (Hill, 2010): as a store of
value, a medium of exchange and a unit of account. Hill (2010) explains that a store of value means that money can
be used to transfer mhrasing power and value from the present to the future. The second function, as described by

Hill (2010), is that money can be used as a medium of exchange, which is a measurable tool that helps facilitate a
transaction between parties. This tool must dmlg measurable and represent a standardized value to be used as a
medium of exchange. According to Roegiers (2013), money is used to measure prices such as purchase price, cost
price, selling price, profit and loss. Profit and loss are expressed aseatpge. The third function, as described by

Hi | | (2010) , is a unit of account, that fAcan be used t
to one anothero (p. 30). The i dea o frswhenconipdringdhtevame c oun't
of different goods and services, which is considered as representational measurement (Hand, 2016). In fact, unit of
account can take two different forms of measurement: representational or pragmatic measurements (Hand, 2016).
When measuring, we assign a quantity to a property or an attribute of a given object. The concept of mapping
properties of objects from the physical to the numerical world by using units of measurement is what Hand (2016)
callsrepresentational measuremeBtuch mapping must conserve the relationships that are observed in the physical
world. Therefore, representational measurement translates objects and their relationships to numbers.
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According to Hand (2016pragmatic measuremerig the practice of constructing the property of an object by
describing the way this property must be measured. In other words, it is by being measured that the property comes
to existence. Defining the economic value of a product is therefore an aobtetad in pragmatic measurement
because it needs to take into consideration many different measurable (and subjective) variables such as the cost of
making, the amount or quantity sold, and the place it id. sdlstudent might estimate the cost of a pencil by
extrapolating from other data (strictly mathematical reasoning), recording the price from a sticker (representational
measurement), or by contrasting it with its economic value (pragmatic measurenprnai€et al, 2020).

CONCLUDING REMARKS

Teaching financial numeracy in mathematics classrooms is about, among others, the understanding and the use of
mathematical practices such as calculating, comparing, modeling, estiraatiagsessing values using money. It is

about making sense of a situation involving money as a mathematical concept rather than only applying mathematical
concepts and processes on money. Thus, numeracy is a key word to make sense of situated mathetiescal prac
used in daily life. At this end, it is time that natiooatricula embrace this important mathematical domain.

L6®ducation financi re est pr®sente dans certains r ®ce
ceux de | 6Al berBtra,t achemi bae Coldembidb®©Ont ari o et du Qu®bec.
| 6ensei gnement desn mat h®e@mampopueanf odeans | 6®ducation f
mat h®mati ques poss de une |l ongue tradition ddensei gnemi

dans des taches de résolution de problemes.

MISE EN CONTEXTE

Lé6®ducation financi re est en tendance partout dans | e
dé®ducation financi re est encore plus grand. M° me si
davant age leenvri®sounlnteante ndtdé wn®gl ement aire | axiste et de pr

analphabéte en matiére financiere (Pinto, 2009, 204/8lis, 2008, 2009), il existe un consensus sur le fait que

| 6®ducation financi ®cel m®r db auf etah H0&3 lmsardiéat lalg2040)e Gei

besoin est renforcé, entre autres, par la perte de pouvoir des gouvernements en matiere de régimes de retraite, les
changements et les tensions des marchés locaux et internationaux concernant la mondialisation et la durabilité. A cela

s 6 a j tdes thamgements économiques provoqués par la pandémie delC®vide t | 6augment ati on
financiére et de la violence financiére qui exigent des compétences financiéres pour tous. Les citoyens doivent donc

se familiariser avec lafinanceadi#ént s ©ges, ~ di ff®rents endroits, notam
l eur vie. La planification financi re doit °tre antici
appartement ou dobéune m@eénsaadépart.car il faut beaucoup db

DE LO6EDUCATI ON FI NANCICRE & LA NUMERATIE FI NANCI C

L6®ducation financi re est ®gal ement connue sous | e ni
Coopération et de Développement Economiques (OCDE) organise une évaluation de la littératie financiére via son
Programme triennal pour le suidés acquis des étudiants internationaux (PISA). En 2015, des étudiants canadiens
venant de certaines provinces ont pass® pour |l a premi
définit la littératie financiére comme suit

La littératie financiére est la connaissance et la compréhension des concepts et des risques financiers, ainsi que
les compétences, la motivation et la confiance nécessaires pour appliquer ces connaissances et cette
compréhension afin de prendre des déosiefficaces dans une gamme de contextes financiers, pour améliorer

le bienétre financier des individus et de la société, et permettre la participation a la vie écon{mitje,

notre traduction)

Cette définition a inspiré de nombreux pays a préter attention a la littératie financiére. Par exemple, au Canada,
| Agence de |l a consommati on en mati re financi re du C
Ce <cadr e e s ttratégie natidnalerde litératid fimanaére, qui vise a ce que tous les citoyens canadiens
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pui ssent b®n®ficier ddédun ®cosyst me financier accessib
gue tous les citoyens canadiens puissent batir une résilience financiére dans le monde numérique.

Savard et Cavalcante (2021) ont préféré recadrer la littératie financiere comme une éducation financiére qui fournit
des perspectives plus | arges. é cet ®gard, | 6®ducati on
r®sul t at ndAnsi|leur®dfinitoom teicteerche pas a identifier ce que les gens peuvent faire, mais plutot

d®f inir ce qubest ce domaine

Lé6®ducation financi re est | e domaine de | 6enseignement
production et de la gestion des ressources médiatisées par les instruments financiers (monnaie, modéles,

concepts). Le recours aux instrumentaficiers peut également conduire a attribuer une valeur a une action

(un service) ou " un objet (un bien). €& (p. 6, notre tra

A cette fin, ils ont conceptualisé le domaine, ol un accent particulier est mis sur la numératie financiére qui pourrait

étre comprise comme la compétence (connaissance, confiance et capacité) a utiliser des données qualitatives et
guantitatives dans degustions financiéres et économiques (Savard et Cavalcante, 2021). En fait, la numératie est

une pratique sociale relative a la fagon dont les gens utilisent les mathématiques (Camiot & Jeanoi@&n@)é&6

al., 2019; Yasukawa et al2018), tandis g la finance est également une pratique financiére. lls affirment que la
num®r atie financi re est une intersection entre | 6®duc«
dimensions mettent en valeur cette intersection. La premiere dimglssidimension contextuelle, est le lieu ou les

concepts et pratiques financiéres sont utilisés comme contexte pour enseigner les mathématiques. Dans ce contexte,

|l es buts de | d6enseignant sont ddensei gsénancigd Sadatda ppr e n
(2018) a montr® comment | e contexte dbdune situation ma
dans la situation (Savard & Polotskaia, 2017). Dans la deuxiéme dimension, la dimension conceptuelle, les
mathématiques sb utilisées pour conceptualiser les concepts et les pratiques financiéres. Les mathématiques sont un

outil pour donner du sens a une situation et développer une pensée critigue a son égard (Savard, 2011). Sans

mat h®mati ques, il n G&rede tune pratigiue finargisre Chvalcardee& Savanth p2022). Les
mathématiques présentes dans la troisi€me et derniére dimension, la dimension systémique, soulévent des questions
sur |l es concepts et pratiques f i myances, écoromique miquitée | at i o1

politique). La complexité de la situation exige que les mathématiques jouent un réle de leader en responsabilisant les
citoyens sur les questions éthiques.

QUELQUES CONSIDERATIONS EPISTEMOLOGIQUES

Certains concepts financiers se retrouvent dans les programmes de mathématiques sous différents domaines. Par
exempl e, l a monnaie ou | dargent peuvent °tre trouv®s d
primaires (Buys & De Moor, 2008Roegiers, 2013 Savardet al.,2020). Les intéréts simples et composés peuvent

faire partie des programmes de mathématiques du secondaire, dans le domaine des mathématiques financiéres (Savard

& Cavalcante, 2021). En fait, Savard et Cavalcante (ibid)iesmgnt que la numératie financiére est un contenu

mat h®mati que. Tout dbéabord, parce que | a monnaie est u
biens et les services. Par conséquent, la monnaie est un concept mathématique (RikRji&Gayardet al, 2020).

Mesurer en wutilisant | 6argent comme unit® de mesure si
r®si de dans |l e fait est que | dunit® de mesuteenonded est pa:
Le Canada utilise l-dnidoldtarl icaemtdilea dollear £fam®si cai n

australien. Les pays ont des monnaies ou devises différentes. Une autre difficulté réside dans le fait que mesurer avec
del 6argent se fait avec deisontreprasentés par desabjets physiques talsalieslesq u e
pieces de monnaie et des billets qui font intervenir des nombres discrets (ibid). Cet obstacle épistémologique doit étre
considéré avec athtion.

Lébargent est un concept mat h®mati que, mais | 6argent a
2010): cbest une r®serve de valeur, un moyen dbé®change el
de valeur signifie que | b6argent peut °tre utilis® pour
futur. La deuxiemefoncto, tel l e que d®crite par Hill (ibid), est qu

comme un outil mesurable qui contribudaailiter une transaction entre les parties. Cet outil doit étre facilement
mesurable et repr®senter une valeur standardi s®e pour

l a monnaie est utilis®e podnat lepre deurgvient, le grix de vente,iles prafis éts qu e
les pertes. Les profits et les pertes sont exprimés en pourcentage. La troisieme fonction, telle que décrite par Hill
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(2010), est une unité de compte quieut étre utilisée pour mesurer et comparer la valeur des biens et des services

les uns par rapport aux autées ( p . 30) . L6i d®Pe doéunit® de compte est
consommateurs |l orsqudéils comparent |l a valeur de diff ®r
repr®sentative (Hand, 20 16ndredetxfornfemde mesuré différentes : ®s rdesures o mp t
représentatives ou les mesures pragmatiques (ibasque nous mesurons, nous attribuons une quantité a une
propri ® ® ou ° un attribut déun objet donn®. Le concep
monde numérique en utilisant des unités de mesure est ce que Hand (ibid) appeflark représentationnelle. Une

telle cartographie doit conserver les relations observées dans le monde physique. Par conséquent, la mesure
représentationnelle traduit les objets et leurs relations en nombres.

Sel on Hand (2016), |l a mesure pragmatique est |l a pratigq
l a mani re dont <cette propri® ® doit °tre mesur ®e. En
Définir la valeur éco o mi que ddéun produit est donc une activit® an
prendre en considération de nombreuses variables mesurables (et subjectives) telles que le colt de fabrication, la

guantité vendue et le lieu de vente. Un éléevepe est i mer | e co%t ddébun crayon en e
(raisonnement strictement mathématique), en identifiant le prix sur une étiquette (mesure représentative) ou en le
comparant ° sa valeur ®conomatag,2€0)( mesure pragmati que)
CONCLUSION

Enseigner la numératie financiére dans les classes de mathématiques concerne, entre autres, la compréhension et
 6utilisation de pratigues mat h®matiques telles que |e
de valeures |"'6alr@aeinde d | sbagit de donner un sens ~ une
mat h®mati que plut!t que dbébappliquer uniguement des con

numératie est un mot clé pour donner du serRgaatiques mathématiques situées utilisées dans la vie quotidienne.
A cette fin, il est temps que les programmes nationaux intégrent cet important domaine mathématique.
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PEDAGOGICAL ENCOUNTERS AND MATHEMATICAL DETOURS

Rina Zazkis
Simon Fraser University

PRELUDE

Early in this century (I believe) the executive committee of CMESG decided to establish a tradition of inviting an
celderlydmember of the group to give a talk (i.e., a topic session). The idea behind this initiative was to introduce the
new CMESG members to the generation of founders/retirees otcberretirees. This tradition has been followed
sporadically, and | believihat my talk at CMESG in 2023 is an example of its implementation. | joined the Simon
Fraser University in 1991. But in 1990 somathivery important happened: SFU hosted the CMESG meeting; it was
the first time | participated at CMESG. Only about five CMESG members acknowledged that their first CMESG was
on or before 199 this definitely puts me in the group of elders. | hope that the tradition of inviting elders continues.
In what follows is the summary of my talk.

MY WORK AS A MATHEMATICS TEACHER EDUCATOR

In my work, mathematics and pedagogy are juxtaposed. Because my main affiliation is at the Faculty of Education,

my student® who are teachers or prospective teaaharspect that my courses focus on pedagogy. However, my

goal is to extend teachersd personal mat hematics and ¢
University. As such, | constantly seek tasks with a pedagogical flavor, which help scextesrd their engagement

with mathematics.

But there is a caveat: for such a task to be successful, | need to know moth@poat knowledge of my students.

Note that teachers in schools usually have a rather good idea about the expected prior knowledge of their students:
when planning tasks for their students, teachers follow prescribed curriculum and have taught the sarhe class
students the day or the week before. For a teacher educator the case is different. My students graduated from different
universities, in different countrieand indifferent decades. Some of their undergraduate mathematics courses were

taken years ago and some mathematical concepts appear for them as an echo from the fadetiqrastaisa,

teacher educatoscarot he groupds knowl edge of a mathemati cal topi
instruction?

To answer this question, in what follows, |

1 describe a task of a pedagogical nature that provides teacher educators with a window into strengths and
weaknesses in teachersé knowledge of a particul ar

T provide a brief overview of the main themes that
exemplify several responses that informed our design of falljpinstructional activities; and

9 illustrate the followup instructional engagements.

ON ROLE PLAYING AND LESSON PLANNING

In teacher education, we are faced with a continuous struggle: How do we support and improve teacher development?
Wat son and Mason (2005) suggest that ithe fundament al
experience so that they cemaginet hems el ves O6doing somet hi,enpliasisadde¢d hei r o
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The phrase fimagining doing stolepayirgb ngo brings to the f

Rol e playing is an wunscripted Adramatic technique that
expected actions of persons involved in defined situat
experiment in which agrson is asked to behave as if he were a particular person in a particular situation.

Many advantages for learners involved in role playing are describe in literature. These include, among others:

Increased interest

Increased involvement

Empathy

Understanding various perspectives
Deeper engagement with content
Increased retention

=a =4 -8 _-a_a_2

Several CMESG colleagues successfully implement role playing in their education courses (Lajoie, 2018; Lajoie &
Maheux, 2013). However, the main disadvantage of role playing is time and participation logistics. That is, when a
small number of students aaetively engaged in role playing, others are observers rather than &btbords it
possible, in a limited amount of time, to give all students an opportunity to particidgitaswer is in imagined role
playing, or scriptwriting.

ON LESSON PLANS, LESSON PLAYS AND SCRIPTWRITING

Rather than role playing, | engage students in scriptwriting. | ask my students to write a dialogue between a teacher
and her students in which they imagine how an instructional situation may proceed. The tradition of writing scripted
dialogues dates badk Socrates (47(B99 BC) and Galileo (1564642)é so this was not my original invention.

More recently in mathematics and mathematics education, presenting ideas in the form of a dialogue has been featured
in the works of Lakatos (1976) and Mason and \Wa{2009).

For me personally, the idea of scriptwriting started with my dissatisfaction deisson plan§.That is, many
prospective teachers in my courses expected to produce and share their lesson plans, so they would start their school
year with a bunch of ready plans in support of their preparation for teaching. However, | disliked the idea of a lesson
plan from the days that | had to create those in my teacher education program. In a good lesson plan we can find,
among others,

How students are expected to engage in an activity that is appropriately chosen

How students will use manipulatives or other visual representations

Obijectives that are wetllarified

Clear organization around main concepts or ideas

Opportunities for students to share their ideas and reflect on the ideas of classmates

An evaluation process that is clearly related to the declared objective

Opportunities for extension

Clear Ilinks to studentsdé prior knowl edge

=4 =4 -4 _a_a_a_°a_-2

However, even in the best lesson plan we cannot find

What student difficulties, errors or misconceptions are expected

How students are guided to overcome those

What language is used, introduced, corrected and/or supported

What specific questions are used to assess, extend
How different forms of reasoning are treated

= =4 =4 -8 -2

The traditional format of a lesson plan does not allow for these issues, which are at the heart of teaching, to emerge.
The idea of Lesson Play was developed in order to get a glimpse of how teachers address these issues. Lesson Play
refers to presentinglasson in the form of a script for a conversation between a teacher and her students (Zazkis et
al., 2009, 2013). It was later noted that an instructional interaction, or any interaction regarding mathematical concepts,
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is not limited to a lesson. As such, | abandoned the notionLekssonPlay and started to describe the method as

scripting or scriptwriting. To reiterate, scriptwriting in my research refers to representing an imaginary conversation

between a teacher and her students or among students (Zazkis & Herbst, 2018).

TOWARDS A PROMPT

In the beginning of our work that involved scripting, we asked prospective teachers to write a dialogue on how they

imagined a lesson on a particular topic. The results were rathérmuobt dialogues involved lengthy lecture parts

of a teachecharacter, with occasional questions and correct answers from sthaeacters.

We then asked prospective teachers to write a dialogue for a part of a lesson in which they witnessed a particular

student error or misconception. The initial dialogue followed the pattern of (a) teacher asks a question, () student
gives a wrong answe(g) teacher asks a class for other ideas, (d) sttRlgmies a correct answer, (e) studénis

praised, and (f) the teacher proceeds to the next question or next explanation. We quickly understood that our

participants have a very limited repertoirentisconceptions or potential issues that may arise in teaching. As such,
we started to develajprompt$€d the beginning of the interaction in which some problematic issue is introduced. Such
an issue can involve a student error or misconception, faulty reasoning, a disagreement among students, or a student
guestion that a scriptwriter has to address.

In what follows | focus on a particular prompt, describe the scripts based on this prompt and the follow up instructional

activities.

TABLE OF VALUES SCRIPTING TASK

The foll owing task was given t

t he

PART 1

goals of the course was t

(0]

(o]

20 prospect ioveAmnmoengc her
strengt hen

teachersbo

You are given the beginning of an interaction between a teacher and stadémtsur task is to extend this imaginary
interaction in the form of a dialogue.

PART 2

You are asked to explain your choice of approach, that is, why did you choose a particular example, what student
difficulties do you foresee, why do you find a particular explanation appropriate, etc.

TeacherConsider the following table of values. What function
can this describe?

Alex: y=3x

TeacherAnd why do you say so?

Alex: Because you see numbers on the right are 3 times
numbers on the left

Jamie: | agree with Alex, but is this the only way?

Teacherg

RO IWNK

OO |W|IN|F- | X

PART 3 (OPTIONAL)

The way you understand the idea yourself could be different from the way you explain it to a student. If this is the

case, please indicate how you could clarify the issue for yourself oGftataematically matuteolleague.

SYNOPSIS OF RESULTS

A detailed analysis of the results is found in Zazkis and Marmur (2018). In general, the functions mentioned in the
scripts in most cases featured an unbound domain, usually R, and continuity. Below | exemplify excerpts from several

scripts.
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DIFFERENT WAYS OF DESCRIBING Y = 3X
Most scripts focused on different ways to repregen8x. Examples from several scripts exemplify this tendency:

Teacher:Do you have another way Jamie?

Jamie: When | did it | came up with an equatian ® g o

Teacher:Well this is the beauty of mathematics; things can be represented differentévays. [

Alex: I think | see the teach@&r point. Although it may be the same equation, we can represent it differently.
Watch:w ool djo

Jamie: Then | guess we mcoawl do al so just sayé

Alex: Ohhh right | didndt even consider that!

TeacherThi s is excellent work [ é]

CONNECTING THE POINTS AND €€OVERINGGTHE REAL NUMBERS
Several script writers found different ways to connectfole colinear points.

Teacher:Excellent question Jamié[] Why dono6t we start by,Iméanyot.i ng these p
[Student plots the points]

Teacher:Good, so how would it look if we used Al@xfunction?

Jamie: It would have a straight line through all the points.

Teacher:Yes, but how else can we connect these points?

Jamie: | suppose we could do a zig zag line.

Teacher:Sure, that would work. But we want this to be a function, so what rule do we need to follow?

ACKNOWLEDGING A POLYNOMIAL

Two scriptwriters acknowledged the possibility of a polynomial that contains the 4 points.

Teacher:The points could be modeling anything! There is nothing there that says it has to be a line.

Jamie: Can we find an equation for that though?

Teacher:Certainly, but | need to talk about degrees of freedom. In our table of values we could make up 6
values ofy and therefore we have 6 degrees of freedom. Simple enough?

Jamie: Mhmm.

Teacher:So we need to find a polynomial with at least 6 degrees of freedom to describe it, that is a polynomial
with at least 6 terms.

Alex:  So a % order polynomial?

Teacher:Exactly Alex, we could find a polynomial of thefodn G o G ©wo Qo Qo Q
that fits the table of values.

While in this excerpt the existence of a polynomial is noted, a particular polynomial was not provided.

EXEMPLIFYING A POLYNOMIAL

Only one script writer provided a polynomial that incluétas colinear points.

Alex: | guess itds making us think outside the box a I itt]l
(€]
Teacher:Then let me give you an extension.
Check out this functiod @ p oW TR CqT
Alex:  Where did you get that from?

[ é]

Alex: But iitds not a |inel

Jamie: Who cares? |1tdéds a function. And | guess it takes goi |

Teacher:l 61 | |l eave you to it Figure out how to derive that
Regardless of the claim of the teacheh ar act er , t hat he fAdindhejsasti ptul v

acknowledged that the polynomial function was generated by a computer program. While the correctness of this
example can be easily verified both algebraically and graphically, finding it became one of the follow up activities.
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FOLLOW UP LESSONS

The scripts generated by teachers provide valuable information for a teacher educator for orchestrating a follow up
|l esson. I n particular, scripts provide a
limited example gaces of their imagined students.

CONSIDERING ADDITIONAL EXAMPLES

ens

for

st ud)y

One direction of the follow up activity was to acknowledge that a function does not need to be defined by a single
@Guledor equation. The following prompt initiated the focus of functions defined piecewise.

Further, the students were presented with ebaséd definition of a function used in contemporary disciplinary

TeacherConsider the following table of values. What function can thi
describe?

Alex: 1t doesndt fit a function.

TeacherAnd why do you say so?

Alex: For 1, 2 and 3 you clearly see that this-sguared. But for 4 it
i snodt .

TeacherAnd what about other values?

Jamie: | see that there is another pattern.
pp T o pfpt v o p,soow p,same for
6

OO W|IN(F|X

Teacheri nt erestingé

mathematics (based on Usiskin et al., 2003, p. 70)

The Cartesian product of two sé&tsndB, denotedA x B, is the set of all ordered paims,If) such that ¥ A
andb ~ B.
For any seté andB, a functionf from AtoB,f: AY B, is a subsetof the Cartesian produétx B such that
everya ¥ A appears once and only once as a first element of an ordered,pjgin §.

This definition opens the gate for infinitely many possibilities of defining a function that contafoatharen points,
for example:

'Q, ploh clp h olwh thp ch vix xh ey Y

CREATING A POLYNOMIAL

Following the suggestion that there exists a polynomial function that contaifesutheolinear points, the task for
students was to create such a function. While initially the task presented some confusion, a suggestion to consider a
stone.

function withfouri z er o s 0

Figure 1 presents the construction: The polynomial funcffo® is created as the sum of the function
W P W ¢ W o @ Tt andthelinearfunctioiw oQ

Qw

provided a stepping

2 N2 N4 6

Figure 1. Polynomial with colinear points.
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In fact, many of such polynomials can be found, by addirfi@dé® a multiple of Qw , as exemplified in Figure 2.

4 D /) = (- 1) (x-2)(x—3)(x—4)
(1,3) W osx) =3
2 @ kl(x) :f(x)+g(x)

hy(x) = 3f(x) +g(x)

@ &

hy(x) = 3f(x) +g(x)

S

hy(x) = —5f(x) +g(x)

Figure 2. A family of polynomials with four colinear points.

While this approach can be extendedive, six, or more colinear points, a natural question is: How can we create a
polynomial with infinitely many colinear points? | invite the reader to explore several solutions.
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BETTER LIVING THROUGH COMBINATORICS

Edward Doolittle
First Nations University of Canada

My first encounter with a combinatorial design problem was the struggle to construct a round robin
tournament for my grade 8 math class. Since then, | have found some knowledge of combinatorial designs has
aided me in finding balanced tournament desigmgte University of Regina curling league, designs for
efficient mixing of groups for my classes, and breakout sessions for conferences. | teach some combinatorial
design in my MATH 101 class as a simple application of modular arithmetic, and | showehgantb Spot

It is designed, and how prime numbers are important in its design. As a further application, | will discuss the
solution of the following International Mathematical Olympiad problem:

An n T n matrix whose entries caledasiverrmatrxiffohneachs et S = {1,
=1,2,...,n the ith row and the ith column together contain all elements of S. Show that
(a) there is no silver matrix for n = 1997;

(b) silver matrices exidor infinitely many values of n

Paper not available at time of publication.
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£ETUDE DE LO6£VOLUTI ON DE TACHES MATHEMATI QUE!
TRAVERS LEUR EXPLOITATION COLLECTIVE : LE CAS DE LA TACHE DES
NOTES DE MUSIQUE EN CLASSE DE 6E ANNEE

STUDY OF THE EVOLUTION OF ROUTINE MATHEMATICAL TASKS THROUGH
THEIR COLLECTIVE INVESTIGATION : THE CASE OF THE MUSIC NOTES TASK IN
A 6TH GRADE CLASSROOM

Genevieve Barabé
Université de Montréal

INTRODUCTION

La r®solution de probl  mes e s ffaire dpsonathématijuess(é.desacesal., au c 1 u
1988 Halmos, 198D Depuis toujours, elle a occupé une place centrale dans les travaux de recherche en didactique

des mathématiques et emthematics educatiofiiljedahl & Cai, 2021). Plusieurs chercheurs se sont en ce sens
pench®s sur | a constr uct boonagichds mathématiquespauhlaeclagse. Cds bonmrtes | i s a
t ©ches mat h®mati ques, par |l eurs caract®ristiques intr
mathématique a la fois riche et authentique (voir, #élgshino et al., 200). Suivant la distinction bien connue de

Polya (1945), il est possible de constater que les travaux de recherche ont mis une emphase sur les taches non
rout i ni-adiredes tiched gusnécessitent de surmonter un défi ou une incertitude pour lpsuésioudre.

€ | 6oppos®, |l es t©O©ches rexewiteRni srond, g®ROWBT @arhmenetnta mpeslo®a s
débune activit® math®mati gue-cpawmer aiclassiltent®lqguvane @AW
et de procédures déja connus pour pouvoir les résoudre (Gavaz et al., 2021). Pous,plusiésglution de ce type

de t©ches ne se qualifie doai;lLiljedahnly2820)pAdoss quk ¢ poteBteladésut i on
taches non routinieéres pour la classe de mathématiques a largement été montré par les travaux de recherche (voir a cet
effet la récente synthése de Liljedahl & Cai, 2021), les taches routiniéres ne sentblerdpao i r r e- u aut ant
de la part de notre domaine de recherches ans doute ° cause de | eur apparenc
mathématique des éléves.

Several researchers, however, have highlighted that the classroom environment could play a significant role in

student sé6 mat hemati cal activity, such that the nature
the classroom. In thigein, the report from thEroblem SolvingDefinition, Role and Pedagogyorking group of the
2016 Annual Meeting of the Canadian Mat hetwist® i casn Ebdeaic af

introduced to push: Waésaid that #fcengentianzdtprioblem tcan became & great learning
opportunity by pushing:iby putting a small twistongt ( Ho s h R0d7p.168). Similarly,,Mason (2019) argues
that he is increasingly convince that it is not the task itself that is rich but rather how it is used in the classroom.

Moreover, in a presentationup!lidalcdal ifV d¢abpblia®uaall @B deams&r,
assermantyhattf fus would argue that itds | ess about the t
and after students work on it.o Al so, in a more radical

routine tasks, which can be faliin abundance in their textbooks, to introduce uncertainty into the mathematics
classroom.

Ce potenti el gue peut avoir | dexploitation de t©ches
document ® par l es travaux de recherche, et demeure d
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ph®nom ne, cette recherche sb6est int®ress®e ~ comprend
exploit®es de sorte © stimuler |l b6activit® de r®solutio

SNIPPET OF THE THEORETICAL BACKGROUND

This research is grounded in the biological cognitive theory of enaction (e.g. Maluvamala, 1992) and in research

conducted under such a theoretical lens (Kigren, 1995; Martin et al., 2006; Proulx & Maheux, 2017; Towers &

Mar ti n, 2015) . This theory offers a wayactionswitinther st and
environment . The emphasis on fihstthatr fiom anredactifish petspedived wi t h
knowledge is observed in one's actions and point to the fundamental role of the environment in those actions (Kieren,
1995). Taking enaction as a grounding perspective invites us to study the evolution, whishstirdy, concerns the

evolution of routine tasks and their transformations through-aagons with/in the classroom. Moreover, the focus
ontheroleofinteect i ons in oneds actions invites us nadeamdonsi der
thus to look at the whole class as an entity, as a collectivity that brings forth a mathematical activity together.

Cette recherche prend ®gal ement appui sur |l es travaux
ax® sur | 0invest i gBorasi 0996, Goak eha® MaR; iLampest, 1096;.Papert, 2000). A partir

déun travail sur des t©ches math®mati ques, ces travaux
les éléves en classe pour stimuler, amener plus loin et maiatevie leur activité mathématique. Dans ces travaux,

|l es t©ches math®mati ques propos®es ° r®soudre sont V|
mat h®mati que en cl asse. Les contenus mat latQueauiprend es tr a
pl ace en cl asse. Cbest en ce sens gque, dans ces traval
contenus mat h®matiques pr®d®t ermi n®s par | 6enseignant .
approche invegfiat i ve des mat h®mati ques ~ | 6®col e a permis de
(Bauersfeld, 1995) pouvant jouer un r'le dans | 6expl oi
mat h®mati sati on sonitc atdieoxnp| ilcaatv alni deat iloan,j ulsétairfgument a
| 6exemplification, |l 6utilisation de symboles et de re
formulation de questions mathématiques ainsi que le recours a ws d@gonnaissances mathématiques établies.

Ces pratiques offrent un cadre qui permet ddinterpr ®ter
déexploitation de t®©ches routini res.

These two levels of theoretical groundings enable an examination of the evolution of routine mathematical tasks
through their collective exploitation in the classroom, as well as the role that mathematizing practices, put forth by the
collectivity, could pay in this evolution of routine tasks. More details regarding these theoretical foundations can be
found in French in Barabé (2022) and, to some extent, in English in Baral®. (202

LE CAS DE LA TACHE DES NOTES DE MUSIQUE

This research is part of a | arger research pravingct ai me
context €.g, Proulx, 2018). During this project, sessions were conducted, and videotapedraalithfive(10-11

years old)grade six(11-12 years old), andrade eight13-14 years old) classrooms, totaling 56 sessions spread out

over the school year. The tasks used in these sessions were not specifically designed to be effective mathematical tasks
nor to further studentso®d matéddeherasksintamly from theiritextbooky, inlinenst e a
with their planned curriculum. Mathematical concepts, procedures, or strategies to solve them had already been taught

by the classroom teacher. Consequently, the tasks used in these sessions are cangideresks.

Pour ®tudier | 6®volution de t©ches routini res ~ trave
ont sembl ® tout particuli rement int®ressantes au regarft
le cas de ladche des notes de musique

Quelle fraction est représentée par ce dessin ?

Figure 1. Enoncé de la tache des notes de musiques.
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Cette tache routiniére a été proposée a résoudre a une classe de 6e année et a mené a une investigation mathématique
débune cingquantaine de minutes © travers | extipnsadetd es | a
la collectivité. Lasuite de cet article prend appui sur cette séance pour illustrer les analyses conduites et certains
résultats de la recherche.

DESCRIPTION OF THE SESSION

Once the task is stated and displayed on the board, approximately ten seconds are given for reflection on the solution.
Initially, an answer of~i s proposed and expl ained: AiThere are 10 mu
several claim to have obtained the same answer rtheigal Investigator (Plpsks if there could be other answers.

The answer is then suggested but is immediately invalidated by an explanation of miscounting the total number of

music notes. At the board, the PI crosses out one of the music notes to facilitate the explanation of the strategy leading
to this answer. The board loet like this:

>(P\»
» e

L ? 4

Figure 2. The music notes task with one music note crossed out.

Des explications et justifications mathématiques appuyant le fait que le dessin représente maintenant trois groupes de
3 notes de musique sont alors -obtemues en avant afin doéex

Rosee Avec neuf notes, exemple, on peut faire trois paquet
un tiers.

CE: Ok, attends un petit peu, je vais essayer de le faire en méme temps. Ok, donc 14, on a enlevé cette
notel "~ , hein. Et |, tu noaus dis qudon va faire trois

Rose:  Si exemple, on peut faire trois paquets de 3, déja 1a, ¢a fait sur trois.

Au tableau, les paquets sont encerclés, comme ceci

Figure 3. Traces de la stratégie du g

This strategy then leads the collectivity to explain and justify the equivalence between the-amglitbe equivalent

fraction- based on the drawing. These discussions set the tone for the rest of the session as the investigation of this

incorrect answer opens doors to new avenues. Indeed, from this point forward, the collectivity begins to seek and
propose equivalent fractions generate new possible answers to the initial routine task.

Laréponse-e st al ors propos®e et des explications sur | e fai
données{ —). La collectivité se demande alors comment la répengeut étre expliquée a partir du dessin.

L6i d®e de fraction ®quivalente est propos®e, mai s | 0e
déexpliquer ce que sont des fractions ®quid@ldrendessi rn
déune barre de—et-hLe mhehuardsseindlelagesit r ant
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&

2 |1
IS
Figure4.Tr aces de | 6explication de ce. que sont des frac
Léexplication suivante est donn®e
Nadia: Quand j 6ai cing parties, cbdbest comme si un cinqui me
CE: Ok, donc ce que Nadia nous dit, cbdbest que si on rega

dix carrés, c¢a fait deux dixiemes tu disais. Mais si on regroupe les petits carrés par deux, et on
regarde une bande compléte, ¢a fait un cinquieme.

Nadia: Cbest ®qui val ent.

CE: Donc deux dixiemes, ¢a serait équivalent a un cinquieme.

Following this discussion, a new explanation is provided using the exampte which is asserted to be equal-te
with the explanation that double of 50 is 100. The collectivity then corrects the error made to obtain the equivalent
fraction—. The proposition that— - is then made and justified by the fact that 50 is half of 100 and that 1 out of

2 means half. The example-ef is justified by the explanation thatt 1 p T 1 ¢ T.7This leads the collectivity
to seek different fractions equivalenttoA method to find a multitude of equivalent fractions is then suggested:

PI: So, | have 8, what do | do?
Timothée: You multiply it by two.
PI: Okay, | multiply it by two. 8 times 2, that giveséne

Some students: 16!
Timothée: So, since i 16, the number you multiplied, well, the 8 going to be halbf 16. After that, we

put it in fraction form.
The collectivity then seeks to determine if the method always works. Various examples aimed at testing it are
suggested, adding to the list of different fractions equivalentteady foundThe proposed method is considered
valid by the collectivity.

Une nouvelle réponse est alors proposée en tant que réponse a la tache initiale. La réponse est justifiée par le fait

gqguec O© wetquep T © 0O Tce quidonne quee —. La stratégie de multiplier par le méme nombre au
numérateur et au dénominateur est ainsi reprise, mais une incertitude quant a sa validité est soulevée. Une explication
explicitant que de multiplier par icationosoitréaligée auhumiitaur pas d ¢
et au d®nominateur est donn®e, mai s dexempledeageesdbexpl i
proposé et discuté. Les traces suivantes sont laissées au tableau

L 2

P < = 3
o /O 0

Figure 5. Traces des discussions autour de la non-équivalence entre — et —.

Ces discussions m nent | a col |l ect i—dansl®dessindueDifffrentea nder s ¢
propositions sont discut®es, exemplifi®es et justifi ®e:
du dessin du- pour donner des morceaux deux fois plus gros, tout en donnant quand-mé&me proposition de

couper en deux | es morceaux est mise en avant, et | a

posée. Cette question occupe la collectivité pendant un certain temps dans un mode de travail individuel ou en petites
L N s , . . ~ - h~ h
équipes. De retour en pléniére, différentes réponses sont proposées et prises en note au-tableabet—. Un
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désaccord est exprimé envers certaines réponses puis la collectivité discute simultanément des—réenses
Cellesci sont expliquées et représentées par le dessin suivant :

-
BPT)
Figure6.Tr aces de Ié—réedﬁul—i.cation du
L6i d®e que |l es morceaux sont deux fois plus gros |l orsaq
cloche sonne toutefois sur cette discussion ce qui me t

ANALYSE SYNTHE£TI QUE DE LOE£VOLUTI ON DE LA TACHE DE.

Through the collective investigation of the music notes task, various strategies were proposed and investigated. This
investigation led the collectivity not only to attempt to solve the routine task, but also to address mathematical sub
tasks that emergdidom interactions in the classroom. These gabks held the collectivifg attention for a certain

amount of time. Through this collective problawlving activity, the routine task underwent transformations; it
evolved. The following figure provides an overview aiming to illustrate the evolution of the routine task iftthis 6
grade class.

Quelle fraction est représentée par ce dessin? - -

|

E

1
Probléme de
multiplication par 3
Probléme de validation

]
Probléme du double de la
fraction

Probléme de représentation
de Ia fraction doublée
1

L]
Probléme de Probléme de
dénombrement oupements

[]

Probléme d'équivalence entre le
groupement et le dénombrement

1

; Probléme de validation par un
d"';‘“::]c'“c d“l',:"l:f“““’“lu" Probléme du double Probléme Probléme d'exemples || Probléme de méthode de division
o 2/ “; “h"' ‘“{““ palette de 50/100 dexemplification multiples par 2 puis de mise en fraction
e chocolat

Probléme de représentation de la
non-équivalence
Probléme du
100/100

T

Probléme déquivalence
de moitiés

v v ¥ 1

Probléme Probléme de redivision | | Probléme dinvalidation Trobléms de représentation

dinvalidation des dixiémes du 320 des bonbons doubles

L ” 1

Probléme Probléme d'exemple Problhms da Problime drexpliaation de Ia

dexemplification générique par des bonbons || ive surle

[] etle

Probléme Probléme de contre-| i Probléme d'explication [
d'exemplification exemple Probléme d'un nouvel des demis-bonbons
1 exemple générique
Probléme de
3+3=6

Probléme de
division de 7 en 2|

Probléme d'addition de
deux fois un nombre
Probléme de
justification

[]
[]
1

Probléme de cinquiémes
avec numérateur décimal

1
Probléme de superposition de dixiémes
dans la représentation en cinquiémes

‘ Probléme de dixiémes

Figure 7. Evolution de la tache des notes de musique en classe de 6¢ année.

As shown in the previous figu(Eigure 7) eight mathematical sttiasks, represented in the grey boxes, emerged from
the interactions in the classroom through the collective investigation of the initial routine task. Théasksudre

1. What fraction is represented by this drawing?

2. What are equivalent fractions?

3. Does finding half of the denominator and putting it into fraction form work to find fractions equivalent to
1/2?
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4. Does dividing or multiplying by 2, and then putting it into fraction form, work to find fraction equivalent to
1/2?
Does multiplying the numerator and denominator by the same value result in equivalent fractions?

How do you represent in the drawing of—?
How do you give pieces that are twice as big but still repres@nt

o N

In fractional notation, if | want to give- of a chocolate bar cut into 5 pieces, what am | going to give?

These eight subasks emerged contingently from the activity that took place in the classroom that day. Even though
a routine task was given to solve, uncertainties emerged from the collective activity of solving it; arising from the
collective validatiorof a proposed strategy, from an imprecise explanation, from the overcoming of an error, and so
on. Mathematizing practices put forth by the collectivity triggered the evolution of the task. For exammeming

the mathematical erroof the answer and its explanationled the collectivity to engage in a significant work on
equivalent fractions. Alsojalidatingthe method of finding half of the denominator and putting it in fraction form to
find an equivalent fraction te led the collectivity toexemplify validate and generalizeto the multiplication or

division by two in order to find equivalent fraction+toMoreover, theuse of symbolism and representatiaiped

the collectivity to make sense of the discussion about having chocolate pieces or candies twice as big or twice as small.
All these mathematizing practices triggered the evolution of the initial routine task, leadingtéslsibo emerge,
while dso contributing to their resolution.

DISCUSSION

Cette recherche met en l umi "re que | 6exploitation <co
mathématique authentique en classe. La recherche souléve, notamment, le role fondamental de la collectivité sur

| 6®v ol ution deps otp@csh®Reess r'o uwt®smiudrrees en c¢cl asse. Dans | 6en

collective de taches routiniéres a permis de faire émerger detisbes mathématiques sur lesquelles la collectivité
sdbest pench®e -taiches®peodenmtdes diffél€rdes incertitudes vécues par la collectivité a travers

| 6exploitation collective des t®©ches routini res. Loe
favoriser | 6®mergence de nouvebhlVenu@®ossi binvies®s gger o
(2020) appelle deactionable uncertaintied.a recherche montre également le réle des pratiques de mathématisation

mi ses en avant par | a c o-fadhesenathématiques enictasse. | 6 ®mer gence de

At the level of the collectivity, it then becomes evident that the task, initially perceived as routine, is not approached

in a routine manner but becomes more complex. This leads us to believe that the collective activity of solving routine
tasks impliesnor e t han solving it individually. 1t involves ex
mathematical validity, in order to make sense of them and move forward the collective activity. ltcelitaits/e
problemsolving, where productive uncertainties can emerge, guiding the collectivity to explore new mathematical
problems arising from this collective enter ptesied e . I n
procedure exists for brimgg about desired state of affairs, there may not exist a problem, because carrying out the
procedure may be easy. But if extra effort is required because the income is in doubt, the situation may qualify as a
problem. o0 (p. 131) . Witinel ard namoutine task® it oftenyemjthasized eth@srresearch
suggests paying closer attention to the lived mathematical activity, especially when the proposed task could evolve
through its intefaction with the collectivity. In that sense, this reskamoposes a reconciliation between routine and
nonroutine tasks, viewing both as authentic probkatving situations.
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A TRI-PLE ANALYSIS OF THINKING MULTIPLICATIVELY
AROUND/WITH TOUCHTIMES

Canan G¢gnek
Simon Fraser University

A picture is worth a thousand words.

So, | invite you, dear reader, to have a look at the following image, and think about what you see.

Figure 1. Image from Muhamad Nayem, MN 2019.

| found this image on social media platform X which came with the following text:
If you can see a beach, ocean sky, rocks and stars then you are an artist.
But itdéds not a painting, it is the Inye®orR0lPart of the car

At first, | engaged with this image like an artist. After reading the accompanying text, the focus of my gaze shifted
from the top of the image to its bottom, and there emerged the car, for me. This experience made me realize, once
again, how we make meag depends on how we engage with the images which is also true for mathematical models
like TouchTimegJackiw & Sinclair, 2018)

TouchTimeg hereafter TT) is an i Pad application designed t
develop a robust understanding of multiplication, which is not limited to quick recall of multiplication facts. TT

consists of two worlds. In the Zaplifyorld, learners can create three types of objects: yellow horizontal and vertical

lines and orange dots. While the lines emerge at the fingertip of the user, the dots emerge when the lines intersect
(Figure2a). The Grasplify world allows users to createollection of individual circular discs (pips) with one hand

and multiple copies of this collection (pods) with the other hand (FERh)re

Figure 2. a) Zaplify and b) Grasplify worlds in TT.
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